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Cosmology as a probe of gravity with future surveys
The subject of this thesis are different aspects of cosmology as a probe of the underlying
gravitational theory with future surveys.

In the first part of this work we discuss the parameter dependence of covariance matrices
of the power spectrum estimator of the large-scale structure. Its variation across parameter
space is calculated analytically by constructing a suitable basis and is then compared with
numerical simulations. The method presented is applicable to any matrix-valued function
which is everywhere positive-definite.

The second part investigates the influence of tidal gravitational fields on the formation
of dark matter halos at peaks in the density field of the large-scale structure. We extend
the spherical collapse model to incorporate the influence of shear and rotation by treating
them as inhomogeneities in the non-linear evolution equation. We investigate the statistics
of the tidal field and how it is inherited to the statistics of the critical over-density δc. It
is shown that the collapse in a tidal field will always proceed faster than the collapse in a
homogeneous background.

The last part investigates the combination of observations of weak gravitational lensing,
galaxy clustering and the cosmic microwave background and the cross-correlations between
the probes to investigate scalar-tensor theories of gravity. We carry out a Fisher analysis as
well as a Monte-Carlo-Markov-chain to estimate the expected statistical errors. The analysis
shows that gravitational theories can be constrained very well with future surveys.

Kosmologische Tests der Gravitationstheorie
Die hier vorliegende Arbeit beschäftigt sich mit verschiedenen Aspekten kosmologischer
Tests von Gravitationstheorien mit zukünftigen Himmelsdurchmusterungen.

Im ersten Teil wird die Abhängigkeit der Kovarianzmatrix des Leistungsspektrumesti-
mators der großskaligen Strukturen vom zugrundeliegenden kosmologischen Modells un-
tersucht. Wir berechnen die Abhängigkeit mit analytischen Methoden für ausgewählte kos-
mologische Parameter und vergleichen die Resultate mit numerischen Simulationen. Die
präsentierte Methode ist neben dem hier beschriebenen Fall auch auf jede positiv-definite
matrix-wertige Funktion anwendbar.

Der zweite Teil beschäftigt sich mit der Entstehung von Dunkle Materie Halos an Dichte-
Extrema in der großskaligen Struktur. Das sphärische Kollaps-Modell wird untersucht und
die Effekte von Scherung und Rotation werden in die Dynamik mit einbezogen. Beide Effekte
werden durch Inhomogenitäten in der nicht-linearen Entwicklungsgleichung beschrieben.
Die Statistik des Gezeitenfeldes, welches durch die umgebenden Strukturen auf den entste-
henden Halo wirkt, wird untersucht. Scherung und Rotation werden pertubativ aus der
Statistik des Dichtefeldes abgeleitet und ihr Einfluss auf die kritische Überdichte, δc, un-
tersucht. Wir konnten zusätzlich zeigen, dass ein Halo aus Dunkler Materie an einem Ex-
tremum im Dichtefeld immer schneller kollabiert als ein isolierten Halo in einem homogenen
Dichtefeld.

Im letzten Teil dieser Arbeit beschäftige wir uns mit kombinierten Beobachtungen des
schwachen Gravitationslinseneffektes, Galaxienkorrelationen und des kosmischen Mikrow-
ellhintergrunds und wie sich damit die zugrunde liegende Gravitationstheorie einschränken
lässt. Es wird eine Fisher Analyse durchgeführt, um die zu erwartenen statistischen Fehler
abzuschätzen. Zusätzlich werden Monte-Carlo-Markov-Ketten berechnet um die Nichtgaus-
sianitäten in dem hoch-dimensionalen Parameterraum besser darzustellen. Die Analyse zeigt,
dass man Änderung in der Gravitationstheorie mit der Kombination von verschiedenen Ob-
servablen und insbesondere ihrer Kreuzkorrelation sehr gut einschränken kann.
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P R E L I M I N A R I E S

notation

Throughout this thesis we will use the following signature for the metric (−,+,+,+),
such that the Minkowski metric becomes

η = diag(−1, 1, 1, 1) .

Furthermore we will write tensorial quantities in boldface, while its components are
written normally, for example the metric tensor is

g, with components gµν .

If we consider vectors related to the space-time, e.g. the position vector x, Greek in-
dices run from zero to three while Latin run from one to three and label the position
only, e.g.:

xT = (x0, xi) .

Other Latin indices may run over any number given.

units

In this thesis we will usually use cgs-units and keep track all important constants.
Only in Chapter 6 we will switch gears slightly when discussing the Lagrangian and
use natural units. In cgs units the numerical values of constants of nature, units and
parameters used here are:

G = 6.67384× 10−8 cm3
s2g

Gravitational constant

c = 29979245800 cm
s Speed of light in vacuum

1 pc = 3.0857× 1018cm One parsec

1 M� ≈ 2× 1033g One solar mass

Ωm0 = 0.314 dark and visible matter density parameter

σ8 = 0.834 fluctuation amplitude

H0 = 2.184× 10−18 1s Hubble constant

ΩK ≈ 0 Spatial curvature parameter

ns = 0.962 Slope of initial power spectrum

The values for the cosmological parameters are taken from the Planck Collaboration
et al. (2016).





1
I N T R O D U C T I O N

Over the last century, cosmology has turned from a purely astronomical science into
a discipline of modern physics and has developed physical models of our Universe
that can be tested quantitatively. Hundred years ago we thought that the Milky Way
itself makes up the entire Universe and it was not clear whether so-called Nebulae
were actually part of our own Galaxy or not. Instead, the next generation of cosmo-
logical surveys, to be launched within the next decade, will deliver data of over a
billion galaxies and will probe structures down to very small cosmological scales
(e.g. Laureijs et al., 2011; LSST Dark Energy Science Collaboration, 2012; Maartens
et al., 2015; Camera et al., 2015; Thornton et al., 2016). In fact, those experiments
will probe a large fraction of the observable volume of our Universe.

The observational picture (see e.g. Weinberg et al., 2013, for a detailed review) of
our Universe today is that it consists only to roughly 5% of ordinary matter (baryons)
which is part of the standard model of particle physics. The rest of the matter consists
of Dark Matter (DM), a species which does not interact with photons and is hence
called dark matter. In particular one finds that the dark matter particles, which itself
have not been detected yet, have a vanishing temperature or no internal energy due
to their own random motion. Therefore this particular type of DM is usually called
Cold Dark Matter (CDM). Even more mysterious is the accelerated expansion of our
Universe which is confirmed by all observations. This leads to the conclusion that
the energy budget of the Universe is made up of two thirds by an energy which may
be due to the cosmological constant, Λ in Einstein’s field equations. The standard
model of cosmology, a statistically isotropic and homogeneous solution to the field
equations of General Relativity (GR) with a cosmological constant, radiation, baryons
and CDM, is hence called the cosmological standard model (ΛCDM).

This leaves us with a model which is as simple as possible but tells us that our
Universe is basically made up of stuff we do not know thus implying a long list of
questions. What is the nature of CDM, indirectly detected through rotation curves,
gravitational lensing, and the Cosmic Microwave Background (CMB)? Can the early
accelerated epoch of the Universe be better understood? What is the origin of the late-
time accelerated expansion? Is it possibly due to the cosmological constant and if so
why is the value of Λ so much different from the vacuum energy from quantum field
theoretical estimates? For this last question one also needs to keep in mind our poor
understanding of a quantum theory of gravity. Furthermore, there could be some
unknown symmetry pushing the vacuum energy to the value we observe. Ultimately
the accelerated expansion could also be due to some additional field which enters in
the energy-momentum tensor in the field equations, a scenario which is called Dark
Energy (DE). With DE at hand one should, however, also ask the question whether
the theory of gravity we are using, namely GR, is correct? Even though it is tested
on a lot of scales and different environments it has not been tested on cosmological
scales so far.

As an astrophysical driven science, cosmology obviously suffers from the problem
that we cannot repeat measurements with slightly different settings. It is therefore

17



18 introduction

not possible to design an experiment which only measures for example a few cos-
mological parameters. It is thus necessary to answer those questions simultaneously.
Furthermore, there is a high degree of degeneracy between different questions or,
equivalently, parameters. Hence one needs a lot of data to reduce statistical errors
and to constrain for example the cosmological model together with the underly-
ing theory of gravity. With future surveys a vast amount of exquisite data will be
available with new CMB experiments, weak gravitational lensing surveys or intensity
mapping. Given the data it is the task of statistical inference to find the model that
best explains the data by maximum likelihood methods. This procedure requires
sound theoretical predictions of the model and even though the theoretical predic-
tions have been good enough for previous surveys, they are not necessarily accurate
enough for the next generation. The last points are of particular importance since
future surveys rely a lot on the observations of the evolved large-scale structure (LSS)
to unrivalled scales, where non-linear effects due to late time structure formation
become dominant.

Since there is a limit on the amount of cosmological data, the question arises how
well future surveys will be able to constrain different models in general. Additionally
one needs to find those observables, which are most sensitive on the parameters one
is interested in. In cosmology there is typically a parameter hierarchy, which is again
due to its astrophysical nature. There are very well known parameters, for example
the matter density, which are basically set since e.g. the Planck Collaboration et al.
(2016) in a way that the measured values are nearly as precise as the constant of
nature they are related to, the Newton constant. Thus there is no gain in increasing
the precision of these parameters way further. On the other hand there are parameter
which are constrained only very purely, like the time variation of DE, MG parameters,
or even parameters from particle physics such as the sum of the neutrino masses.
In order to measure them precisely high signal strengths of cosmological measure-
ments are needed which in turn can only be achieved when fully exploiting also
cosmologically small scales.

From the arguments made so far it should be clear that it is necessary to revise the
assumptions entering in the calculation of observables derived from the theoretical
model. Non-linear structure formation frequently uses N-body simulations to make
accurate theoretical predictions. However, being numerical expensive they can only
be used for inference processes in a limited way, hence analytical or semi-analytical
methods need to be investigated. Another key aspect is the interaction of galaxies
or galaxy clusters with the ambient LSS which is naturally crucial for all LSS observa-
tions, but in particular for weak gravitational lensing as well as the formation of dark
matter halos. Lastly one needs to find optimal survey strategies and models which
can be tested with those surveys by carrying out forecasts for the inference process.
In this thesis we will touch on different aspects of these issues.

First, we will investigate the structure of the parameter space of cosmological pa-
rameters by constructing a Lie basis for different objects which live in the space.
Of particular importance are covariance matrices, for example the covariance of the
weak lensing power spectrum estimator. This matrix needs to be known at each
point of the parameter space, or at least at each step of a Monte-Carlo Markov
chain (MCMC). Usually the covariance is only given by a suite of N-body simula-
tions. However, we show its variation across parameter space to be captured already
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with low order perturbation theory. We also provide a method to identify degener-
acy directions of the covariance, thus reducing the amount of numerical simulations
needed dramatically.

We then proceed and investigate the interaction of spherical dark matter halos
with the ambient LSS within the spherical collapse (SPC) model. This model is itself
a key quantity for analytically describing peak counts in the cosmic density field. In
this approach we use analytical methods to describe the statistics of the gravitational
tidal field in which a test particle, representing the dark matter halo, is embedded in.
This leads to rotation and shearing effects. The effect of the tidal interactions on the
collapse dynamics is incorporated as a source term in the differential equation which
allows us to find the statistics of the critical collapse density δc. Being a second order
effect, the influence on δc enters only in the initial conditions for the linear equation.
However, we find differences at the percent level to the standard SPC model.

Lastly, we perform forecasts for next generation cosmological experiments, com-
bining observations of the LSS as well as the CMB and the corresponding cross-
correlations to constrain both, the cosmological model and the theory of gravity.
In particular we work with general scalar-tensor theories of gravity, called Horn-
deski theories. Usually forecasting is done using the Fisher matrix but we also run a
MCMC to investigate the full shape of the likelihood and compare it with the Gaus-
sian approximation used in the Fisher analysis, giving conservative estimates of the
expected statistical errors. We then close with a general discussion on the general
structure of parameter spaces in cosmology.

The structure of this thesis is as follows: In Chapter 2 we will review the ΛCDM

model discussing its basis at the background and perturbative level as well as pos-
sible extensions to this standard paradigm. Chapter 3 discusses observational tests
of cosmology with a focus on tests of the LSS and the CMB. In Chapter 4 we describe
the Lie basis of covariance matrices, which is followed by the discussion of the SPC

model in tidal gravitational field in Chapter 5. Chapter 6 discusses the forecast of
future LSS and CMB observations. We summarize in Chapter 7.
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2
P H Y S I C A L M O D E L S O F T H E U N I V E R S E

This chapter will briefly recap the physical basics of the ΛCDM model and how the
background evolution of isotropic and homogeneous universes behaves starting from
the field equations of GR. Afterwards inhomogeneities on top of the unperturbed
background are discussed. We present different perturbation techniques which will
be used later in this work. In this context we also introduce statistical concepts to de-
scribe structures in the Universe. The chapter is closed with a discussion of possible
extensions to the ΛCDM model including fundamental and observational considera-
tions.

2.1 background evolution

Einstein’s field equations connect the geometry of space and time with the matter
content in it. Matter influences the structure of space-time and space-time tells matter
how to move. Consequently, the equations are highly non-linear and are given by
(Einstein, 1915):

G+Λg =
8πG

c4
T . (2.1)

Here G is Newtons constant, Λ is the cosmological constant and c is the speed of
light. G is the Einstein tensor which is constructed from the Ricci tensor, R, which
itself is the trace-full part of the Riemann curvature tensor. Furthermore, g is the
metric and T is the energy-momentum tensor. The field equations are coupled, hy-
perbolic and non-linear partial differential equations for the metric. In the general
case, solving Eq. (2.1) analytically is an impossible task, one thus has to make symme-
try assumptions on the space-time itself and solve Eq. (2.1) for the remaining degrees
of freedom. The three major analytic solutions of GR are the Schwarzschild solution,
the weak field solution and the cosmological solution. All of them are limiting cases
of the theory in the sense that further constraints would yield a trivial solution. Of
particular importance for this work are the cosmological solutions.

2.1.1 Homogeneous and isotropic universes

Modern cosmology relies on two assumptions, usually dubbed the cosmological
principle: the Universe is isotropic and homogeneous when averaged over suffi-
ciently large scales. The scale above which the Universe seems to be both isotropic
and homogeneous is roughly 100 Mpc. Both assumptions have be tested against ob-
servations and albeit isotropy can be tested easily (e.g with the CMB, Hinshaw et
al., 2013; Planck Collaboration XIII, 2015), homogeneity is very hard to test since
we only have access to information on our own backward light-cone. Nonetheless,
with isotropy being established on an experimental footing homogeneity can be es-
tablished assuming that our position in the Universe is by no means special. This is

21
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known as the Copernican principle. The most general metric satisfying both assump-
tions is:

ds2 = −c2dt2 + a2(t)
[

dr2

1− kr2
+ r2dΩ2

]
. (2.2)

Likewise, the most general energy-momentum tensor compatible with the cosmolog-
ical principle is the one of an ideal fluid:

T = (ρc2 + P)u⊗u+gP , (2.3)

with pressure P = P(t) and density ρ = ρ(t), which can both only depend on cos-
mic time t due to homogeneity. Einstein’s equations, (2.1), then yield the Friedmann
equations which describe the background dynamics of the Universe via two differ-
ential equations for the scale factor a(t):

(
ȧ

a

)2
=
8πG

3
ρ+

Λ

3c2
−

k

c2a2
,

ä

a
= −

4πG

3

(
ρ+

P

c2

)
+
Λ

3c2
,

(2.4)

with a dot denoting a derivative with respect to t. Eqs. (2.4) can be reduced to a
single equation by providing an equation of state wi, which relates the pressure of
the species i with their density, Pi = wiρic

2. One distinguishes the following cases:
non-relativistic matter wm = 0, relativistic matter wr = 1/3 and the cosmological
constant w0 = −1. Furthermore, we introduce the critical density ρcrit = 3H

2
0/(8πG)

to express all densities in dimensionless density parameters:

Ωi(a) :=
ρi(a)

ρcrit(a)
, Ωi0 :=

ρi(a)

ρcrit(a)

∣∣∣∣
a=1

. (2.5)

The value a = 1 is chosen to correspond to the Universe today. Using those def-
initions a Friedmann universe filled with relativistic, non-relativistic matter and a
cosmological constant obeys the following dynamical law:

H2 = H20
[
Ωm0a

3 +Ωr0a
4 +ΩΛ +Ωka

2
]
= H20E(a)

2 . (2.6)

Here we defined the Hubble function and its value today

H(a) :=
ȧ

a
, H0 = H(a)|a=1 = 100h

km
sMpc

. (2.7)

H0 is called the Hubble constant and E(a) is the expansion function. It is worth
noting that the density parameters are not independent, but obey the closure relation:

Ωk = 1−
∑
i

Ωi . (2.8)

Furthermore, the scaling with a of the different terms in Eq. (2.6) reflects the depen-
dence on a of the densities of the different species. Since the Universe is expanding
a increases with time, thus in the past we find a < 1. The structure of Eq. (2.6)
shows that there have been different epochs in the Universe during which different
species dominated the evolution. Specifying the density parameters and the Hubble
constant, the background evolution of the Universe is completely determined.
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2.1.2 Redshift and distance measures

The wavelength of photons changes in the same way as the scale factor of the Uni-
verse is evolving with time because their spatial momentum is changed proportion-
ally to the scale factor. Consequently, they will be redshifted or blueshifted. As our
Universe is expanding, we define the redshift in the following way:

1+ z =
λobserved

λemitted
=
1

a
, (2.9)

where we assume that the observations take place at the current epoch, a = 1.
The redshift serves as a distance proxy in cosmology. However, distances are not
uniquely defined in an expanding spacetime. Of particular importance is the comov-
ing distance, χ, which defines distances on rescaled spatial hyper-surfaces and can
be calculated as

χ(z) = χH

∫z
0

dz
E[a(z)]

. (2.10)

The constant χH = c/H0 is the Hubble radius and gives an estimate of the size of the
visible Universe. It relates the redshift measured today to the distance of a source
with redshift z measured on a spatial hyper-surface. Another important distance is
the proper distance, which measures the distance passed by light in a certain time
interval. These two distances are not directly measurable, but one can use them
to construct the observable angular diameter distance and the luminosity distance,
defined as

Dang(z) = a(z)χ(z), Dlum =
Dang(z)

a2(z)
, (2.11)

respectively, for universes with k = 0. For curved universes the dependence on χ
would change to sin(χ) and sinh(χ) for k > 0 and k < 0, respectively. If we are thus
given a standard ruler, that is an object with known physical size, we can deduce
cosmological parameter and for example find out whether the Universe is spatially
flat. This was for example done using the position of the first acoustic peak in the
CMB temperature power spectrum (e.g. Hinshaw et al., 2013; Collaboration et al.,
2016). Similarly objects of known absolute luminosity can be used as standard can-
dles, as it is done with Type Ia Supernova (SNIa) measurements (e.g. Riess et al., 1998;
Perlmutter et al., 1998; 1999; Tonry et al., 2003). More precisely, SNIa are standardiz-

able by using correlations of the width and the peak hight of the light-curves. Most
recently, Abbott et al. (2017) used gravitational waves as standard sirens, which work
in principle in the same way as standard candles.

2.2 structure formation

If the Universe were perfectly homogeneous, no structures such as galaxies, galaxy
clusters and ultimately the Earth would exist. More fundamentally, also an arrow of
time would not exist in such a universe, provided Eq. (2.4) would hold. The question
arises where the structures we see today originated from. Clearly, if small inhomo-
geneities in the density distribution of the Universe exist, they will grow due to
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gravitational interaction. This, however, poses the question where these primordial
fluctuations stem from. Currently, the most accepted mechanism is inflation (Guth,
1981) by which the primordial fluctuations are seeded by quantum fluctuations of
the inflaton field in an era of rapid accelerated expansion. At the same time this
mechanism also solves two problems of CMB observations:

• Flatness problem: Any deviation of Ωk from zero at early times would evolve
to a very large curvature parameter today. In order to obtain Ωk ≈ 0 today,
it must have been fine tuned to be of the order of 10−27 at early times if the
other density parameters satisfy ΩΛ ≈ Ωm0 � Ωr0. Accelerated expansion
automatically pushes Ωk to zero since the comoving Hubble radius shrinks.

• Horizon problem: The CMB is measured to be a perfect black body (Mather et
al., 1990) and must thus have been in a state of thermal equilibrium prior to
recombination. However, the horizon size at time of recombination is only of
the order of a few degrees on the sky. An epoch of accelerated expansion makes
the comoving horizon shrink and, if lasting long enough, can account for causal
disconnected patches at recombination to have been in causal contact before.

Accelerated expansion is, in the simplest model, realized by a single scalar field φ,
the inflaton, with a self-interaction potential V(φ) minimally coupled to gravity. Eqs.
(2.4) require p < −ρc2/3 for ä > 0, which can be realized if φ̇2 � V(φ), i.e. when
the field rolls down its potential very slowly. The inflaton field, φ, is, as any field
theoretical object, a quantum field which will undergo quantum fluctuations due
the uncertainty principle. These quantum fluctuations have a characteristic comov-
ing length scale L. Due to the accelerated expansion, the comoving Hubble radius,
c/(Ha) = χH,com shrinks and eventually we find L > χH,com. Since the fluctuations
now lack of causal contact, they are frozen in and become real macroscopic objects.
Once the inflaton field gained enough kinetic energy, inflation ends and the equation
of state approaches p = ρc2 if V(φ) � φ̇2. The kinetic energy then decays into or-
dinary energy forms by a process called reheating, starting the radiation dominated
phase of the classical Friedmann universe. As the resulting perturbations are su-
perpositions of statistically independent fluctuations of φ, they will obey Gaussian
statistics due to the central limit theorem. There are, however, more complicated
models which yield primordial non-Gaussianities (see e.g. Chen, 2010, for a review).
Given those initial perturbations in the density we will now briefly review how the
statistical properties of random fields can be described and what the power spec-
trum of the initial perturbations looks like. Next, we will describe their growth over
cosmic time.

2.2.1 Statistical properties of random fields

Before we discuss tools to describe the statistical properties of cosmic fields, let us
briefly discuss why a statistical approach is necessary in the first place. Cosmological
evolution occurs on time-scales much longer than that of possible observations. It
is thus impossible to observe the evolution in individual systems. Also, we have
no direct observation of the initial conditions of the primordial seeds produced by
inflation. Therefore the description of structures in the Universe can only be built



2.2 structure formation 25

in a statistical framework. The procedure is therefore to derive the statistics of the
initial perturbations and to propagate the evolution equations of the perturbations
forward in time.

For simplicity we consider a scalar random field, which could for example be the
density contrast:

δ(x, t) :=
ρ(x, t) − ρ0(t)

ρ0(t)
, (2.12)

where ρ0(t(a)) = Ωm(a)ρcrit(a) is the mean cosmic background density and ρ(x, t)�
1 the perturbation on this background. δ is called statistically homogeneous if all its mo-
ments are invariant under spatial translations. It is furthermore statistically isotropic
if all its moments are invariant under spatial rotations. The two-point correlation
function is defined as

ξ(r) = 〈δ(x)δ(x+ r)〉 , (2.13)

where 〈.〉 denotes an ensemble average. Due to statistical isotropy and homogeneity
it only depends on the norm, r, of r. We define the following Fourier convention in
n dimensions:

δ(x, t) =
∫

dnk
(2π)n

δ(k, t) exp [−ix · k] , δ(k, t) =
∫

dnxδ(x, t) exp [ix · k] . (2.14)

With this we define the power spectrum of the density contrast:

(2π)3P(k)δ
(3)
D (k− k′) := 〈δ(k, t)δ∗(k′, t)〉 , (2.15)

which is itself the Fourier transform of the correlation function:

P(k) = 2π

∫∞
0

r2dr ξ(r)j0(kr) , (2.16)

where j0(x) is a spherical Bessel function of the first kind of order zero. The moments
of the power spectrum are defined as

σ2j :=

∫∞
0

dk
2π2

P(k)k2j+2 , (2.17)

such that σ20 corresponds to the variance. Information about objects of a certain size
can be accessed by smoothing the density field with below a certain scale R, which
amounts to a multiplication in Fourier space with a suitable normalized weight func-
tion WR(k). For the variance one thus finds

σ2R =

∫∞
0

k2dk
2π2

P(k)W2
R(k) . (2.18)

Common filter functions are a Gaussian or a top-hat in real space. All the above
definitions can be extended to higher order correlators:

(2π)3Pn(k1,k2, ...,kn)δ
(3)
D (k1 + ... + kn) := 〈δ(k1, t)...δ(kn, t)〉C . (2.19)

Here again the Dirac distribution ensures statistical homogeneity. The index C de-
notes the connected part, corresponding to the cumulants and not the moments of
the distribution. The n = 2 correlator corresponds to the power spectrum, while the
n = 3 correlator is called the bispectrum.
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2.2.2 Gaussian random fields

A special case of a random field is a Gaussian random field, which is fully described
by its two-point correlation function, or its Fourier transform, the power spectrum.
Its joint probability function in d dimensions can be written as:

p(δ1, ..., δd)dδ1...dδd =
1√

(2π)ndetC
exp

[
−
1

2
δTC−1δ

]
, (2.20)

where we abbreviated δ(xi) = δi and δT = (δ1, ..., δd) and C = 〈δδT 〉. Furthermore,
we used 〈δ〉 = 0. Gaussian random fields have the useful property that all cumulants
of higher order than two vanish. In Eq. (2.19) all spectra with n > 2 will vanish. This
also has some important consequences for higher order moments of the distribution:

〈δ(k)...δ(k2n+1)〉 = 0 , 〈δ(k1...δ(k2n)〉 =
∑

all pairs

[ ∏
pair i,j

〈δ(ki)δ(kj)〉
]

. (2.21)

This is Wick’s theorem for Gaussian random fields and shows that the correlation
function will always decay into products of the power spectrum or completely vanish
(Bernardeau et al., 2002).

2.2.3 Linear growth

Structure formation can be studied in a Newtonian framework if structures are small
compared to the curvature scale of the Universe, which is the Hubble radius, if
velocities involved are small, v � c, and the potentials are weak |Φ| � c2. All three
conditions are very well satisfied at late times in the Universe. The field equation is
thus given by the Poisson equation:

∆Φ = 4πGρ , (2.22)

where Φ is the Newtonian potential, G is Newton’s constant and ρ the density. Fur-
thermore the cosmic fluid obeys an energy-conservation equation:

∂tρ+∇(ρv) = 0 , (2.23)

and the Euler equation

∂tv+ (v ·∇)v = −
∇P
ρ

−∇Φ , (2.24)

which describes momentum conservation. Here we omitted the dependence on co-
moving coordinates x = r/a and time t for shorthand notation. The equations can
be perturbed with respect to their background values ρ0, v0, P0 and Φ0, which leads
to the following set of linear perturbation equations in comoving coordinates:

∆δΦ = 4πGρ0a
2δ ,

δ̇+∇ · δu = 0 ,

δu̇+Hδu = −
∇δP
a2ρ0

+
∇δΦ
a2

.

(2.25)



2.2 structure formation 27

Here δΦ, δu and δP denote perturbed quantities and δ is the density contrast defined
in Eq. (2.12). The system of equations can be closed by introducing the sound speed,
which relates pressure to density perturbations

δp = c2s ρ0δ . (2.26)

Combining the divergence of the Euler equation with the time derivative of the
continuity equation and plugging in Eq. (2.22) yields a single differential equation
for the density contrast:

δ̈(x, t) + 2H(t)δ̇(x, t) − 4πGρ0δ(x, t) −
c2s
a2
∆δ(x, t) = 0 . (2.27)

For the modes δ(k, t) in Fourier space, this differential equation attains the following
simple form

δ̈(k, t) + 2Hδ̇(k, t) +
(
c2s k

2

a2
− 4πGρ0

)
δ(k, t) = 0 . (2.28)

We now introduce the linear growth factor:

δ(t) = D+(t)δ0 , (2.29)

which is normalized in such a way that D+(ttoday) = 1. CDM has cs = 0 and therefore
D+(t) obeys the following equation:

d2

da2
D+(a) +

(
3+

dlnH
dlna

)
d
ada

D+(a) =
3

2a2
Ωm(a)D+(a) . (2.30)

If cs 6= 0 structures will only grow above a certain scale λJ ≡ cs
√
π/(Gρ0), which is

called the Jeans length.

2.2.4 Initial power spectrum

The initial power spectrum predicted by inflation is a power-law with an exponent
ns called spectral index:

Pini ∝ kns . (2.31)

A dependence of ns on k is in principle possible and is called running spectral index.
However, most inflationary models predict a constant nearly scale-free initial power
spectrum. After it shrank, the comoving Hubble radius will start to grow again after
inflation ends and perturbations, formerly being of super-horizon size, will enter the
horizon. Modes entering the horizon before radiation domination ends will oscillate
as shown by Eq. (2.28). Modes that enter the horizon after matter-radiation equality
can continue growing as δ ∝ a2 during this epoch. After matter radiation- equality
all modes grow as δ ∝ a. This leads to a suppression of small scale modes and to the
following asymptotic behaviour of the initial power spectrum:

P(k) =

kns if k 6 keq

kns−4 if k > keq ,
(2.32)
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where keq is the comoving wave-number of the horizon at matter-radiation equal-
ity. The exact transition between the two asymptotic branches is done by a transfer
function, which needs to be taken from Boltzmann codes (e.g. Lewis et al., 2000;
Lesgourgues, 2011), which solve the Boltzmann equation for the different species.
The usual form of the linearly evolved power spectrum is then

Plin(k,a) = D2+(a)T
2(k,a)Pini(k) , (2.33)

where T2(k,a) is the transfer function and D+(a) the normalized linear growth factor.
A common choice for T(k,a) for a universe filled with CDM and adiabatic initial
conditions is the fitting function (Bardeen et al., 1986)

T(k) =
ln(1+ 2.34q)

2.34q
[
1+ 3.89q+ (16.1q)2 + (5.46q)3 + (6.71q)4

]−1/4
, (2.34)

here q = k
√
θ/(Ωm0h

2Mpc−1) and θ = ρr/(1.68ρν) with the density of neutrinos ρν.

2.2.5 Non-linear growth

The description so far is only valid as long as the density contrast is small compared
to unity. This assumption will certainly break down at late times during cosmological
evolution. Thus the linear description will break down as well and one needs to go
to higher order in perturbation theory using the following expansion

δ(x, t) =
∞∑
n=1

δ(n)(x, t) , (2.35)

and similarly for the velocity divergence, such that δ(1) corresponds to the linear so-
lution. Plugging this into Eqs. (2.23,2.24) and (2.22) leads to equations for the differ-
ent orders in perturbation theory. The non-linear terms involve terms which couple
different Fourier modes of the density field to each other. This ansatz is referred to
as standard perturbation theory (SPT) (see Bernardeau et al., 2002, for a review). For
an Einstein-de Sitter cosmology, i.e. Ωm0 = 1 and Ωk = 0, a general solution can be
given (Makino et al., 1992; Kauffmann and White, 1993; Bertschinger and Jain, 1994)

δ(k, t) =
∞∑
n=1

an(t)δn(k) . (2.36)

If a(t) is small, i.e. at early times, the linear mode δ1(k) dominates. At later times
the equations of motion imply the following structure for δn(k):

δn(k) =

∫
d3q1...

∫
d3qnδD(k−q1...n)Fn(q1, ...,qn)δ1(q1)...δn(q1) , (2.37)

where we introduced q1...n = q1 + ... + qn. The functions Fn are homogeneous
functions of {q1, ...,qn} of zero degree, which can be constructed recursively. For
n = 1 one finds F1 = 1 and for n = 2 it is given by (Kauffmann and White, 1993;
Bertschinger and Jain, 1994; Bernardeau et al., 2002)

F2(q1,q2) =
5

7
+
1

2

q1 ·q2
q1q2

(
q1
q2

+
q2
q1

)
+
2

7

(q1 ·q2)2
q21q

2
2

. (2.38)
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For more general cosmologies approximate solutions exist (Bernardeau, 1994).
SPT works in a fluid picture by assuming the hydrodynamic equations (2.23,2.24).

DM is, however, collisionless as demonstrated impressively by the Bullet cluster (Tucker
et al., 1998). Therefore SPT must break down when fluid streams cross each other and
the velocity field u is no longer uniquely defined. Quite recently (Bartelmann et al.,
2017, kinetic field theory (KFT)) developed a non-equilibrium statistical field theory
for classical particles, which describes the dark matter particles as an ensemble oc-
cupying phase space subject to Hamiltonian dynamics. This theory does not suffer
from the fundamental limitations of SPT. However, as long as multiple streams do
not form, i.e. for k < 0.5 Mpc h−1, SPT is applicable.

Another possibility is to rely on numerical N-body simulations (e.g. Jenkins et
al., 1997; Couchman, 1997; Springel, 2005; Klypin et al., 2011; Vogelsberger et
al., 2014). These simulations use effective particles with different properties, for ex-
ample dark matter particles interact only gravitationally and have typical masses
of 109 M�. A usual number of particles in such a simulation is N ∼ 109−10. The
position and momenta of the particles are initially correlated subject to the power
spectrum obtained from the CMB and the continuity equation. They are then evolved
with analytic methods up to a redshift of roughly 100. For smaller redshifts the simu-
lation solves the full Newtonian dynamical equations numerically on an expanding
background. DM only simulation resembles the correlation function of the LSS very
well (Eke et al., 1996). Modern simulations also contain baryonic physics and sophis-
ticated subgrid models to describe all kinds of feedback mechanism (Vogelsberger
et al., 2014). Although numerical simulations can in principle describe non-linearities
correctly to very small scales and also include all kinds of astrophysical processes,
they are not practicable in certain situations as they are computationally very ex-
pensive. Especially since future cosmological surveys span an enormous amount of
different scales, the simulations must cover a large volume, but also provide suffi-
cient resolution. Furthermore, the observable properties of the LSS are of statistical
nature, therefore one needs an ensemble of simulations for each individual set of
cosmological parameters. On the other hand it is analytically not possible to access
all astrophysical effects on galactic scales. It will thus be desirable to achieve the best
interplay between analytic and numerical methods for next generation surveys.

2.2.6 Lagrangian perturbation theory

An alternative way to set up a perturbative solutions of the non-linearly evolved
density field is to follow the trajectories of the fluid elements (Zel’Dovich, 1970;
Buchert, 1989). This procedure is called Lagrangian perturbation theory (LPT), with
its central object being the displacement potential Ψ(q), where q is the initial particle
position. Ψ is a mapping from these initial positions to final positions x:

x(η) = q−∇Ψ(q,η) . (2.39)

with η being the conformal time coordinate dη = da/a. The corresponding equation
of motion is

d2x
dη2

+ aH
dx
dη

= −∇Φ . (2.40)
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LPT can be related to SPT by taking the divergence of Eq. (2.40):

J(q,η)∇ ·
[

d2

dη2
+ aH

d
dη

]
∇Ψ =

3

2
Ωm(η)(aH)2(J(q,η) − 1) , (2.41)

with the Jacobian of the transformation between Eulerian and Lagrangian frame:

J(q,η) :=
∂x

∂q
. (2.42)

The Jacobian can be calculated using the mass conservation condition (1+ δ)d3x =

d3q and therefore

J(q,η) =
1

det[1 + (∇⊗∇)Ψ]
. (2.43)

LPT breaks down if the Jacobian vanishes, since the mapping is no longer invertible
is this case (meaning that trajectories of particles cross each other) and the density
field diverges. The linear solution to Eq. (2.41) is given by (Catelan and Moscardini,
1995):

∇ · (∇Ψ) ≡ ∆Ψ = D+(η)δ(q) , (2.44)

where one has to impose that the large scale displacement potential recovers SPT.
This is usually referred to as the Zel’dovich approximation (ZA) (Zel’Dovich, 1970).

2.3 beyond the standard model

The model outlined so far assumes GR to be the valid theory of gravity, that the cos-
mological principle holds and that our Universe is filled with CDM, relativistic matter
and baryons. Furthermore, the accelerated expansion observed today is due to the
cosmological constant as a second coupling constant in Eq. (2.1). Lastly, the expan-
sion history was preceded by inflation. In this section we will discuss possibilities
and reasons why to go beyond this standard picture.

2.3.1 Fundamental theoretical and observational consideration

The scenario of inflation is very similar to the late time expansion of the Universe
in such a way that both can possibly be driven by a scalar field, however the energy
scales involved are very different. Clearly inflation itself cannot be driven by a mech-
anism like the cosmological constant since it eventually has to end. This, nonetheless,
still suggests that both mechanisms might arise from a similar physical process and
the inflationary picture should be considered for the late-time accelerated expansion
as well. At the very least this will help us to understand the connection between
these different building blocks. Furthermore, the cosmological constant has two nat-
uralness problems, which arise from its measured value today and its time evolution.

The first problem is usually called the cosmological constant problem which refers
to the fact that Λ, if due to some microscopic field theory, should undergo vacuum
fluctuations and will thus have a ground state with non-vanishing energy density,
which will act as a cosmological constant. Further contributions arise from phase



2.3 beyond the standard model 31

transitions during symmetry breaking. Let us for example consider the Higgs field
which has a single minimum before the symmetry is broken. During the electroweak
transition the former minimum becomes a local extrema and the field will roll into
the minimum of the Higgs potential, thus having a non-zero field value and again
serving as a Λ-like term. A similar reasoning holds for phase transitions in quan-
tum electrodynamics. For a review we refer to Martin (2012). In summary, the ef-
fective cosmological constant observed today is a sum of all contributions and it
turns out that they would have to cancel each other very precisely in order to match
the observed value for Λ today. It should be noted that the contribution from the
vacuum energy due to quantum fluctuations is a back of the envelope calculation
and it depends strongly on the renormalization scale of the theory as well as on the
background metric considered. Thus in principle the cosmological constant problem
should be addressed in a quantum gravity framework which is not yet formulated
consistently. Nonetheless, these arguments hint a fine-tuning problem.

Secondly, the so-called coincidence problem refers to Ωm and ΩΛ having very
similar values today. At the same time their relative contribution scales with a−3. So
clearly Λ was completely sub-dominant, i.e. not observable in the past. Furthermore,
changing the initial conditions for Λ a bit, one could end up with no structures at all,
or alternatively we would never observe Λ in the first place. This situation is very
similar to the flatness problem in the inflationary paradigm and again indicates a
fine tuning of parameters.

From an observational point of view, a theory can only be proven to be better
than an alternative if an alternative theory is provided facing the same observations.
Otherwise one might end up constraining a wrong model over and over again, a
situation referred to as confirmation bias1. Despite its success, the ΛCDM model is
very rigid in the sense that slight deviations from a constant Λ can not be captured.
Additionally, a lot of observations require a cosmological model to convert the data
into something which can be related to theoretical predictions. This is for exam-
ple the case when converting redshift into a distance, or for baryonic acoustic os-
cillation (BAO) measurements. Thus investigating cosmologies different from ΛCDM

helps us to understand observations in a more model-independent way. Lastly, there
is small tension between different cosmological probes, which might be a hint for
new physics or can be caused by poorly understood systematics.

Given these considerations one is basically left with three options or a combination
of them: First one can give up the cosmological principle. While isotropy is very well
tested by observations of the CMB, homogeneity is not testable very easily, since
we only have access to our backward lightcone. Therefore we just might live in a
large underdense region and thus distant galaxies are moving away from us in an
apparent accelerated fashion (Tolman, 1934; Bondi, 1947; Clarkson, 2012). However,
combining different observations Redlich et al. (2014) and Meyer et al. (2015) showed
that one still needs a cosmological constant to explain the accelerated expansion. In
the following section we will discuss the two other possibilities.

1 This situation can, however, also be reversed, since one can always come up with a more complex
theory to fit or avoid observational constraints.
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2.3.2 Modifying the matter sector

With GR assumed to be valid, Eq. (2.4) immediately implies that accelerated expan-
sion can be achieved if an energy species with p < −ρ/3 is present. This scenario is
usually called DE and the cosmological constant can be interpreted as a DE model
with w = −1. A straightforward extension would be a phenomenological ansatz Tay-
lor expanding w(a) around its fiducial value (Chevallier and Polarski, 2001; Linder,
2003). The first principle starting point would be to postulate an action for some field
ϕ which can drive accelerated expansion:

Sϕ =

∫
η

(
1

2
∂µϕ∂

µϕ+ V(ϕ)

)
. (2.45)

This situation is often referred to as Quintessence and the equations of motion for
the field, ϕ, are given by a Klein-Gordon type equation including a friction term
due to the Hubble expansion (see Copeland et al., 2006; Tsujikawa, 2010, for re-
views). These models are restricted to w > −1 and can be categorized into thawing,
freezing and tracking models depending whether the field is held by the Hubble
friction, freezes at w = −1 at later times, or tracks the dominant energy compo-
nent respectively. The last ones are often called early DE, alleviates the coincidence
problem and increases the Hubble function at all times, thus reducing structure for-
mation (Copeland et al., 1998; Doran and Robbers, 2006; Skordis et al., 2006). Other
Quintessence models have very little effect on structure formation and only impact the
background evolution. The reason for this is that perturbations of ϕ have a speed of
sound cs = c and a mass of the order of the Hubble scale (in natural units). Therefore
clustering only happens on scales comparable to the Hubble horizon. Eq. (2.45) can
be generalized to k-essence, allowing for non-canonical kinetic terms in the action.

In general dark energy can also cluster, even though its perturbations are small
compared to the matter perturbations, however they can still influence the formation
of matter perturbations. The key quantity to describe the perturbations in the dark
energy component is the effective sound speed c2s ≡ δP/δρwhere cs = 0 corresponds
to full clustering. Especially for k-essence models cs can be much smaller than c as in
the case of CDM. Therefore, there can be a direct influence on linear and non-linear
structure growth.

2.3.3 Modifying the gravity sector

The final possibility is to modify the field equations (2.1) by changing the underlying
action. It is however necessary to acknowledge the simplicity and success of GR,
which has been tested over a lot of scales, for example in the weak field regime
through perihelion precession of mercury, light deflection and spin precession (see
Berti et al., 2015, for a review).

When modifying GR, it is important to keep two theorems in mind: (i) higher than
2nd order in the field derivatives will generally lead to instabilities, which can be
avoided by considering non-canonical kinetic terms. (ii) Lovelock’s theorem states
that any metric, 2nd order, local energy-momentum conserving theory of gravity in
four space-time dimensions is uniquely given by the Einstein-Hilbert action including
a cosmological constant (Lovelock, 1974). Additional care must be taken since some
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theories seem to violate the Ostrogradski theorem but can effectively be cast into a
theory which satisfies it. One example would be f(R) gravity, which can be cast into
a metric theory with an additional scalar degree of freedom, which is stable and
circumvents Lovelock’s theorem by adding this additional field. This turns out to be
a very general class of theories which we will therefore discuss in the following.

Scalar-tensor theories

In this thesis we will in particular investigate scalar-tensor theories of gravity, whose
action can be written as

S =

∫
η

[
f(ϕ)

R

16πG
−
1

2
∇µϕ∇µϕ− V(ϕ)

]
+ Smatter(g,ψ) , (2.46)

where η =
√
−gdnx is the canonical volume form, ϕ is the additional scalar degree

of freedom and ψ encodes all matter fields. Eq. (2.46) can be cast into the Einstein
frame by a conformal transformation of the metric and a redefinition of ϕ to keep
the structural form of its Lagrangian:

S =

∫
η

[
R

16πG
+∇µϕ̃∇µϕ̃− V(ϕ̃)

]
+ Smatter(f

−1(ϕ̃)g,ψ) . (2.47)

The difference between Eq. (2.46) and (2.47) is that for the first the gravity term has
a non-standard form, while the coupling to matter fields is canonical. The second
one retains the standard Einstein-Hilbert term in the action, but the metric coupling
to the matter fields explicitly depends on the scalar degree of freedom. One might
therefore rewrite the action in the following form

S =

∫
ηGR(gG) +

∫
ηML(gM,ψ) , (2.48)

where we have two different metrics, one acting only on the gravity sector and an-
other one coupling the matter fields. Bekenstein (1993) wrote down the most general
relation between gM and gG, which is basically given by

gM = A(ϕ,X)gG +B(ϕ,X)∇ϕ⊗∇ϕ , (2.49)

where X denotes the canonical kinetic term of the scalar field. Observations are
performed in the frame of (2.46). A theory which is consistent with current obser-
vations should therefore have an acceleration mechanism when expressed in this
frame, which is called Jordan frame. Furthermore, we can generalize Lovelock’s theo-
rem by dropping the assumption of having a metric only, in other words, what is the
most general scalar tensor theory, which has second order equations of motion. The
gravity Lagrangian in this case is given by the following form (Horndeski, 1974)

S[g,ϕ] ∝
∫
η

5∑
i=2

Li[g,ϕ], (2.50)
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where the individual terms can be brought into the following form (de Felice et al.,
2011)

L2 = G2(ϕ,X),

L3 = −G3(ϕ,X)�ϕ,

L4 = G4(ϕ,X)R+G4X(ϕ,X)
[
(�ϕ)2 −ϕ;µνϕ

;µν] ,

L5 = G5(ϕ,X)Gµνϕ;µν

−
1

6
G5X(ϕ,X)

[
(�ϕ)3 + 2φ;µ

νϕ;ν
αϕ;α

µ − 3ϕ;µνϕ
;µν�ϕ

]
,

(2.51)

where we denoted a covariant derivative by a semicolon, ∇µ := ϕ;µ. Note that
the term L2 corresponds to a standard k-essence DE. Furthermore higher deriva-
tive terms in the field equations will cancel each other due to the antisymmetry of
the terms containing ϕ;µν. GR is naturally recovered for constant G4(ϕ,X), while
all other Gi vanish. The theory is completely specified if all four functions Gi are
provided.

Screening

An important ingredient for all modified gravity theories which have a significant
impact on cosmological scales is a screening mechanism. They effectively hide mod-
ifications at small scales to provide agreement with small scale tests of GR. Quite
generally they can be divided into potential and kinetic screening mechanisms. If
one uses an additional scalar field ϕ, the interaction potential is given by a Yukawa
potential with characteristic scale mϕ, which describes the range of the interaction.
If the mass of the scalar, mϕ depends on the environment in such a way that it
is large if the density is high, GR will be recovered in these regions. This can be
achieved by a suitable choice of the interaction potential of the scalar field, since
the mass corresponds to its second derivative. This is called Chameleon mechanism
(Khoury and Weltman, 2004b; a). A kinetic screening is for example the Vainshtein
mechanism (Vainshtein, 1972), for which the kinetic term X screens modifications on
small scales.

Structure growth in modified gravity

Structure formation for MG theories is more difficult than for GR since the equations
are more complicated, especially the growth factor (2.30) can become scale depen-
dent.

For linear structure formation in modified gravity one starts from a perturbed
background model in Newtonian gauge

ds2 = −(1+ 2Ψ)c2dt2 + a2(1− 2Φ)dx2 . (2.52)

Here non-relativistic particles with v� c feel gradients in Ψ, while massless particles
feel the sum of both potentials Ψ and Φ, which is usually referred to as gravitational
slip. In GR one finds Φ = Ψ. A common approach to describe the relations of the
perturbations in Φ and Ψ to the density contrast is to introduce the following to
functions γ and µ:

k2Ψ = −4πGa2ρδµ(k,a), Φ = γ(k,a)Ψ . (2.53)
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As we will see in Chapter 3 the observables of the LSS will depend on these functions.
The linear perturbations in Horndeski theories can be described by using the effective
field theory (EFT) formalism. That is, solving for a specified background evolution
and then for the linear perturbations. In Horndeski theories this procedure requires
the specification of five functions, which depend on time only. There are two general
types of functions, those which influence background and perturbations and those
which only influence the growth of perturbations at linear order. The EFT action for
the linear perturbations is given by (Bloomfield, 2013; Bellini and Sawicki, 2014;
Gleyzes et al., 2014)

S(2) =

∫
d3x dt a3

M2
∗
2

[
δKijδK

j
i − δK

2 + RδN+ (1+αT)δ2
√
hRa−3

+αKH
2δN2 + 4αBHδKδN

]
+ S

(2)
matter[g,ψ] .

(2.54)

Here M∗ is the effective Planck mass, N the lapse function, K the extrinsic curvature,
R the Ricci scalar and H the Hubble function. The action of the matter perturba-
tion is described in the Jordan frame and is denoted by S(2)matter. Therefore the action
is described by four functions if we take the background evolution as given by a
cosmological model:

• Kineticity, αK, relates to the kinetic energy of the perturbations and reduces the
sound speed of scalar perturbations.

• Braiding, αB, causes dark energy to cluster and mixes the kinetic terms in the
metric with the ones in the scalar degree of freedom.

• Tensor speed excess, αT, describes the deviation of the propagation speed of ten-
sorial modes from the speed of light, thus leading to anisotropic stress.

• Running of the Planck mass, αM, while the Planck mass itself does not yield a
different gravitational theory if only changed by a constant, its running will
create anisotropic stress and alter the relation between the density and the
potential.

Once the functions are set, the theory is fully specified at the background level and
at linear order in perturbation theory. In certain limits the α-functions can be related
to the phenomenologically motivated functions µ and γ. However, one gets them
also by solving the Boltzmann equation for the different perturbations numerically
as we will discuss in Section 3.1.





3
O B S E RVAT I O N A L P R O B E S

In Chapter 2 we introduced a class of spherically symmetric and homogeneous mod-
els for our Universe and described their dynamical properties and how perturbations
on top of the homogeneous background evolve. We will now introduce some phe-
nomenology in this chapter and investigate some of the key observation probes of
the cosmological standard model which can be used to measure the cosmological
parameters. Earlier we already discussed the concept of standard candles and rulers.
However, SNIa only probe the background expansion, at least at lowest order. In
Section 2.3 we then saw that different cosmological models can have the same expan-
sion history but different perturbations, it is therefore necessary to study observables
which probe the structures in our Universe and compare them to model predictions.
In particular we will discuss the CMB, weak gravitational lensing and galaxy cluster-
ing. There are also other probes, which we will not describe here, such as redshift
space distortions (e.g. Tadros, 1993; Ballinger et al., 1995; Ryden, 1995) or galaxy
cluster counts (e.g. Noonan, 1974; Majumdar, 2004; Lacasa and Rosenfeld, 2016) to
name a few. For all plots in this chapter the cosmological parameters used are the
reference ones from Table 4.

3.1 cosmic microwave background

When the Universe had a thermal energy of the order of 0.1 MeV (corresponding
to a redshift of 109) light elements could form, this epoch is called primordial nu-
cleosynthesis. The abundance fraction of a light element, A, relative to the number
of baryons is controlled by the binding energy of the element in question, BA and
by the baryon to photon ratio ηb. The latter is measured to be 10−9, which means
that the elements formed only after the temperature dropped well below BA. Due
to its high density and temperature, the radiation is thermalized quickly during this
time and thermal equilibrium is maintained until the reaction rate drops below the
expansion rate τ ∼ H−1, this process is called particle freeze-out. From the produc-
tion of Deuterium Gamow (1948) estimated the temperature of the CMB today to be
of the order of 10 K, since the CMB is a perfect black body (Penzias and Wilson, 1965;
Wright et al., 1992; Fixsen et al., 1996) and thus constrains processes that would

pump energy into the photon baryon plasma before decoupling. Thermal equilib-
rium is mainly maintained due to radiative Compton scattering and later Compton
scattering. If energy is dumped into the electrons, Compton scattering distributes it
back to the CMB. At low frequencies Bremsstrahlung is also important to maintain
thermal equilibrium at the electron temperature.

As long as the process, p+ e− ↔ H+ γ, is still fast compared to τ, the ionization
fraction is kept at its equilibrium value. Since ηb is so small, the electrons and protons
recombine, again much later as one would naively expect, at a temperature of T ≈
0.3 eV. At this point the scattering between H and γ happens for the last time, the
corresponding spatial hyper-surface is thus called last-scattering surface. The latter

37
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estimate is determined by Saha’s equation. An exact treatment would also involve a
contribution from the recombination of Helium in addition to Hydrogen (e.g. with
RECFAST Seager et al., 2000). After recombination the Universe stayed neutral until
z ≈ 10.

In the following section we will discuss how inhomogeneities in the early Universe
are imprinted on the temperature and polarization maps of the CMB.

3.1.1 Temperature anisotropies basics

Having a black body spectrum, the angular distribution of the CMB can be charac-
terized by its temperature, T(n̂), which is decomposed into spherical harmonics for
convenience:

Θ(n̂) :=
T(n̂) − T0

T0
=

∑
`m

Θ`mY`m(n̂) , (3.1)

where n̂ is a vector pointing to a position on the unit sphere and T0 = 〈T(n̂)〉. If
the fluctuations are statistically isotropic and homogeneous the power spectrum is
diagonal in m and `

〈Θ`mΘ∗` ′m ′〉 = δ`` ′δmm ′C(`) . (3.2)

One frequently considers the quantity

C(`) :=
`(`+ 1)

2π
C(`) ≈ k

3P(k)

2π2
≡ ∆2T , (3.3)

where the approximation holds if ∆2T is constant around the peak of the spherical
Bessel function j`(kχ∗), with χ∗ being the comoving distance to the surface of last
scattering. C(`) is a measure for the variance per logarithmic multipole interval, ln`.

The dominant process in the plasma before the CMB is released is Thomson scat-
tering with the Thomson cross section, σT = 6.65× 10−25 cm2, corresponding to a
comoving mean free path

λC =
1

neσTa
, (3.4)

where ne is the density of free electrons. For typical cosmologies λC is of the order of
a couple of Mpc and thus much smaller than the comoving horizon, showing that the
baryons are tightly coupled to the photons, therefore sharing the same bulk motion.

In order to understand the basic pattern of the temperature power spectrum we
will assume a tightly coupled fluid with the following continuity equation for the
number density of photons:

dnγ
dη

+
3

a

da
dη
nγ +∇ · (nγvγ) = 0 , (3.5)

with the perturbed version at linear order being

d
dη

(
δnγ

nγ

)
= −∇ · vγ , (3.6)
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which can be rewritten in terms of temperature fluctuations Θ, since nγ ∝ T3:

dΘ
dη

= −
1

3
∇ · vγ . (3.7)

Momentum conservation is again expressed via the Euler equation, by exploiting
that the energy density of the photons ργ ∝ a−4 and that pγ = ργ/3 we can write:

dvγ
dη

= −∇Θ . (3.8)

Eq. (3.7) and (3.8) can be combined to form an oscillator equation in Fourier space

d2

dη2
Θ(k) + c2s k

2Θ(k) = 0 , (3.9)

where c2s = 1/3 is the adiabatic speed of sound. The sound horizon is defined as

χs :=

∫
csdη . (3.10)

Solutions to Eq. (3.9) correspond to standing waves in real space, which oscillate
until electrons and protons recombine and the density of the free electrons avail-
able for Thomson scattering drops drastically. When this happens, the propagation
speed of the waves basically drops to zero, as the electrons are no longer coupled
to the photons. They can thus be seen today as anisotropies in the temperature map.
In particular Θ(η∗) ∝ cos(kχ∗) is a solution to Eq. (3.9), clearly extrema occur at
wavenumbers kn = nπ/χ∗ for positive integer n. The first peak corresponds to the
following scale:

`s = ksDang , (3.11)

which can serve as a test of the spatial geometry of the Universe. If the Universe is
flat we find `s ≈ 200 for typical parameter values. On top of this simple argument
for the BAO signal there are also other effects, such as the Doppler effect due to the
relative motion of the plasma with respect to the observer introduced by the BAO

motion itself. A simple analysis shows that they are in principle of equal amplitude
but phase-shifted by π/2. Thus quadratically adding both contributions would lead
to a scale free power spectrum at recombination. This summation is, however, not
correct since the Doppler effect depends on the projection of the velocity onto the
line of sight vγ · n̂. Thus the peak is dominated by Θ and not by v. Furthermore,
gravitational forces also play a role in the formation of the peaks which we neglected
so far completely. To include them, one perturbs the background metric by the two
Bardeen potentials Ψ and Φ, note that a Newtonian approach is not sufficient here,
yielding the following evolution equation:

d2Θ
dη2

+ c2s k
2Θ = −

k2

3
Θ−

d2Φ
dη2

. (3.12)

The potential is generated by the matter fluctuations via the Poisson equation as in
(2.22). In a matter dominated epoch the Newtonian potential is constant and we can
rewrite Eq. (3.12) as

d2

dη2
(Θ+Ψ) + c2s (Θ+Ψ) = 0 , (3.13)
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displacing the minimum of the solution to (3.9), in the sense that the temperature
fluctuations observed change from Θ to Θ+Ψ. Ψ thus corresponds to a gravitational
redshift contribution. The splitting in these two pieces has no invariant meaning
and can be transformed away by a gauge transformation, with which the observed
temperature can be written as

Θ+Ψ =
Ψ

3
, (3.14)

which is known as the Sachs-Wolfe (SW) effect (Sachs and Wolfe, 1967), thus cold
spots correspond to over-dense regions.

In reality the situation is more complicated than outlined in this basic discussion.
First, one needs to add the inertial effect of baryons, which adds additional mass to
the plasma and thus increases the momentum density. This modifies the oscillator
equation for tightly coupled baryons. Secondly, the ratio of the momentum density
of photons and baryons evolves with time. Furthermore, one needs to extend the
calculations beyond the matter dominated epoch and thus the evolution of the po-
tential Ψ will be different and will eventually act as a driving force of the oscillations,
which would be absent in a matter dominated era as the potentials would stay con-
stant. Finally, one needs to treat the imperfections of the fluid due to the mean free
path of Compton scattering as the diffusion is strong at this scale and the baryons
are no longer tightly coupled. This is called Silk damping (Silk, 1967).

3.1.2 Polarization anisotropies

Thomson scattering generates linearly polarized radiation if the incoming radiation
has a spatial quadrupole. Generally the polarization is much smaller than the tem-
perature isotropy and is thus mainly associated with the acoustic peaks of the tem-
perature power spectrum. It was first detected by Kovac et al. (2002).

The statistical description proceeds similar to the one of the temperature anisotropies
with the only complication being the tensorial nature of the polarization. Quite gen-
erally one can express the statistical properties of the polarization matrix P in a
complete basis:

P := 〈I(n̂)I†(n̂)〉 = θ(n̂)σ0 +U(n̂)σ1 + V(n̂)σ2 +Q(n̂)σ3 , (3.15)

where σµ are the Pauli matrices. Here V defines the circular polarization states, while
Q and U describe the linear polarization states. The latter are called Stokes param-
eters, which play a crucial role in weak lensing as well. However, the distinction
between both depends on the choice of the coordinate system. A better decomposi-
tion in terms of parity states is

Q(n̂)± iU(n̂) = −
∑
`m

[E`m ± iB`m]±2Y`m(n̂) , (3.16)

where we introduced the spin-2 spherical harmonics ±2Y`m and the E and B mode
contributions. The spherical harmonics obey the usual orthogonality relation and
one can describe the power spectra

〈E∗`mE`m〉 = δ`` ′δmm ′CEE` ,

〈B∗`mB`m〉 = δ`` ′δmm ′CBB` ,

〈Θ∗`mE`m〉 = δ`` ′δmm ′CΘE` ,

(3.17)
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Figure 3.1: CMB temperature, θ, polarization E-mode power and the corresponding cross
spectrum as produced by HiCLASS. Note that the modes are normalized to the CMB tempera-
ture and are therefore dimensionless. The E-modes are amplified by a factor 10 to emphasize
their features.

with all other spectra vanishing due to parity considerations. The basic polarization
pattern of Thomson scattering can be directly seen from its differential cross section,
which involves a scalar product between the incoming and outgoing polarization
vectors. Polarization oscillations are out of phase with the temperature oscillations.

3.1.3 Spectra from Boltzmann codes

Even though the basic structure of the temperature and polarization anisotropies
can be understood analytically, the accurate spectra have to be calculated numeri-
cally. The system of equation which needs to be solved is a set of Boltzmann type
equations for the different particle species on a background cosmology in a partic-
ular gauge (Ma and Bertschinger, 1995). Integrating the equations then yields the
fluctuation in temperature and polarization which allows for the calculation of the
different spectra. There are quite a few such Boltzmann codes out there, for exam-
ple CMBFAST, CAMB, CMBEASY and CLASS (Seljak and Zaldarriaga, 1996; Lewis et al.,
2000; Doran, 2005; Lesgourgues, 2011), which work with different programming
languages and algorithms. These codes usually work with cosmological models as-
suming GR, however, there exist other codes, which can also incorporate deviations
from GR such as EFTCAMB or HiCLASS (Hu et al., 2014; Zumalacarregui et al., 2016).
In Figure 3.1 the temperature anisotropy and polarization power spectra are shown.
One can clearly see the acoustic peaks in ΘΘ and their damping at high `. On very
large scales an integrated version of the SW effect becomes important, which occurs
due to evolving gravitational potentials and an effective wavelength change of the
photons. The amplitude of the E-mode spectrum is much smaller than the one of the
temperature spectrum and is therefore amplified by a 102. The acoustic peaks are of
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phase with the ones of the temperature due to the directional dependence on the mo-
mentum of Thomson scattering. Lastly, the dashed curve shows the cross-correlation
of the temperature with the polarization showing combined features of both curves.

3.2 weak gravitational lensing

Gravitational lensing studies the bending of light by massive objects. For detailed
introductions to the topic we refer to Straumann (1991) and Schneider et al. (1992).
If we are given a single lens at distance Dd and a source at distance Ds, the lens
equation is given by

β = θ−α(θ) , (3.18)

with the scaled deflection angle α, the observed position θ and the true position
β. Note that all vectors involved are two dimensional objects. Clearly Eq. (3.18) can
have multiple solutions for given β, showing that multiple images can occur. If this
happens a lensing system must be what is called a strong lens. Here we will only
consider situations where the change in image shapes is of the order of a percent.
The deflection angle, α, can be written in terms of a potential, the lensing potential,
α = ∇ψ. Now the lens mapping (3.18) can be linearized locally such that images are
distorted according to

A(θ) :=
∂β

∂θ
=

(
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

)
, (3.19)

where we defined the complex shear γ ≡ γ1 + iγ2 and the convergence κ with
components

γ1 =
1

2
(∂11ψ− ∂22ψ) , γ2 = ∂12ψ , 2κ = ∆ψ . (3.20)

The key observable of weak lensing measurements is the complex ellipticity of the
images, which is for example determined by the brightness moments of the images.
It is a good estimator for the reduced shear: g := γ/(1 − κ). In the weak lensing
regime κ� 1 and thus γ ≈ g.

3.2.1 Cosmic shear

Weak gravitational lensing by the LSS is called cosmic shear. We set up the equation
of geodesic deviation which governs the propagation of a light bundle in a general
space time:

d2ξ
dλ2

= Tξ , (3.21)

with the optical tidal matrix T. λ is an affine parameter of the curve and ξ is the
transverse separation of neighbouring geodesics. In presence of weak perturbations
relative to a spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) background
the local deflection is given by

d2x
dχ

= −
2

c2
δ (∇⊥Φ[x(θ,χ),χ]) , (3.22)
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where δ denotes the difference in the gradients perpendicular to the line of sight ∇⊥
and x is a comoving separation. Eq. (3.22) is solved by the following Green’s function

G(χ,χ ′) = χ− χ ′ if χ > χ ′ . (3.23)

The inhomogeneity can then be integrated to find a solution for x, which involves
an integration of ∇⊥Φ along the true path of the neighbouring rays. One typically
assumes that the separation changes due to lensing is small compared to the actual
separation of the unperturbed rays. This procedure is known as the Born approxima-
tion from scattering processes. The comoving separation of two light rays propagat-
ing through the unperturbed background is given by x = χθ, which yields for the
deflection angle

α(θ,χ) =
χθ− x(θ,χ)

χ

2

c2

∫χ
0

dχ ′
χ− χ ′

χ
∇⊥Φ(χ ′θ,χ ′) . (3.24)

To arrive at (3.24) we used three well satisfied approximations: first that the New-
tonian potential is small, i.e. |Φ| � c2, second that perturbations responsible for
deflections are small compared to the Hubble radius and third that corrections can
be calculated relatively to the fiducial ray.

The convergence is the derivative of the deflection angle. For cosmological weak
lensing it takes the following form

κ(θ,χ) =
1

c2

∫χ
0

dχ ′
(χ− χ ′)χ ′

χ
∇⊥ ·∇⊥Φ(χ ′θ,χ ′) , (3.25)

where we used Eq. (3.24). One can now use the perturbed Poisson equation (2.25)
to replace the two dimensional Laplacian in (3.25) by augmenting the line of sight
contribution which would average to zero in the limits used here. Since Eq. (3.25) is
the convergence for a fixed source at comoving distance χ, we can straightforwardly
expand this to a source distribution G(χ). Furthermore, the convergence is an in-
tegrated quantity of the Newtonian potential and evolutionary information of the
Universe gets wiped out. This information is, however, crucial if one wants to con-
strain for example dark energy. A way out is to use tomographic methods (Hu, 1999)
by splitting the sources into redshift bins. Since photons from different bins will par-
tially go through the same structure, there will be a non-vanishing cross-correlation
between the bins, which allows to restore information about the evolution of the
Universe. The effective convergence in tomographic bin i is then given by

κi(θ) =
3Ωm0

2χ2H

∫χH
0

dχ Wi(χ)χ
δ(χ,θ,χ)
a(χ)

, (3.26)

with the weighting function

Wi(χ) =

∫χi+1
min(χ,χi

dχ ′p(χ ′)
χ ′ − χ

χ ′
. (3.27)

Here the sources are distributed according to p(z)dz = p(χ)dχ. For Euclid p(z) is
given by (Laureijs et al., 2011):

p(z)dz ∝ z2 exp

[
−

(
z

z0

)β]
, (3.28)
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Figure 3.2: Convergence angular power spectrum Cκij for a survey with 6 tomographic bins.
Solid lines show auto-correlations, while dashed and dotted lines show cross-correlation
between different bins.

with β = 1.5 and z0 ≈ 0.9. Individual galaxies cannot be used to determine cosmic
shear since the effect is too small and galaxies are intrinsically elliptical. However,
the coherent distortion of neighbouring galaxy images as a function of angular scale
can be measured, i.e. the correlation function or alternatively the angular power
spectrum. Since the convergence is a weighted projection of the density, its statisti-
cal properties have been derived under the assumption of a finite correlation length
much smaller than the Hubble radius by Limber (1953). In Fourier space the tomo-
graphic cosmic shear power spectrum in tomographic bins i and j is given by:

Cκij(`) =

∫
dχ
χ2
Wi(χ)Wj(χ)P(`/χ,χ) . (3.29)

Observed cosmic shear spectra suffer from a shape noise contribution due to the
finite number of galaxies:

Cκij(`)→ Cκij(`) +
σ2εnbin

n̄
δij , (3.30)

where σ2ε is the intrinsic ellipticity dispersion, nbin the number of tomographic bins
and n̄ the mean number of sources per steradian. Typical values are σε = 0.3,
n̄ = 30 arcmin−2 and nbin = 6. Figure 3.2 shows the cosmic shear spectra from
Eq. (3.30) for a Euclid like survey. Clearly tomographic bins at higher redshifts ob-
tain a higher lensing signal, since the photons pass through more LSS. Furthermore,
one clearly sees how the shot noise term for the auto-correlation dominates at high
multipoles. At a multipole ` ≈ 300 non-linear clustering sets in, which can be seen
by the small bump present in the power spectrum. For linear clustering the power
spectrum would drop at high `.
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3.2.2 Weak gravitational lensing of the CMB

The photons of the CMB, as discussed in Section 3.1, travel through the LSS with
potential depths of the order of |Φ|/c2 ≈ 10−5 leading to deflection angle of |α| ≈
10−4 (Cole and Efstathiou, 1989; Seljak, 1996; Hu, 2000). Potential wells in the LSS

have a diameter of a few hundred Mpc and the distance to the last scattering surface
χ(z∗), where z∗ ≈ 1100 is roughly 14 Gpc. Therefore the scattering of the deflection
angle is roughly two arcminutes. These deflection angles will be correlated over the
size of a typical potential well, which is roughly two degrees on the sky, meaning
that their correlation length is similar to the one of the acoustic peaks meaning that
the BAO features get washed out slightly.

The theoretical prediction for the lensing potential or the convergence and its
power spectrum proceeds in complete analogy to cosmic shear with a single source
placed at the last scattering surface, i.e. we replace p(χ) by a delta distribution
δD(χ − χ∗) in the weight function of (3.26) to get the convergence. Similarly the
power spectrum is simply computed to be

CκCMB(`) =

∫
dχ
χ2
WCMB(χ)WCMB(χ)P(`/χ,χ) , (3.31)

with the mentioned weighting function WCMB. Calculating the lensed temperature
and polarization spectra of the CMB is a bit more involved. One can use a series expan-
sion of the deflection angle to derive the lensed spectra, but also non-perturbative ap-
proaches (Seljak, 1996; Metcalf and Silk, 1997) exist. Lensing effectively re-arranges
the temperature patches Θ according to:

Θ̃(x) = Θ(x ′) = Θ(x+∇ψ)

≈ Θ(x) +∇ψ(x) ·∇Θ(x) + 1
2

tr
[
(∇ψ⊗∇ψ)(∇⊗∇Θ)T

]
+ ...

(3.32)

Which can be used to calculate the lensed temperature power spectrum in terms of
the unlensed one:

C̃ΘΘ` ≈ (1− `2RΨ)CΘ` +

∫
d2` ′

(2π2
[` ′ · (`− ` ′]2Cψ

|`−` ′|
CΘΘ` ′ , (3.33)

where Cψ` is the power spectrum of the lensing potential, which is related to (3.31)
by the Poisson equation ∆ψ = 2κ. Furthermore we defined the averaged deflection
angle

Rψ =
1

4π

∫
d` `3Cψ` . (3.34)

The second term in Eq. (3.33) is a convolution of the unlensed spectrum with the
spectrum of the lensing potential, smoothing out the temperature anisotropies. There
are two important limits where one can investigate this result: On the one hand on
very large scales, i.e. small `, where the spectrum is nearly scale invariant, the effect
of lensing will not be present. Clearly if the field is homogeneous, shuffling patches
around by lensing will not yield any effect. On the other hand for very small scales
the power in the unlensed spectrum is very weak due to Silk damping, therefore the
Taylor expansion in (3.32) is again valid, even though the lensing effect would be
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Figure 3.3: Power spectrum of the CMB lensing convergence including noise (blue curve). The
red curve shows the noise contribution.

large in principle. Lensing of the polarization spectrum proceeds in a very similar
way and we will refer to Lewis and Challinor (2006) for a detailed review.

Measuring the lensing potential itself is done by using the estimated spectra of
the CMB primaries. Since the unlensed CMB is very well understood theoretically and
the characteristic pattern of the lensing effect, it is possible to reconstruct the lensing
potential directly from the measured power spectra (Hu, 2001; Hu and Okamoto,
2002). Especially on small scales the lensing effect can be measured directly. The
basic idea of these methods is that the ` modes of the unlensed CMB are independent.
This property is destroyed by lensing and therefore one can use the off-diagonal
elements of 〈Θ̃(`)Θ̃(` ′)〉 for fixed ψ to estimate the lensing potential (Hu, 2001;
Hu and Okamoto, 2002; Cooray and Kesden, 2003). The lensing potential can then
be reconstructed and its noise properties determined by the cosmic variance of the
different spectra, the finite number of available modes as well as observational effects.
In Figure 3.3 we show the CMB lensing spectrum together with the noise obtained
by the quadratic estimator from Hu and Okamoto (2002). Clearly the noise becomes
important already below ` = 1000, thus most of the signal will originate from linear
scales at low multipoles.

3.3 galaxy clustering

A very direct probe of the LSS are galaxy counts, i.e, measuring the density contrast
δ in terms of the density of galaxies δg. The basic goal here is to directly measure the
matter power spectrum (Groth and Peebles, 1977; Baumgart and Fry, 1991; Feldman
et al., 1994) from galaxy clustering and to decompose it into spherical harmonics in
radial shells (e.g. Heavens and Taylor, 1995; Di Dio et al., 2016; Raccanelli et al.,
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2016). The logic is therefore very similar to a cosmic shear analysis and we consider
the projected tomographic power spectrum:

C
g
ij(`) =

∫χH
0

dχ
χ2
Wgi(χ)Wgj(χ)P(`/χ,χ) , (3.35)

with a suitable weighting function Wgi(χ) in the i-th tomographic bin. Being in
principle a very clean probe of the underlying cosmological model, galaxy counts
defined via

δg :=
ng(x) − 〈ng〉
〈ng〉

, (3.36)

are a biased probe of the underlying matter distribution. Since galaxy formation
itself is a very complicated process and depends strongly on the environment the
galaxy density δg will in full generality be a complicated function of scale and space:

δg(x,a) = b(a, x)δ(x,a) . (3.37)

On large, linear scales this relation can however be very simple and just depend on
time rather than on the scale k. If one proceeds to even smaller scales, more involved
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Figure 3.4: Galaxy clustering power spectrum for five different redshift bins. Note that in
our approximation the cross-correlation between different tomographic bins vanishes since
the weight functions do not overlap. Furthermore the shown spectra include the Poissonian
noise term.

models have to be considered in order to match the relation between the matter
power spectrum and the observed galaxy power spectrum. The basic idea of galaxy
bias is to introduce operators O in a series expansion:

δg(x,a) =
∑
O

bO(a)O(x,a) , (3.38)
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where bO(a) are called bias parameters and O are operators which are constructed
from the density field, the gravitational potential and related random fields. There-
fore the galaxy density δg is related to the matter density δ in a non-linear way.
Figure 3.4 shows galaxy clustering power spectrum in different tomographic bins.
Note that the number density in all bins is equal.



4
A L I E B A S I S F O R T H E VA R I AT I O N O F C O S M I C L A R G E - S C A L E
S T R U C T U R E C O VA R I A N C E M AT R I C E S

Statistical inference involves calculations of the likelihood as a function of the data
and the model parameters. The inference process itself is usually carried out using
MCMC methods, while forecasting is often done with a Fisher matrix approach, which
approximates the posterior around the maximum likelihood estimator (MLE) point
by a Gaussian distribution. Being asymptotically unbiased the MLE yields the true un-
derlying model when averaging over all possible data. However, the signal strength
of the measurement, as well as the model non-linearities depend on this true value.
The errors obtained by a measurement therefore depend on the underlying model
and its parameters. Those variations need to be studied. An even more severe sit-
uation occurs when reconstructing the power spectrum from cosmological random
fields such as the weak cosmic shear signal. While all modes evolve independently
during linear structure formation, non-linear growth will couple different modes in
such a way that they are no longer statistically independent. This manifests itself
in a non-vanishing tri-spectrum of the underlying random field. Since correlations
between different modes now exist, they need to be incorporated correctly into the
inference process. The covariance between different modes is, however, only accessi-
ble via numerical N-body simulations, which must span a huge dynamical range in
order to keep up with future surveys. They also need to be known precisely enough
and thus the covariance has to be deduced by a set of simulations at every point in
parameter space (Sellentin and Heavens, 2016). With a typical MCMC usually contain-
ing of the order of 105 likelihood evaluations, the amount of needed computer time
becomes unbearable. It is therefore necessary to find a good sampling of parameter
space with simulations, which is both precise and computationally feasible.

We describe the change of the matter covariance and of the weak lensing covari-
ance matrix as a function of cosmological parameters by constructing a suitable basis,
where we model the contribution to the covariance from non-linear structure forma-
tion using Eulerian perturbation theory at third order. Our formalism is capable of
dealing with large matrices and reproduces expected degeneracies and scaling with
cosmological parameters in a reliable way. Comparing our analytical results to nu-
merical simulations we find that the method describes the variation of the covariance
matrix found in the SUNGLASS weak lensing simulation pipeline within the errors
at one-loop and tree-level for the spectrum and the trispectrum, respectively, for mul-
tipoles up to 1300. We show that it is possible to optimize the sampling of parameter
space where numerical simulations should be carried out by minimising interpola-
tion errors and propose a corresponding method to distribute points in parameter
space in an economical way.

The contents of this chapter is published in Reischke et al. (2017), while some ideas
are also published in Schäfer and Reischke (2016).

49
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4.1 introduction

Measurements of cosmological parameters and investigations into the properties of
gravity on large scales are the focus of a number of upcoming surveys of the cos-
mic large-scale structure. These investigations require probing how the expansion
dynamics of the Universe and the gravitational model affect the growth rate of
structures, as well as understanding the relation between redshift and distance. A
tool combining both these sources of cosmological information is weak gravitational
lensing (e.g. Kaiser, 1998; Bacon et al., 2000; Kaiser et al., 2000; Maoli et al., 2000;
Mellier et al., 2000; Bartelmann and Schneider, 2001; Kilbinger, 2003) which, as

a line-of-sight integrated quantity of the Newtonian tidal shear field, probes both
structure growth and the evolution of the background cosmology by measuring a
correlation in the shapes of galaxies.

The estimation of cosmological parameters based on large-scale structure obser-
vations requires a precise knowledge of the covariance matrix, which describes the
cosmic variance, the statistical dependence of the modes of the cosmic matter distri-
bution, and the noise inherent in the surveys. Due to mode coupling in non-linear
structure formation the covariance matrix is non-diagonal, acquires large amplitudes
on small scales, and renders the statistical properties of the cosmic matter distribu-
tion non-Gaussian; In this respect cosmological large-scale structure observations
differ significantly from observations of primary covariance matrix-fluctuations (Ko-
matsu et al., 2011), where the assumption of Gaussian statistics is very good.

The scaling of non-linear structure growth with cosmological parameters is nec-
essarily non-linear, which is immediately apparent in all perturbative approaches
to cosmic structure formation (Bernardeau, 1994; Bernardeau and Kofman, 1994;
Taruya et al., 2002). Each order of perturbation theory is characterised by a differ-
ent dependence on cosmology, and in assembling a perturbation series these depen-
dences are mixed by superposition. Mode coupling in non-linear structure formation
generates off-diagonal entries in the covariance matrix (e.g. Scoccimarro et al., 1999;
Cooray and Hu, 2001; Takada and Bridle, 2007; Takada and Jain, 2009; Sato et al.,

2009; Kayo et al., 2012, etc.) and therefore reduces the information content of the
density field (e.g. Hu and Kravtsov, 2003; Takada and Bridle, 2007; Sato et al., 2009;
Sato et al., 2011). On the other hand, fluctuations in the cosmic density field are

strongly amplified by non-linear structure formation, which allows measurements
on small scales which are otherwise inaccessible due to the sparsity of galaxies. Fu-
ture experiments such as the Euclid mission1 (Laureijs et al., 2011) will use the weak
gravitational lensing effect to probe the cosmic web on scales deep in the non-linear
regime (e.g. Benjamin et al., 2007; Laureijs et al., 2011; Van Waerbeke et al., 2013;
Kitching et al., 2014). In fact, Euclid’s anticipated weak lensing signal, with a signifi-
cance of close to 1000σ, is largely generated by non-linear scales.

Because non-linear structure formation cannot yet be fully described by analytical
methods, estimates of the covariance matrix require simulations of cosmic structure
formation. Due to the large volume of future surveys and the necessity to observe at
non-linear scales, cosmological simulations require both large volumes and high res-
olutions. In addition, a large suite of statistically equivalent simulations is required
to estimate covariance matrices using ensemble-averaging. This estimation needs to

1 http://www.euclid-ec.org



4.1 introduction 51

be undertaken throughout the anticipated parameter space, because non-linear struc-
ture formation depends strongly on the choice of cosmological parameters.

Standard spatially flat dark energy cosmologies typically have six parameters.
Thus, even a rather coarse sampling of parameter space would require a tremen-
dous number of N-body ray-tracing simulations (Fosalba et al., 2008; Hilbert et al.,
2009) or other techniques such as line-of-sight integrations (Kiessling et al., 2011),
which are, up to now, the only robust method to determine the mode coupling and
induced higher order cumulants to the desired accuracy. The computational load
to produce large suites of simulations at Gpc-scales, while retaining resolution at
sub-Mpc-scales, quickly becomes prohibitive. As a consequence, it is inevitable, that
variations in the covariance matrices in parameter space are being investigated (Eifler
et al., 2009) and a way to interpolate between these points must now be developed.

In this context a number of questions arise: (i) How strong are the variations of
the covariance matrix with varying cosmological parameters? (ii) To which cosmo-
logical parameters is the covariance matrix most sensitive? (iii) Is there a way of
predicting variations and in which directions in parameter space the strongest varia-
tions are encountered? (iv) Is it possible to decompose changes to the shape, size and
orientation of the covariance matrix in a geometrically clear way? (v) What would
be sensible choices of cosmological parameters for simulations in order to cover the
relevant parameter space economically? (vi) Is there a natural way to interpolate
between covariance matrices from numerical simulations?

Recently Schäfer and Reischke (2016) introduced a method to interpolate between
Fisher matrices at different points in parameter space We now intend to apply this
formalism to the variation of the covariance matrix of the matter and convergence
power spectrum estimators. This should be possible because both Fisher-matrices
and covariance matrices share positive-definiteness as a common property, which is
required by our formalism. The focus will be on the power spectrum of the weak
lensing convergence, as it is directly linked to observables provided by Euclid. Non-
linear structure formation on small scales generates a non-Gaussian contribution to
the covariance matrix, where we employ Eulerian perturbation theory at tree-level to
predict the trispectrum as the lowest-order non-Gaussian contribution (Scoccimarro
et al., 1999). We consider perturbation theory as an easily manageable tool for pre-
dicting non-linear corrections to the covariance matrix and do not imply that it de-
scribes all non-linearities accurately, but we will check its validity against numerical
simulations.

The fiducial cosmological model is a spatially flat ΛCDM model with base param-
eters Ωm = 0.3, ΩΛ = 1−Ωm, h = 0.7, ns = 1, w0 = −1 and wa = 0. Moreover,
we will use the sum convention throughout this chapter, thus implying summation
over repeated indices. After a brief review of the lensing observables we will review
the covariance matrix theory for the matter and convergence spectrum in Section 4.2.
In Section 4.3 the Lie basis is constructed and applied to the covariance matrix in
Section 4.4, where we also compare the theoretical prediction with simulations. In
Section 4.5 we summarize.
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4.2 covariance matrices

4.2.1 Covariance matrix of the matter spectrum estimator

We estimate the power spectrum P(k), as defined in Eq. (2.15) with the Fourier con-
vention (2.14) from a survey of finite volume V . Fitting a model to the power spec-
trum estimator involves the knowledge of the estimation error of the estimator P̂(ki)
in a certain k-bin. The estimation error consists of different pieces: firstly the density
field used for P̂(ki) will be sampled from a finite number of objects, e.g. galaxies, and
will therefore suffer from Poissonian noise. Secondly, the estimated power spectrum
will suffer from cosmic variance and thirdly, non-linear structure formation will lead
to non-vanishing correlations between different k-bins.

The estimation proceed as follows: P(k) can be estimated from a survey of volume
V by dividing it into N spherical shells in Fourier-space with radii ki and width ∆ki
as the variance of all modes within a shell,

P̂(ki) =
1

V

∫
ki

d3k
Vs(ki)

δ(k)δ(−k), (4.1)

where Vs(ki) is the volume of the ith shell. The Fourier-transform is Hermitean,
δ(k) = δ(−k)∗, because δ is real-valued.

The covariance matrix for the estimates P̂(ki) is now given by

Cδij =
1

V

[
(2π)3

Vs(ki)
2P2(ki)δij + T̄ij

]
, (4.2)

with a Gaussian, diagonal part, and a non-Gaussian contribution T̄ij,

T̄ij =

∫
ki

d3k1
Vs(ki)

∫
kj

d3k2
Vs(kj)

T(k1,−k1,k2,−k2), (4.3)

related to the matter trispectrum T which appears as the connected part of a 4-
point correlation function that does not separate into squares of the matter spectrum
if δ assumes non-Gaussian statistical properties. The emergence of non-Gaussian
terms like the matter trispectrum can be approximated by perturbation theory and
ultimately require simulations.

4.2.2 Covariance matrix of the weak lensing spectrum

We now play the same game again, but for the power spectrum of the weak lens-
ing convergence from Eq. (3.30). In this case the projected trispectrum of the weak
lensing convergence in tomographic bins m,n is given by

Tκmn =

∫
dχ
χ6
W2
m(χ)W2

n(χ) T(`1/χ,−`1/χ, `2/χ,−`2/χ), (4.4)

where Tκmn is a function of the combination (`1,−`1, `2,−`2) of wave vectors, which
was omitted for shorthand notation.
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Figure 4.1: Comparison of the convergence power spectrum obtained from the simulation
with the linear and non-linear theoretical prediction. The latter is obtained from the fitting
formula described in . Note that the errors shown for the simulation are taken to be the
diagonal parts of the covariance matrix. Therefore they are not uncorrelated.

The covariance of estimates Ĉκmn(`) of the tomographic weak lensing power spec-
tra proceeds in complete analogy to the previous case: The solid angle Ω in Fourier-
space is divided into N rings centred at the wave vectors `i, with width ∆`i and
volume Ar(`i). The covariance matrix of the estimates is then given by

Cκij,mn =
1

Ω

(
2 Cκmn(`i)

2 (2π)2

Ar(`i)
δij + T

κ
ij,mn

)
, (4.5)

with the bin averaged convergence trispectrum, which has now indices i and j for
the `-bins, while m and n label the tomographic bins,

Tκij,mn =

∫
`i

d`1
Ar(`i)

∫
`j

d`2
Ar(`j)

Tκmn(`1,−`1, `2,−`2). (4.6)

Here the diagonal elements contain, in principle, the shot noise term due to the finite
number of background galaxies and their intrinsic ellipticity distribution. This term,
however, does not depend on cosmology and is neglected in our analysis. Naturally,
the covariance matrices will depend on the cosmological model and will undergo
a transformation if a cosmological parameter assumes a new value; Effectively, we
will require a set of transformation matrices for each direction of the parameter space,
which is provided exactly by our formalism.

4.2.3 Trispectrum at tree-level

The covariance matrix is diagonal in the limit of linear structure formation which con-
serves the Gaussianity of the initial conditions and the independence of the Fourier-
modes. In this case, the 4-point correlator arising in the expression for the covari-
ance separates into squares of spectra by virtue of Wick’s theorem. This is different
in non-linear gravitational clustering, where mode coupling renders the statistical
properties of the density field non-Gaussian and generates a trispectrum contribu-
tion to the covariance matrix. There exist various different approaches to non-linear
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Figure 4.2: Variations of the matter spectrum covariance matrix in the Ωm − σ8 plane. Left:
We show the trace of the covariance matrix as isotropic magnification. Furthermore, we show
the quadratic form induced by two k-bins as ellipses. The k-bin combination is (k1,k2) =

(0.19, 0.2) hMpc−1. Right: The determinant of the covariance matrix is shown as anisotropic
magnification. k-bins are chosen to be (kN,kN−1) = (0.8, 0.79) hMpc−1.

structure formation such as SPT, LPT or KFT, whose basics have been discussed in
Section 2.2. Furthermore, there are more phenomenological models such as the halo
model (Cooray and Sheth, 2002) or on the empirical log-normal distribution of the
density field (Hilbert et al., 2011).

In this work we use SPT as a model for non-Gaussianities in structure formation,
since the covariance matrix can be calculated rather easily and it does not depend on
additional parameters such as, for example, the halo model. Thus the dependence
on cosmological parameters, which we investigate here, enters directly into the per-
turbative expansion of the linear solution. We will use third-order perturbations at
tree-level because it is an easily manageable model. In Sect. 4.4.3 we will show tests of
the accuracy of the model against non-Gaussian lensing convergence maps derived
from numerical simulations.

Eulerian perturbation theory, with perturbations of second and third order to the
density and velocity fields, gives the trispectrum expression (Fry, 1984)

T(k1,k2,k3,k4) = 4
[
F2(k12,−k1)F2(k12,k3)P1P12P3

+ cycl.
]
+ 6
[
F3(k1,k2,k3)P1P2P3 + cycl.

]
,

(4.7)

where we abbreviated k12 ≡ k1+k2, and Plin(ki) ≡ Pi is the linear power spectrum.
The latter is given by the usual expression

Plin(k,a) = D2+(a)T
2(k)Pini(k), (4.8)

where D+(a) is the normalized growth factor, T(k) is the transfer function from
Bardeen et al. (1986), and Pini(k) is the initial power spectrum which is set by infla-
tion to be proportional to kns with the spectral index, ns, being very close to unity.
Evaluating the general expression for the configuration of the wave vectors needed
in Eq. (4.4) yields

T(k1,−k1,k2,−k2) = 12F3(k1,−k1,k2)P21P2
+ 8F22(k1 − k2,k2)P(|k1 − k2|)P22
+ 16F2(k1 − k2,k2)F2(k2 − k1,k1)P1P2P(|k1 − k2|)

+ (k1 ↔ k2),

(4.9)
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Figure 4.3: Variations of the convergence spectrum covariance matrix in the different pa-
rameter planes. Left: We show the trace of the covariance matrix as isotropic magnification.
Furthermore we show the quadratic form induced by two `-bins as ellipses. The `-bin com-
bination is (`1, `2) = (100, 140). Right: The determinant of the covariance matrix is shown as
anisotropic magnification. `-bins are chosen to be (`N, `N−1) = (2500, 2460).
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where the symbol (k1 ↔ k2) implies a repetition of the previous term with the wave
vectors interchanged.

For practical calculations we note that the trispectrum is only a function of the
magnitudes and the relative orientation of k1 and k2. In order to be consistent in
perturbation theory we evaluate the Gaussian term in Eq. (4.2) at the one-loop level
given by

P(k, t) = Plin(k, t) + P22(k, t) + P13(k, t), (4.10)

where the two one-loop contributions can be written in terms of the linear spectrum
Plin,

P22(k, t) = 2
∫

d3q [F2(k−q,q)]2 Plin(|k−q|, t)Plin(q, t),

P13(k, t) = 6
∫

d3q F3(k,q,−q)Plin(k, t)Plin(q, t).
(4.11)

Here it should be noted that although the contributions to the spectrum grow homo-
geneous in time for each order separately, their linear combination does not because
the growth rates of each term are different.

4.2.4 Simulations

To estimate the variations of the covariance matrix in comparison to our perturbative
model we use simulations generated using the SUNGLASS weak lensing simulation
pipeline (Kiessling et al., 2011), which we will briefly summarize here. The pipeline
uses the Gadget2 (Springel, 2005) N-body code to generate non-linearly evolved cos-
mic density fields. Specifically, the simulations assume a ΛCDM cosmology and com-
prise 5123 particles in a simulation box with a side length of 512h−1Mpc. Weak lens-
ing shear and convergence maps are derived from simulation snap-shots by carry-
ing out light-of-sight integrations of tidal shear fields under the Born-approximation.
These simulated weak lensing light cones cover a solid angle of 100 square degrees
with a depth of 0 6 z 6 2 in redshift (Kiessling et al., 2011). The light-cones have a
Euclid-like source redshift distribution as in Eq. (3.28). In Figure 4.1 we show the con-
vergence power spectrum obtained from the simulation together with the non-linear
Smith et al. (2003) and the linear power spectrum. The binning which was chosen
for the power spectrum will also be used in Sect. 4.4.3. Clearly we are dealing with
scales which reach deep into the non-linear regime.

Statistically equivalent simulations for a range of choices of Ωm0 and σ8 are avail-
able, summarised by Table 1, which allows the determination of weak lensing co-
variances as an ensemble average over the weak lensing spectra derived from each
simulated map. Averaging over all realizations of each parameter set allows to calcu-
late the covariance of the spectrum estimator via

Cκmn =
〈(
Cκ(`m) − Ĉκ(`m)

) (
Cκ(`n) − Ĉ

κ(`n)
)〉

, (4.12)

where Ĉκ(`m) is the estimated spectrum averaged over all realizations in an unbiased
way, i.e. we include the N− 1 in the denominator as the average power spectrum is
estimated from the realizations as well.
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Table 1: Cosmological parameters and the number of realizations of the simulations suite
produced with the SUNGLASS pipeline.

Ωm0 ΩΛ Ωb h σ8 ns Nreal

0.272 0.728 0.0449 0.71 0.809 1 50

0.272 0.728 0.0449 0.71 0.728 1 50

0.272 0.728 0.0449 0.71 0.890 1 50

0.299 0.701 0.0449 0.71 0.809 1 50

0.245 0.755 0.0449 0.71 0.809 1 50

4.3 lie basis

The covariance matrix depends strongly on the choice of the cosmological model; As
a quantity involving second powers of spectra in the linear regime and third powers
of the spectra in the perturbative non-linear regime, it scales ∝ σ4...68 . The proportion-
ality of the weak lensing signal with Ωm generates a dependence ∝ Ω4m and the ex-
act shape of the spectra encapsulated in ns and h matters due to the mode coupling
which determines the superposition of spectra in the expression for the trispectrum.
In addition, the weak lensing effect depends on the dark energy properties through
the relation between redshift and comoving distance as well as on the amplitude of
cosmic structures as a function of distance or redshift. Furthermore, there are de-
generacies between the parameters and situations where different parameter choices
result in very similar covariance matrices. In summary, small changes in these phys-
ical properties account for a variation of the covariance matrix, which illustrates the
necessity of accurate models.

Estimates of the covariance matrix require suites of cosmological simulations to
be run throughout the expected parameter space, but coverage with a fine grid
quickly becomes unfeasible given the dimensionality of basic wCDM-models. How-
ever, given an understanding of the variations of the covariance matrix, one could
distribute the simulations in an economic way by identifying directions of rapid
changes of the covariance matrix while sampling the parameter space only sparsely
in directions with parameter degeneracies. The starting point of such a description
of the variations of the covariance matrix is the construction of a basis, which deter-
mines the rate of change with each cosmological parameter.

We follow the procedure outlined in Schäfer and Reischke (2016) describing the
change of the covariance matrix Cκij at some fiducial model xα to another point in
parameter space x′α by the action of a linear transformation Uij

C′ij ≡ Cij(x′α) = UikCkm(xα)Umj, i, j = 1, ...,N , (4.13)

with the dimensionality N of the covariance matrix, i.e. the number of k- or `-bins,
which are indexed by i and j in the above formula. For simplicity, we revert to a non-
tomographic weak lensing measurement; However, in principle, the tomographic
weak lensing spectra would only add a technical complication to the formalism.
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We construct the transformation by drawing the matrix root (i.e. the Cholesky
decomposition of Uij) Cij(x′α) = BikBkj and identifying identical pairs. Then,

Uij = Bil(B
−1)lj . (4.14)

For an infinitesimal displacement δxα ≡ x ′α − xα the infinitesimal transformation
takes the usual form

Uij = δij + (x′α − xα)Tijα, l = 1 . . .M , (4.15)

with Tijα being the generators of the transformation. Note that Tijα is a collection
of M matrices, i.e. one N ×N matrix for every parameter direction. This is very
similar to the action of the connection coefficients in general relativity. Tijα is given
by differentiation

Tijα = ∂αUij . (4.16)

Multiple actions of the infinitesimal transformation lead in the limit to the global
transformation, which is the usual matrix exponential

Uij = exp
(
(x′α − xα)Tijα

)
. (4.17)

Approximating this up to linear order in x′α − xα yields

Uij = δij + (x′α − xα)Tijα , (4.18)

similar to the infinitesimal transformation before. Note that with this approxima-
tion the transformations in different parameter directions commute. Numerically,
the generators are derived using finite differencing of Uij

Tijα =
Uij(xα +∆xα) −Uij(xα −∆xα)

2∆xα
. (4.19)

In this way it is possible to describe the transformation of the covariance matrix Cij
between xα and x′α, and to decompose the transformation Uik in terms of geometri-
cally easy to interpret modes.

4.4 variations of the covariance matrices

4.4.1 Matter spectrum covariance

As a proof of concept we calculate the covariance matrix in N = 60 equidistant k-
bins of width ∆k ≈ 0.01hMpc−1 with k1 ≡ kmin = 0.19hMpc−1 and kN ≡ kmax =

0.8hMpc−1. We take the survey volume to be unity as it only yields an overall factor.
The covariance matrix is calculated at the fiducial model and at two other points
in parameter space for each parameter direction. The variation ∆xα for the finite
differencing in Eq. (4.19) is chosen to be 0.01 for σ8 and Ωm. We show the change of
the covariance matrix using the trace, the determinant, and by picking out pairs of
k-bins, which give rise to a quadratic form which can be represented as an ellipse.

The trace quantifies the isotropic magnification (relative to the fiducial model) of
the covariance matrix because the off-diagonal elements do not enter. Conversely, the
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determinant quantifies the anisotropic magnification due to the fact that the value
of the determinant depends on the magnitude of the off-diagonal elements in rela-
tion to the diagonal elements. Because the magnitude of the off-diagonal elements
is bounded by the geometric mean of the corresponding diagonal elements as a con-
sequence of the Cauchy-Schwarz inequality, large correlation coefficients describe
strong degeneracies and therefore strong anisotropic magnification.

Figure 4.2 shows the trace and determinant of the submatrix of the matter spec-
trum covariance as measures of isotropic and anisotropic magnification. It can be
seen that changes in the traces are mainly due to σ8 which is expected as it is mainly
a rescaling of the elements of the covariance matrix. Note that the scaling with σ8
seems rather obvious on first sight, however this simple scaling gets destroyed by the
trispectrum entering in the expression for the covariance matrix, which, at tree-level,
contains different powers of P. Nonetheless the leading order scaling of the power
spectrum is dominant in the overall scaling of the covariance matrix. The depen-
dence of the trace on Ωm is weaker because the matter content influences the shape
of the matter spectrum but not the amplitude. In contrast, the determinant shows
a degeneracy between Ωm and σ8, which is due to the fact that an increasing Ωm

shifts the peak of the spectrum to higher k values, thus the mode coupling terms in
the trispectrum include different values at different values of k.

Blue ellipses indicate the magnitude and the correlation coefficient of the covari-
ance matrix in two different k bins. In the left plot we show the covariance matrix for
the wave vector pair (k1,k2) while the right plot shows the covariance matrix for the
pair (kN−1,kN). Clearly the behaviour of the ellipses follows the behaviour of the
magnifications. This also shows that at low k the shape of the covariance matrix is
dominated by σ8 and quantifies linearly evolving scales due to the near diagonality,
while at higher k also the off-diagonal elements become important as a consequence
of non-linear structure formation.

4.4.2 Convergence spectrum covariance

We apply our technique to the covariance of the convergence spectrum, Eq. (4.5). As
the convergence is a line-of-sight integral it will carry more information about the
evolution of the Universe namely via the growth of structures and the geometrical
evolution which both enter into Eq. (4.5); In particular we expect a much stronger
variation of the weak lensing covariance matrix with the matter density Ωm. Techni-
cally, we use N = 60 equidistant `-bins with width ∆` = 40 and in the range from
`1 = 100 to `N = 2500. Furthermore, we assume a source redshift distribution with a
mean redshift of 0.9, which would correspond to Euclid’s anticipated redshift distri-
bution. Since the redshift bins are summed over for each ` in the likelihood we only
use one redshift bin.

Figure 4.3 shows the variation of the covariance matrix in parameter space, spanned
by Ωm, σ8, h, ns and the two dark energy parameters w0 and wa. Specifically, we
quantify the isotropic and anisotropic changes of the covariance matrix by means of
the trace and the determinant of a submatrix taken at low and high multipoles as
before.

In the (σ8,Ωm)-plane the isotropic magnification shows the usual degeneracy be-
tween these two parameters, because lensing is sensitive to the product of the two,
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Figure 4.4: Average variation of each component of the covariance matrix calculated by the
relative value of the Frobenius norm of Cij with respect to the fiducial model. The black lines
show the degeneracy of the frobenius norm along parameter space. In the (σ8,Ωm) plane
the degeneracy corresponds roughly to σ8×Ωm = const. In the (wa,w0) plane the black line
shows models with constant effective equation of state. For (h,ns) and (w0,h) we used fits
of the form hnas = const. and whb = const. respectively. We find a ≈ 2.75 and b ≈ −0.6. The
covariance matrix is the same as in Figure 4.3.

to lowest order. As described before the anisotropic magnification shows an even
stronger dependence on Ωm due to different mode coupling contributions in the
off-diagonal elements.

The (h,w0)-plane shows that the diagonal part of the covariance matrix is hardly
influenced by the Hubble constant as its influence on the matter spectrum and the
growth factor is rather small. In contrast, the equation of state parameter w0 strongly
influences the growth of structures and the geometry. In particular a more negative
value of w0 increases structure growth at early times and increases the lensing effi-
ciency, thus leading to larger values for the lensing covariance. For the anisotropic
magnification the dependence changes slightly due to the modification of the spec-
trum which becomes important in the non-Gaussian part of the covariance matrix.

For the (w0,wa)-plane, we adopted a linear evolution for the equation of state
w(a) = w0 +wa(1− a) (Chevallier and Polarski, 2001; Linder, 2006). There are sig-
nificant degeneracies between the two parameters for dark energy. This is due to the
fact that the lensing signal depends on the equation of state function w(a) through
a triple integral, so effectively only on the average equation of state parameter. This
effect can be seen in the anisotropic and isotropic magnification, thus mode coupling
as well as the Gaussian part of the covariance matrix contain the same degeneracy.
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Figure 4.5: Theoretical prediction (red line) vs. simulation (green crosses with error bars)
of the weak lensing covariance matrix as a function of σ8 (left) and with Ωm (right). We
compute the Frobenius-norm of the full covariance matrix and normalise it to the norm at
the fiducial values σ8 = 0.728 and Ωm = 0.245. The error bars indicate the variance within
the set of numerical simulations.

In order to get an intuition for the average change the covariance matrix while
moving along parameter space we compare the Frobenius norm given by

||C|| ≡
√
CijCji, (4.20)

relative to that of the fiducial cosmology. The ratio ||C(x′α)||/||C(xα)|| corresponds to
the relative change of the covariance matrix as a function of a cosmological parameter
xα. Nonetheless, it is clear that certain components of C will change more drastically
when changing the cosmology than others. Figure 4.4 shows the average variation
of the covariance matrix C along different parameter combinations. The black line
indicates an expected or fitted degeneracy of C. As already mentioned before lensing
is sensitive to the product of σ8 and Ωm, consequently the line plotted in the top
left panel of Figure 4.4 has Ωm × σ8 = const in the (Ωm,σ8) plane. Clearly the
expectation is well represented in the colour plot. For the dark energy equation of
state in the top right panel we plot a line where the effective equation of state is
weff = −1, with

weff =

∫1
0

da w(a). (4.21)

In contrast, there are no straightforward arguments for the degeneracies regarding
(h,ns) and (h,w0). Therefore, we fit the degeneracy with a power law of the form
xya = const and interpret the results.

For (h,ns) we obtain an exponent of roughly a = 2.75 with hnas = const which
shows that the dependence on the spectral index is stronger than the dependence on
the Hubble constant. Increasing h shifts the peak of the matter spectrum to higher
k. Thus, the amplitude of the spectrum becomes smaller if σ8 is kept fixed, and as a
consequence the values of the covariance matrix become smaller. Finally, the (w0,h)
plane shows a degeneracy with w0ha = const, with a ≈ −0.6. If w0 > −1 structure
growth is decreased at early times, thus leading to smaller entries in the covariance
matrix.

The analysis shows that the variation in the covariance matrix is strongest for
the cosmological parameters responsible for structure formation. Relative changes
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with respect to the fiducial model of roughly 80% can occur in these parameters
in the range of parameter values considered. The amount of variation is reduced if
one applies priors and restricts the allowed parameter space, for instance by using
cosmic microwave background data (e.g. Planck Collaboration XIII, 2015).

It is important to note that we only kept terms linear in the generator. Of course
one can also consider more terms in the expansion of the transformation matrix Uik
in Eq. (4.18), although one loses commutativity of the generators and has to keep
track of this using the Baker-Campbell-Hausdorff formula (Schäfer and Reischke,
2016). However, if the changes of the covariance matrices are small enough, ∼10%,
this approximation is justified.

4.4.3 Comparing the variation with simulations

We use the weak lensing light-cones described in Section 4.2.4 to construct the spec-
trum of the convergence field κ in N = 9 logarithmically equidistant bins in the
angular wave vector, between `min = 186 and `max = 1345. Lower multipoles will
exhibit large fluctuations due to the size of the simulation volume, while higher mul-
tipoles contain a strong shot noise contribution and suffer from resolution limits. For
more details we refer to Kiessling et al. (2011).

For each cosmological parameter set from Table 1 the covariance matrix is esti-
mated as described in Eq. (4.12) from the available set of statistically equivalent
simulations. Due to the relatively small number of realizations (see Table 1) the es-
timator for the covariance itself is rather noisy with a relative error of ∼14% due to
Poisson noise and convergence may not have been reached yet (for convergence of
covariance matrix estimators we refer to Sellentin and Heavens, 2016; Petri et al.,
2016). Therefore it is not useful to compare single components of the covariance ma-
trix and instead we again compare the average change of the covariance matrix by
means of the Frobenius norm, Eq. (4.20). Note that it would certainly be sensible
to test the algorithm against a more robust estimate of the covariance matrix. This,
however, would require significant computational resources since at least roughly
∼10

4 simulations are needed at each point in parameter space to get a more reliable
estimate of the covariance matrix with errors at the percent level.

Figure 4.5 shows the theoretical prediction compared with the simulation for the
two parameters σ8 and Ωm. Clearly the theoretical prediction matches the simula-
tion quite well for both parameters. By fixing a fiducial value we force the covariance
matrix to agree at one point in parameter space. This, however, is not the case (at
least in the non-linear regime), as it has been shown by various authors (e.g. Cooray
and Hu, 2001) that the covariance matrix with a trispectrum correction from Eule-
rian perturbation theory underestimates the covariance in comparison to that found
in numerical simulations. Nonetheless the results show that the scaling of the spec-
tra, trispectra and covariances with cosmological parameters can be captured well
perturbativly even at one-loop and tree-level, respectively, even though the absolute
magnitude cannot be precisely calculated.

In order to analyze the variation of the covariance matrix more accurately, i.e.
comparing single components of it, more realizations of the simulated convergence
field are needed. Furthermore the theoretical part can be improved by adding more
order in perturbation theory, using the halo model, or including additional terms
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such as the halo sample variance (Cooray and Hu, 2001; Takada and Jain, 2004;
Takada and Bridle, 2007; Takada and Jain, 2009; Sato et al., 2009; Kayo et al., 2012)
as well as super sample covariance (Takada and Hu, 2013).

However, in this paper we intended to show that the covariance matrix exhibits
variations across parameter space, which can be well captured via the linear mapping
introduced in Eq. (4.13). It is therefore sufficient to keep the transformation matrix
U up to linear order. Furthermore, this will also preserve the Abelian structure of
the transformation group, as commutativity is destroyed when including non-linear
terms in the transformation (Schäfer and Reischke, 2016). A similar question in this
context is related to the validity of the linear approximation; Because the variation
of the covariance matrix is captured well by the model we introduced in Section 4.2,
we can compare the Frobenius norm of Lie approximated covariance matrix to the
exactly calculated covariance matrix (at tree-level). As soon as the deviation becomes
larger than some error threshold, which is given by the necessary accuracy for the
covariance matrix, a new Lie basis should be constructed at this point. Alternatively
the sampling of the parameter space can also be constructed on the level of the
generators Tijα. For each direction, α, this describes an N×N matrix relating the
covariance matrix at one parameter point to the covariance matrix at another pa-
rameter point. The matrix Uij given in Eq. (4.18) is a good approximation for the
transformation as long as the first term dominates over the higher order ones. This
implies that a new Lie basis should be constructed in direction α at point x′α as soon
as (x′α − xα)Tijα ≈ 1.

Figure 4.6 shows one example for the outlined procedure. The Frobenius norm
of the covariance matrix stays constant along the black lines, while it changes by
roughly 10% between neighbouring lines. The red dot marks the fiducial model and
the blue ellipse indicates the marginalized priors from Planck Collaboration XIII
(2015) on both parameters. The direction of strongest change in the weak lensing
covariance matrix is clearly into the direction of larger Ωm and larger σ8, while in
the orthogonal direction the weak lensing covariance matrix does not change due to
the proportionality of the weak lensing signal to the product Ωm×σ8. Consequently,
it is sufficient to evaluate the covariance matrix by generating suites of simulations
sparsely along lines of constant Ωm×σ8, while perpendicularly to that the variation
of the weak lensing covariance must be followed in finer detail.

From another point of view, the eigenvectors of the matrix Aαβ, given by

Aαβ = ∂2αβ||C||, (4.22)

with parameter directions α and β, point into the degeneracy direction and perpen-
dicular to it, while the magnitude of the eigenvalues corresponds to the amount of
change in these directions. For the completely degenerate case, as in Figure 4.6, the
eigenvalue of the eigenvector, which is parallel to the degeneracy lines, would have
eigenvalue zero. Accordingly, the grid on which the covariance is sampled could be
rotated into the principal frame of matrix A, reducing this two dimensional sampling
problem into a one dimensional one with degeneracy direction roughly given by the
constraint Ωm × σ8 = const. This procedure generalizes straightforwardly to higher
dimensions.
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Figure 4.6: Average change of the covariance matrix estimated using the Frobenius norm. The
covariance matrix stays constant along the black lines and changes by 10% from one black
line to the other with respect to the fiducial model which is marked with a red dot. The blue
ellipse indicates the approximate region of marginalized priors as found from covariance
matrix measurements.

4.5 conclusion

In this paper we investigated variations of the covariance matrix of cosmic large-
scale structure observations, where non-linear structure formation processes gener-
ate non-Gaussian and non-diagonal contributions. We described the variation of the
covariance matrix with a change of the cosmological model by constructing a basis,
and considered as specific examples the matter density and weak lensing conver-
gence power spectra. We worked with an analytical model for non-linear structure
formation based on Eulerian perturbation theory and derived non-Gaussian contri-
butions to the covariance matrices by evaluating the spectrum and the trispectrum
in third order. This analytical model was juxtaposed with the results from numerical
simulations. We summarize our principal results as follows:

1. The fundamental scaling of the analytical model with the parameters Ωm and
σ8 was reproduced correctly in comparison to numerical simulations.

2. The covariance matrix of estimates of spectra depends on cosmological param-
eters, both in the linear and non-linear regime. We investigated the scaling of
the covariance matrix with parameters from a wCDM-cosmology. By construct-
ing a basis for the transformation which relates covariance matrices at different
points in parameter space to each other we were able to predict the magnitude
and degeneracies rather well, and were able to identify directions in parameter
space associated with large changes in the covariance.

3. Our formalism was able to represent variations in the covariance matrix for a
wide region of the parameter space. In fact, it could describe variations much
larger than that allowed by current experiments like Planck. Furthermore, the
formalism also captured degeneracy lines, i.e. parameter combinations along
which the covariance matrices effectively remain constant, which we showed
to have clear physical explanations.

4. The identification of directions in parameter space in which the largest varia-
tions of the covariance matrix occur allows for an economical sampling with
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numerical simulations; This is feasible because our formalism effectively pro-
vides a metric which determines the distance in different directions in param-
eter space where the variation of the covariance matrix would be larger than a
predefined threshold. Apart from predicting variations, our formalism is also
well suited for inter- and extrapolation of covariance matrices which are ulti-
mately determined from a large set of numerical simulations at discrete, specif-
ically chosen, parameter points.





5
S P H E R I C A L C O L L A P S E O F D A R K M AT T E R H A L O S I N T I D A L
G R AV I TAT I O N A L F I E L D S

The statistics of the peaks in the random field of the LSS provides a complementary
probe to the usual two-point or higher order statistics discussed in Chapter 3. In
order to count peaks in a random field one needs two ingredients: the underlying
distribution and an upcrossing threshold. The random field under consideration in
cosmology is usually the density contrast, δ, Eq. (2.12). Its distribution function at
early times is very well described by a Gaussian distribution due to cosmological
inflation. However non-linear clustering drives the distribution function away from
Gaussianity and it is known only empirically to be log-normal from N-body sim-
ulations (Kayo et al., 2001) at late times. A perturbative approach to describe the
distribution would be the Edgeworth expansion (Juszkiewicz et al., 1995; Sellentin
et al., 2017a) using the cumulants of the underlying distribution.

Another possibility is to describe the growth of structures in terms of a Gaussian
random field, which is analytically much more feasible then for generic distributions.
In order to keep the Gaussianity of the density contrast field one needs to restrict
the treatment to linear evolution. To describe non-linear objects which form at peaks
in the density field, i.e. galaxy groups and clusters, or even galaxies an extrapolation
method from the non-linear to the linear regime must be given. The SPC model of
dark matter halos serves as such a method by studying the formation of spherically
symmetric virialized dark matter structures and by providing a linearly evolved
density contrast δcrit at which a dark matter halo can be considered to have formed.
In this chapter we will investigate the assumption that halos form in a uniform
background by placing a test particle into a Gaussian random field and calculating
the exerted tidal forces on it. We then solve the spherical collapse equation including
the external forces, thus changing the collapse dynamic and therefore changing the
value of δcrit. Furthermore δcrit is now a random variable itself and will have a mass
dependence due to the smoothing of the density contrast on different scales.

The contents of this chapter is published in Reischke et al. (2016b) and 2017, while
some ideas are also published in Pace et al. (2017).

67
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5.1 introduction

A promising tool to reveal the time evolution of dark energy observationally is the
halo mass function, which enters for example in cluster counts (Sunyaev and Zel-
dovich, 1980; Majumdar, 2004; Diego and Majumdar, 2004; Fang and Haiman,
2007; Abramo et al., 2009; Angrick and Bartelmann, 2009) or weak lensing peak
counts (Maturi et al., 2010; Maturi et al., 2011; Lin and Kilbinger, 2014; Reischke
et al., 2016a). The halo mass function deals with objects in the highly non-linear
regime and therefore a method is needed to extrapolate the linearly evolved density
to the non-linear one. This is usually done by using the spherical collapse model
introduced by Gunn and Gott (1972) and later extended in several works (Fillmore
and Goldreich, 1984; Bertschinger, 1985; Ryden and Gunn, 1987; Avila-Reese et al.,
1998; Mota and van de Bruck, 2004; Abramo et al., 2007; Pace et al., 2010; 2014, a).
The model assumes perturbations to be spherically symmetric non-rotating objects
which decouple from the background expansion and thus reach a maximum point
of expansion after which they collapse. In principle they would collapse to a single
point. However, in reality the kinetic energy due to the collapse is converted into
random motions of the particles in the over-dense regions, such that an equilibrium
situation (in the sense of virialized structure, Schäfer and Koyama, 2008) is created.
This model is, despite its simplicity, rather successful.

It is therefore important to get some insight into the theoretical assumptions of
this model and to extend it towards more realistic situations. Especially rotation and
shear effects are important extensions to the collapse model. Mainly rotational effects
have been described in Pace et al. (2014b) which delay the collapse due to centrifu-
gal forces, thus delaying the collapse of structures leading to a larger over-density
needed for virialized structures. As the collapse model assumes a homogeneous
sphere, shear effects are usually neglected, however, there can also be shear effects in
homogeneous spheres and as real structures form in over-dense regions, there there
will be shear effects due to external tidal fields. Those, if small enough, would not vi-
olate the symmetry assumptions of the model. External shear automatically leads to
a mass dependence of the fundamental parameter of the spherical collapse, the criti-
cal over-density δc, as light and therefore smaller objects will feel higher fluctuations
in the density field than heavy objects. In this paper we will investigate the influ-
ence of external shear effects and how it depends on the underlying cosmological
model. To this end we calculate the shear directly from the underlying density field
by using first order Lagrangian perturbation theory, i.e. the ZA (Zel’Dovich, 1970).
We set up a random process to sample shear values from the statistics of the under-
lying density field and investigate how this affects the collapse on different scales.
This procedure has the advantage that we do not need to rely on phenomenological
models, as we can instead calculate the tidal shear from first principles as it is for
example also done in angular momentum correlations of large scale structure due to
tidal torquing (Schäfer, 2009).

Since the tidal field is described by a potential flow there is no vorticity genera-
tion. However, a rotation of the collapsing region can be modelled by a mechanism
called tidal torquing (White, 1984; Catelan and Theuns, 1996; Crittenden et al., 2001;
Schäfer, 2009; Schäfer and Merkel, 2012). We will therefore consider a peak in the

density field with inertial tensor I and tidal shear tensor Ψ and investigate jointly the
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induced shear and rotation. Assuming that halos form at peaks, we will use the val-
ues estimated for the shear and the rotation as input for the spherical collapse model
leading to a self-consistent description of the spherical collapse in gravitational tidal
fields. We will furthermore show that the restriction to peaks in the density field has
some very general consequences on the induced rotation and shear.

The structure of this chapter is the following: We will review the SPC model in Sec-
tion 5.2 and describe the sampling of the tidal shear field Section 5.3. In Section 5.4
we investigate the influence of the halo’s mass at its environment and in Section 5.5
we discuss the influence on the collapse threshold in different dark energy scenarios.
Section 5.6 and Section 5.7 describe the influence of the changed collapse threshold
on the mass function, on counts of galaxy cluster and on parameter estimation. Fi-
nally in Section 5.8 we also investigate the influence of rotation on the collapse and
conclude in Section 5.10.

5.2 the spherical collapse model

The SPC model has been discussed by various authors, e.g Bernardeau (1994); Pad-
manabhan (1996); Ohta et al. (2003); 2004; Abramo et al. (2007) and Pace et al.
(2010); 2014, a. Here we start with the hydrodynamical equations

δ̇+ (1+ δ)∇xu = 0 ,

u̇+ 2Hu+ (u · ∇x)u = −
1

a2
∇xφ ,

∇2xφ = 4πGa2ρ0δ ,

(5.1)

with comoving coordinate x, comoving peculiar velocity u, Newtonian potential φ,
overdensity δ and background density ρ0. The dot represents a derivative with re-
spect to cosmic time t. They can be obtained by projecting the relativistic energy-
momentum conservation equation onto an observer and perpendicular to it. Taking
the divergence of the Euler equation and inserting the Poisson equation yields

δ̇ =− (1+ δ)θ ,

θ̇ =− 2Hθ− 4πGρ0δ−
1

3
θ2 − (σ2 −ω2) ,

(5.2)

where we used the decomposition

∇x · [(u · ∇x)u)] =
1

3
θ2 + σ2 −ω2 , (5.3)

with the expansion θ = ∇x · u, the shear σ2 ≡ σijσij and the rotation ω2 ≡ ωijωij.
The rotation and the shear tensors are themselves the antisymmetric and the sym-
metric traceless part of the velocity divergence tensor, respectively. They are defined
as

σij =
1

2

(
∂iuj + ∂jui

)
−
θ

3
δij ,

ωij =
1

2

(
∂iuj − ∂jui

)
,

(5.4)
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where ∂i ≡ ∂/∂xi. We now use the relation ∂t = aH(a)∂a and f ≡ 1/δ which leads
to

f′ =
θ

aH
f(1+ f) ,

θ′ =−
2θ

a
−
3HΩm

2af
−

(
1

3
θ2 + σ2 −ω2

)
1

aH
.

(5.5)

The system in Eq. (5.5) is solved numerically until f ∼ 10−14 and then it is extrap-
olated to zero. This yields the appropriate initial conditions for the linear evolution
of the density contrast which gives δc. In the classical SPC model, σ2 and ω2 are ne-
glected. However, their influence has been investigated by Del Popolo et al. (2013a)
and b in the ΛCDM and dark energy cosmologies and by Pace et al., 2014b in cluster-
ing dark energy models. The authors employ a heuristic model for the term σ2−ω2

which allows to study an isolated collapse including a (mass dependent) quantity α,
defined as the ratio between the rotational and the gravitational term. Quantitatively,
the term is

α =
L2

M3RG
, (5.6)

where L denotes the angular momentum of the spherical overdensity considered and
M and R its mass and radius, respectively. The angular term is important for galaxies
and negligible for massive clusters; in particular α ≈ 0.05 for M ≈ 1011 M� h−1 and
of the order of 10−6 for M ≈ 1015 M� h−1. By defining the twiddled quantities
θ̃ = θ/H, σ̃ = σ/H and ω̃ = ω/H, the combined contribution of the shear and
rotation term can effectively be modelled by

σ̃2 − ω̃2 = −
3

2
αΩmδ , (5.7)

leading to the modified Euler equation

θ̃′ +

(
2

a
+
H′

H

)
θ̃+

θ̃2

3a
+
3

2a
(1−α)Ωmδ = 0 . (5.8)

In the notation of this work, Eq. (5.8) reads

θ̃′ +

(
2

a
+
H′

H

)
θ̃+

θ̃2

3a
+
3

2a

(1−α)Ωm

f
= 0 . (5.9)

As shown by the authors, the effect of the term σ̃2 − ω̃2 is to slow down the col-
lapse and to decrease the number of objects. This effect is differential and depends
on mass and on redshift. At high redshifts, modifications are small, while at low
redshifts they are more substantial. In addition, we can appreciate the slowing of
the collapse (now mass dependent) for low mass objects. In this work we follow a
complementary approach. Instead of trying to model the additional non-linear term,
we will derive only the shear contribution from the statistics of the density field in
linear perturbation theory, since at early times velocities decay rapidly and vorticity
is not sourced in the linear regime. Hence a direct comparison with the work by Del
Popolo et al., 2013a; b; Pace et al., 2014b cannot be performed. Note, however that
we can expect an opposite behaviour of the collapse, since it is well known (Angrick
and Bartelmann, 2010) that the ellipsoidal collapse proceeds faster than the spherical
collapse.
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Figure 5.1: Left: Normalized distribution of the density contrast δ = ψii for different length
scales. Note that we show the distribution of σ2s with an offset of unity on the right. Clearly
the values for δ below R ≈ 10Mpch−1 would become too large in order to satisfy the assump-
tion δ � 1. Right: Normalized distribution of the tidal shear invariant σ2s given in Eq. (5.12)
for different length scales. Note that we show the distribution of σ2s with an offset of unity.

5.3 sampling tidal shear values

For the tidal shear we assume Zel’dovich velocities (Zel’Dovich, 1970), thus approxi-
mating the velocity field as a potential flow. For the trajectories one assumes

xi = qi −D+(t)∂iψ ≡ qi −D+(t)ψ,i , (5.10)

with the displacement field ψ which is related to the density contrast δ via a Poisson
relation, ∆ψ = δ, the initial position q and the linear growth factor D+(t). The
velocity is then given by

ẋi(t) = −Ḋ+(t)ψ,i = −H
d lnD+

d lna
D+ψ,i . (5.11)

Clearly there is no vorticity generated in this configuration, due to the permutability
of the second derivatives. Thus the only remaining contribution to the spherical
collapse is the traceless shear tensor

σ2 ≡ σijσij = Ḋ2+(t)
(
ψ,ijψ

,ij −
1

3
(∆ψ)2

)
≡ Ḋ2+(t)σ2s , (5.12)

with ψ,ij ≡ ∂i∂jψ. In the last step the time evolution was separated from the constant
shear σ2s . We now sample values for the shear, ψ,ij directly from the statistics of the
underlying density field. To this end we transform to Fourier space and use Poisson’s
equation leading to

ψ,ij =

∫
d3k
(2π)3

kikj

k2
δ(k) exp(ikx) . (5.13)

However, the correlation between the density field and the tidal shear is complicated
in these coordinates. Following Regős and Szalay (1995) and Heavens and Sheth
(1999) we consider the density peaks symmetric about the origin on the z-axis and
introduce dimensionless complex variables

ynlm =
√
4π

il+2n

σl+2n

∫
d3k
(2π)3

kl+2nδ(k)Ylm(k̂) exp(ikx) , (5.14)
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with the direction vector k̂ = k/k and σi being the spectral moments of the matter
power spectrum

σ2i =
1

2π2

∫
dk k2i+2P(k), (5.15)

while Ylm are spherical harmonics. We obtain a linear relation (Schäfer and Merkel,
2012) between ynlm and the tidal shear values ψ,ij

σ0y
−1
20 = −

√
5

4
(ψ,xx +ψ,yy − 2ψ,zz) ,

σ0y
−1
2±1 = −

√
15

2
(ψ,xz ± iψ,yz) ,

σ0y
−1
2±2 =

√
15

8
(ψ,xx −ψ,yy ± 2iψ,xy) ,

σ0y
0
00 = (ψ,xx +ψ,yy +ψ,zz) .

(5.16)

In particular, the covariance in this basis is trivial, since the auto-correlation matrix
is diagonal in l and m:

〈
ynlm(x)yn

′

l ′m ′(x)
∗
〉
= (−1)n−n

′ σ2l+n+n ′

σl+2nσl+2n ′
δll ′δmm ′ . (5.17)

Thus, in the ynlm basis the tidal shear values are uncorrelated Gaussian random
variables with unit variance. We obtain the tidal shear values in physical coordinates
by inverting the mapping

σ0α =Mψ , (5.18)

where the six dimensional vectors α and ψ bundle the variables in spherical and
physical coordinates from Eq. (5.16) respectively

αT =
(
y000,y−120 ,y−121 ,y−12−1,y−122 ,y−12−2

)
,

ψT = (ψ,xx,ψ,yy,ψ,zz,ψ,xy,ψ,xz,ψ,yz) .
(5.19)

The inverse mapping M−1 is then given by

M−1 =




1/3 −
√
5
15 0 0

√
30
30

√
30
30

1/3 −
√
5
15 0 0 −

√
30
30 −

√
30
30

1/3 2
√
5
15 0 0 0 0

0 0 0 0 −
√
30
30 i

√
30
30 i

0 0 −
√
30
30 −

√
30
30 0 0

0 0
√
30
30 i −

√
30
30 i 0 0




(5.20)

Note that the components yil±m are Hermitian conjugate variables, thus preserving
the real nature of the shear field. The amount of tidal shear acting on a halo depends
on the length scale R(M) of the halo and thus on its mass. In our model a halo will
only be affected by the shear caused by structures with length scale L & R(M). There-
fore we introduce a cut-off for the power spectrum, suppressing high frequencies

P(k)→ P(k)W2
R(k), (5.21)
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with WR(k) = exp(−k2R2/2). The mass scale is obtained via M = 4π
3 ρcritΩmR

3,
where ρcrit = 3H2/(8πG) is the critical density. Here all quantities are evaluated
today, as the time dependence is taken into account via the time derivative of the
growth factor in Eq. (5.10). From the sampled shear values ψ,ij the shear invariant
σ2 can be calculated using Eq. (5.12).
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Figure 5.2: Left: Distribution of the shear invariant σ2s for different environments. We found
that the mixed environment, i.e. where σij has positive and negative eigenvalues, is much
more likely than the contracting or expanding environment making up for approximately
95% of the sampled values. Note that we again show the normalized distribution with an
offset of unity. Right: Joint distribution of δ and σ2s for a smoothing radius R = 30 Mpch−1.

Clearly for low mass haloes shear becomes more important as the fluctuations in
the surrounding density field are larger. Since our model works with a potential flow
for the velocities, the variance σ0 must remain small compared to |δ| = 1, showing
the validity of the treatment presented here above a certain scale only on which the
evolution of the density contrast can safely be considered as linear. In Figure 5.1
we show the distribution of the sampled density contrast δ = ψii for different mass
scales on the left. It is easy to see that smoothing of the density field on smaller scales
leads to a broader distribution of delta. Especially this shows that R ≈ 10Mpch−1 is
the smallest scale at which the approximation used here is applicable as higher order
terms will dominate the perturbative expansion. Consequently the velocity field will
no longer be a potential flow. Conversely larger scales R(M) will lower the values
of σ2s , thus high mass halos will be less affected compared to low mass ones. The
distribution of the remaining tidal shear invariant σ2s (cf. Eq. (5.12) for details), again
for different scales, can be seen in Figure 5.1 on the right.

In Figure 5.2 we show how the invariant σ2s distinguishes between different en-
vironments. These are classified by the characteristic of the shear tensor σij. Due
to ∆ψ = δ, positive eigenvalues correspond to a collapsing region, while negative
eigenvalues correspond to an expanding region. The other two possibilities, i.e. one
or two positive eigenvalues, correspond to a mix of both effects. Clearly the tidal
shear invariant does not distinguish between contracting and expanding regions, as
only the square of the traceless shear tensor enters into the collapse equation. The
same is true for the mixed environments. Thus, a fully contracting environment has
the same effect on the collapse as a fully expanding one. As halos form in over-dense
regions, we are rather interested in a shear value provided the density contrast in
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Figure 5.3: Distribution of δc in over-dense regions at different redshifts for a radius
R = 10Mpch−1. Left: Contracting regions, i.e. regions with only positive eigenvalues of
the velocity divergence tensor. Right: Regions which are partially expanding and partially
contracting.

this region satisfies δ > 0. It is important to note that no correlations enter into the
model by conditionalizing the random process in such a way. The latter effect is
shown in the right panel of Figure 5.2 where the joint distribution of σ2s can be seen
to be symmetric around δ = 0 for different values of σ2s as expected from the Gaus-
sian assumption and from Figure 5.1. It is therefore not harmful to neglect all values
of the shear matrix which describe an under-dense region. Note that a halo can also
form in a large under-dense region. Our results would, however, not be influenced
by this effect as we work in the linear regime.

5.4 effect of mass and environment

The critical linear over-density δc in a homogeneous sphere depends on the initial
conditions for the linear equation. Those are derived from the fully non-linear equa-
tion which in principle includes shear and rotation effects. Within our model δc will
be influenced by the surrounding shear which is encapsulated in the invariant σ2s .
As we have seen in Sect. 5.3 the shear values are distributed randomly due to the un-
derlying density field with amplitudes given by the considered scale. Consequently
δc will also exhibit a distribution rather than a distinct value.

The distribution of δc for different collapse redshifts can be seen in Figure 5.3.
Contracting environments get less support by tidal shear than mixed environments
which is due to the fact that the shear is larger if not all directions are contracting. The
high end of both distributions falls off very rapidly which is due to the distribution
σ2s growing steeply towards σ2s = 0. The zero point marks the value for δc obtained
without tidal shear because σ2 only enters as a positive contribution in Eq. (5.5) and
thus a non-vanishing shear will move the initial conditions for the linear equation to
lower values of δ resulting in a smaller value for δc. Furthermore the distribution of
δc becomes narrower if the collapse redshift increases. This is due to the evolution
of σ2 with redshift: physically shear becomes more important with time due to the
growth of the cosmic density field. Note that this effect occurs only for z larger
than 0.3 since the time evolution of σ2 in Eq. (5.11) has a maximum at this redshift.
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Figure 5.4: Left: Mean linearly evolved critical over-density δ̄c(M) including the shear as a
function of redshift and object scale which is related to the mass of an object viaM = 4π

3 R
3ρ0,

with ρ0 = ρcritΩm. Clearly the effect of external shear is most pronounced at low redshifts
and low masses, while it converges to the standard ΛCDM value for the other cases. Right:
Time-dependent equations of state for the models used in this work as a function of the scale
factor a. The light-green dashed-dot black and the magenta short-dashed lines represent the
model INV1 and INV2, respectively. The blue curve the 2EXP model. The CPL and the CNR
models are shown with the red dashed and the orange dashed curve, respectively. Finally
the SUGRA model is shown with the cyan dotted curve.

It coincides with the time when the cosmological constant starts dominating the
expansion of the universe, slowing down the growth of structures again.

Having evaluated the distribution of δc we can define an effective δ̄c which is taken
to be the mean:

δ̄c(M) =

∫
dδc δc p(δc,M). (5.22)

This mean value is now a function of the mass of the considered halo, which is
carried by the amplitude of the density fluctuations on scales larger than the corre-
sponding scale R(M) of the halo and of the redshift via the collapse equation. The left
panel of Figure 5.4 shows δ̄c as a function of the halo mass in units of M�h−1 and
of the redshift. As expected from the previous discussion, δc is mostly influenced at
small radii and small redshifts as shear effects are most important in this regime.

5.5 effect of cosmology

Previous works on the effects of shear and rotation on the parameters of the spheri-
cal collapse model showed that the behaviour of these additional non-linear terms is
mildly affected by the change of the background cosmological model. While overall
their mutual combination had the same qualitative effect (increase in δc and negligi-
ble effect at high masses), differences of the order of several percent appeared across
different cosmological models considered. In this section we analyse the effects of
dark energy on the linear extrapolated density parameter δc and on the virial over-
density when we add the contribution of the shear field as outlined in the previous
sections. The models here investigated have been explored before with the same pur-
pose, albeit, as said before, a direct comparison is not possible at this stage. For more
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Table 2: Parameter values for the dark energy models with dynamical equation-of-state pa-
rameter.

Model w0 wm am ∆m

2EXP -0.99 0.01 0.19 0.043

INV1 -0.99 -0.27 0.18 0.5

INV2 -0.99 -0.67 0.29 0.4

CNR -1.0 0.1 0.15 0.016

SUGRA -0.99 -0.18 0.1 0.7

details on the models we refer the reader to Pace et al., 2010 for homogeneous dark
energy and to 2014, b for clustering dark energy models. We will explore the effect
of dark energy inhomogeneities in a following work.

In particular we will explore the effect of the tidal shear in models described by the
following equation-of-state parametrization: three models with constant equation of
state (wDE = −1 for the cosmological constant Λ, wDE = −0.9 for quintessence
models and wDE = −1.1 for phantom models), and six models with a dynamical
equation of state:

• the 2EXP model (Barreiro et al., 2000),

• the CNR and the SUGRA model (Copeland et al., 2000),

• the CPL model (Chevallier and Polarski, 2001; Linder, 2003),

• the INV1 and INV2 models (Corasaniti and Copeland, 2003; Corasaniti, 2004;
Sánchez et al., 2009).

In Figure 5.4 we show for clarity on the right the dynamical dark energy models
used in this work. The CPL and the INV2 models show a very gentle increase of
the equation-of-state parameter while the models SUGRA and INV1 present a more
rapid change of the equation of state. The CNR model is approximately constant at
low redshifts and is characterized by a sudden change for a ≈ 0.1. All the models are
approximately constant at small scale factors and wDE ≈ −1 for a ' 1, as inferred
from observational data.

The functional form for the CPL model is

wDE(a) = w0 +wa(1− a) , (5.23)

and we used w0 = −1 and wa = 0.15.
The other models can be well described by the following four-parameter formula:

wDE = w0 + (wm −w0)
1+ e

am
∆m

1+ e−
a−am
∆m

1− e−
a−1
∆m

1− e
1
∆m

. (5.24)

In Table 2 we summarize the values of the parameters used.
Except for the EdS model where we assumed Ωm = 1, we will use for all the dark

energy models the following set of parameters (assuming a flat spatial geometry):
Ωm = 0.32, ΩDE = 0.68, h = 0.67 and ns = 0.966.
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5.5.1 Spherical collapse parameters

In this section we will describe the effects of the introduction of the tidal shear on
the two main parameters of the spherical collapse model: the linearly extrapolated
overdensity δc and the virial overdensity ∆V. The first one is a very important the-
oretical quantity usually used in the determination of the mass function according
to the prescription of Press and Schechter, 1974 and Sheth and Tormen, 1999. The
second one instead is used both in observations and in simulations to determine the
mass and the size of the object. For details on how to evaluate them, we refer to Pace
et al., 2010; 2012; 2014, a; b.

In Figure 5.5 we show our findings for the parameter δc in several dark energy
models, with respect to the ΛCDM model and to the respective values in absence of
tidal shear. We refer the reader to the caption for the different colours and line-styles
adopted for each model. In the left panels we show models with constant equation
of state and in the right panels some dynamical models (i.e. with a time-varying
equation-of-state parameter.)

From a first qualitative analysis, results are as expected. Tidal shear favours the col-
lapse and the linearly extrapolated overdensity parameter δc is smaller than in the
spherically symmetric case with no external tidal shear (compare the upper panels
with values at z = 0 in the bottom panels). The linear overdensity obviously depends
on the halo mass now; stronger effects take place at low masses, at high masses the
effect is negligible and the result converges to the standard spherically symmetric
solution. This is particularly evident for the EdS model (blue dotted curve). Note
however that differences from the standard case are quite small, below the 1% level.
In the middle panel we fix the mass of the collapsing object atM = 1014M�/h, so to
amplify the effect of the tidal shear, and we study the time evolution of the parameter
δc. It is illuminating to compare it with the time evolution of the spherically symmet-
ric case (bottom panel) and despite the results are not new since already derived and
discussed previously in 2010, we report them once again for clarity. First of all notice
that due to the tidal shear, for the EdS model δc becomes time-dependent. Effects of
the introduction of the ellipticity are more pronounced at low redshifts and they be-
come negligible at high redshift, where the new solution converges to the standard
value. Similar results, both qualitatively and quantitatively are obtained for generic
dark energy models. All the models analysed show lower values for δc, especially at
the lower end of the mass interval considered. At high masses values converge to the
spherical case. Effects of the tidal shear are most evident at low redshifts and negligi-
ble at high redshifts. For z & 3, the tidal shear contribution is totally negligible. Also
for dynamical dark energy models, deviations from the standard case are below 1%.

In Figure 5.6 we present results for the virial overdensity parameter ∆V. Interest-
ingly, this quantity is insensitive to the introduction of the tidal shear and its time
evolution is practically identical to what observed for the standard spherically sym-
metric case. This implies that for the virial overdensity, the solution of the standard
theoretical model is an excellent approximation also for the case including the tidal
shear. The reason why the results of the two approaches are identical, is due to
the fact that the non-linear overdensity at turn-around, ζ, is insensitive to the tidal
shear. Also note that in general, differences between the dark energy models and the
ΛCDM model are very limited.
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Figure 5.5: Upper panels: effects of the tidal shear on δc at z = 0 for different values of
the mass of the collapsing sphere. Middle panels: time evolution of δc for a mass of M =

1014 M�/h. Bottom panels: time evolution of the linear extrapolated overdensity parameter
for the standard spherical collapse model (without the inclusion of the tidal shear). Left
(right) panels refer to constant (dynamical) equations of state. The red solid line refers to the
reference ΛCDM model. For models with constant equation of state, the blue dotted curve
shows an EdS model, while the black dashed-dot (cyan solid) curve shows a quintessence
(phantom) model with wDE = −0.9 (wDE = −1.1). For dynamical dark energy models, the
black dotted (magenta dashed-dot) curve represents the INV1 (INV2) model; the blue dashed
curve the 2EXP model; the CPL (CNR) model with the red dashed-dot (magenta solid) curve
and finally the SUGRA model with the cyan dashed-dot-dotted curve.
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Figure 5.6: Upper panels: time evolution of ∆V for a mass of M = 1014 M�/h. Bottom panels:
time evolution of the virial overdensity for the standard spherical collapse model. Left (right)
panels refer to constant (dynamical) equations of state. Line-styles and colours are as in
Figure 5.5.

Our results for δc are qualitatively similar to the works of Del Popolo et al., 2013a
and b, albeit with some important differences and, as discussed before, with our for-
malism we can not do a quantitative comparison. First of all, δc shows a mass depen-
dence similar to the works mentioned. Effects of the modified collapse increase with
decreasing mass and at the very high mass tail these modifications become negligible.
Regarding the time dependence, also in our case larger modifications take place at
low redshifts and at high enough z, the spherical case is an excellent approximation.
In a and b, the authors showed an increase in δc rather than a decrease. However, in
their heuristic model the dominant term was given by the rotation tensor, hence we
would expect a slow-down of the collapse. It would be therefore interesting to find
an approach, similar to what we did here, to take into account also the rotation term
and then compare the two different approaches. The situation is completely different
for the virial overdensity ∆V: in our case it is totally independent of the tidal shear,
hinting towards the hypothesis that probably the rotation is more important or that
it is sensitive to the particular prescription adopted. Since the virial overdensity ∆V is
largely independent of the tidal shear, it is interesting to examine why this happens.
First of all it is useful to notice that our values for the tidal shear are much smaller
than the ones used by Del Popolo and collaborators. To show this, it is sufficient to
evaluate the relative strength of the shear term with respect to the Poisson term. In
other words we are giving an estimate of the parameter α used in a; b. We find that
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in this work, α ' 10−8, while in previous works it was of the order of few per mill
for an object of 1014 M�/h.

To have a physical insight of this, we recall the definition of the virial overden-
sity. Note that we assume it with respect to the critical density, but the same result
would apply if we would define it with respect to the background density. The virial
overdensity is defined as

∆V = ζ

(
x

y

)3
, (5.25)

where ζ = δ(ata) + 1 is the overdensity at turn-around, x = a/ata is the scale factor
normalised at the turn-around and finally y = Rvir/Rta is the virial radius normalized
to the turn-around radius. As σ2 enhances the collapse, ζ is smaller than the perfectly
spherically symmetric case, as we need a smaller initial overdensity δini to reach the
collapse at zc. But ζ is evaluated only in the mildly non-linear regime, therefore it
is only slightly smaller and the relative contribution of the σ2 term compared to
the Poisson term (the α coefficient) is to be about a few per mill at turn-around, in
perfect quantitative agreement with our findings about the change of ∆V.

On the other hand zta is slightly larger, but the effect is really small. The viriali-
sation condition leading to y = Rvir/Rta does not directly depend on σ2, but only
indirectly via zta. By Taylor expanding ∆V around the spherically symmetric case
(σ2 = 0), we have the following relations (the index 0 refers to the absence of shear):

∆V = ∆V,0

(
1+

δζ

ζ0
+ 3

δzta

1+ zta,0
− 3

δy

y0

)
, (5.26)

where, for a ΛCDM model at zc = 0, we have:

δζ

ζ0
' −0.015 ,

δzta

1+ zta,0
' 0.0014 δy

y0
' −0.0047 .

It is therefore clear that albeit extremely small, the dominant contribution is due to
the change in ζ, making as expected the virial overdensity only slightly smaller than
in the spherical case.

It is also interesting to make a more direct comparison with the ellipsoidal collapse.
One of the goals of this work is to establish whether a Press-Schechter formulation of
the mass function with the corrections induced on δc by the tidal shear tensor could
give predictions closer to a Sheth-Tormen formulation with the standard δc values.
According to Bond and Myers, 1996, the collapse time depends on the ellipticity
e and prolaticity p and the dependence of the collapse threshold of an ellipsoidal
region can be well approximated by the solution of (Sheth et al., 2001)

δec

δsc
= 1+β

[
5(e2 ± p2)δ

2
ec
δ2sc

]γ
, (5.27)

where δec and δsc are the values of the critical overdensity for the ellipsoidal and
spherical case, respectively and β and γ are parameters to be fitted to the results.
Doroshkevich, 1970 and Sheth et al., 2001 found that

δec = δsc

[
1+β

(
σ(M)2

δsc

)γ]
, (5.28)
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with β = 0.47 and γ = 0.615. With σ(M) of the order unity, δec is about 25% - 30%
bigger than δsc. We can therefore conclude that the tidal shear will have small effects
on the mass function, as shown later in Figure 5.7.

5.6 mass function

The halo mass function describes the differential abundance of objects with mass
M at redshift z. Working within the theory of Gaussian random fields, the main
ingredient is the comparison of fluctuations of the linearly evolved density field with
δc. Objects exceeding δc on a certain scale R(M) are then counted as clusters. The
fluctuations of the density field are described by the variance σR of the underlying
random field filtered with a top-hat having a certain scale. Press and Schechter (1974)
showed that the mass function (PS) has the form

n(M, z) =
2ρ0
πM

δc(z)

D+σR

∣∣∣∣
∂ lnσR
∂M

∣∣∣∣ exp
(
−

δ2c (z)

2D2+(z)σ
2
R

)
, (5.29)

where the growth factor D+ accounts for the linear evolution. More elaborate forms
of the mass function, fitting numerical N-body simulations better, are given in Sheth
and Tormen (1999) or Jenkins et al. (2001). The important functional form for our
purpose is however given by the term

δc(z)

D+σR
exp

(
−

δ2c (z)

2D2+(z)σ
2
R

)
, (5.30)

where we replace

δc(z)→ δ̄c(M, z) , (5.31)

i.e. we insert the effective δc. This has important consequences: Firstly, δc changes
with the mass which will lead to a different form of the mass function. Furthermore,
the shear causes δc to be smaller than without shear as it only supports the collapse.
Due to the functional form of the mass function we therefore expect more massive
haloes in the mass regime where the exponential factor dominates the linear one. On
smaller scales, however, the linear term will dominate, thus causing the mass func-
tion to tend to smaller values. The reason for this behaviour is that small haloes can
form more massive haloes more easily, thus yielding fewer smaller objects. Finally
the time dependence of the shear is different from the linear growth of σR, we thus
expect different impacts of the shear on different redshifts which in principle can
make ΛCDM and wCDM models degenerate.

We now want to infer the influence of the tidal shear on the mass function for
the several dark energy models analysed in this work. To do so, we evaluate the
cumulative comoving number density of objects above a given mass at z = 0. For
all the models we assume σ8 = 0.776. This is done not to introduce volume and
normalization effects that would mask the contribution of the tidal shear, that, as we
will see, amounts to few percent in a ΛCDM model.

We present our results in Figure 5.7, where we show the ratio between the dark
energy and the reference ΛCDM model. In the left panels we show the ratio between
the models with and without tidal shear field while in the right panels we show the
ratio between the dark energy and the ΛCDM model with tidal shear field.
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Figure 5.7: Ratio of the cumulative comoving number density of objects above mass M eval-
uated at z = 0. Left column: ratio between the expected number counts of the models with
and without tidal shear contribution. Right column: ration between the dark energy and the
ΛCDM model taking into account the effects of the tidal shear. Upper panels show results
for the EdS model and dark energy models with constant equation of state (wDE = −0.9 and
wDE = −1.1). Lower panels show results for dynamical dark energy models. Line-styles and
colours are as in Figure 5.5.

By inspecting the left panels, we realize that, as expected, tidal shear has a modest
contribution, usually growing with increasing mass. The effect is of the order of few
percent at the lower limit of applicability of our formalism (M ≈ 1014 M�/h) and
it increases up to 10% for a model with constant wDE = −0.9 at very high masses
(M ≈ 1016M�/h). The model being least affected is the EdS, somehow in agreement
with what found for the spherical collapse parameter δc. Interestingly, the SUGRA
model shows an increase with mass up to M ' 1015 M�/h and a slow decrease
to bring the model with tidal shear close to the standard one. Note that however
differences are never bigger than about 3% for this model. Also note that, except
for the model with constant wDE = −0.9, all the other models show an effect less
pronounced in the high mass tail than the ΛCDM model and all the models, except
for the EdS one, are identical to the ΛCDM model up to masses of ' 1015 M�/h.

In the right panels we show the ratio between the dark energy models and the
ΛCDM one, both with the effects of the tidal shear field included. Results are both
qualitatively and quantitatively as expected. For models with constant equation of
state, the quintessence (phantom) model predicts more (less) objects with respect to
the ΛCDM model and differences grow increasing the halo mass. All the dynamical
dark energy models are in the quintessence regime and we see, as expected, more ob-
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Figure 5.8: Bias on cosmological parameters for redshift cluster counts. Parameters not
shown in the respective plot are fixed to their fiducial values. The red dot marks the fiducial
cosmology with shear.

jects than the ΛCDM one. The CNR model behaves essentially as the ΛCDM model
and the models CPL and 2EXP are practically indistinguishable and predict about
5% more objects than the ΛCDM one. Major differences arise for the SUGRA and
the INV1 model.

The mass function described in Sheth and Tormen, 1999 was introduced, as said
above, to have a better match with N-body simulations. To do so, the authors incor-
porated the effect of shear in their calculations within the formalism of the ellipsoidal
collapse model. The main quantity characterising the mass function is still the ratio
δc/D+ and effects due to the ellipsoidal collapse are incorporated directly in func-
tional form of the mass function. We can therefore try to answer the following ques-
tion: Will the Press-Schechter mass function approximate better the Sheth-Tormen
mass function by using relation (5.31)? The idea behind that is in principle incor-
porating the tidal shear effects into the linear overdensity parameter and making it
mass-dependent could compensate the necessity of modifying the functional form
of the mass function. However, as one can see already in Figure 5.5, the influence on
the mass function will only be a few percent. Accordingly it will of course improve
the agreement between the Sheth Tormen mass function and the PS mass function,
nonetheless this improvement is rather marginal with respect to the differences of
the two mass functions at the high mass end. This can also be seen from the ellip-
tical collapse model where the effective influence on δc is much larger than in our
case leading to a big change in the number counts due to the exponential tail for
massive objects including the collapse threshold (see Section 5.2 for a more detailed
discussion).

5.7 cluster counts

From the mass function, cluster counts can be calculated, which can then be com-
pared to observational data. Using Sunyaev-Zel’dovich cluster surveys (Sunyaev and
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Zeldovich, 1980), the number of objects exceeding a mass Mmin in a redshift bin zi
is given by (Majumdar, 2004)

N(zi) ≡ Ni = 4πfsky

∫zi+∆zi/2
zi−∆zi/2

dz
dV
dz

∫∞
Mmin(z)

dM n(M, z) , (5.32)

where fsky is the fraction of the sky. Mmin has a redshift dependence included. As-
suming a Gaussian likelihood, the log-likelihood is given by χ2:

2χ2 ≡ L =
∑
i

(Ni − 〈Ni〉)2
Ni

, (5.33)

where we sum over all redshift bins and Poisson errors are assumed. 〈Ni〉 is the
model dependent expected number of objects in the i-th bin, while Ni describes the
data. We chose redshift bins with ∆z = 0.02 ranging from zmin = 0.01 to zmax = 2.
For simplicity we assumeMmin = 1014h−1M� to be redshift independent. The mock
data is sampled from a Poisson distribution with mean Ni evaluated at the fiducial
cosmology with Ωm0 = 0.3, ΩΛ = 0.7, σ8 = 0.8, w0 = −1 and wa = 1 and including
shear effects in the mass function, cf. Eq. (5.31). A cosmological model without shear
effects is fitted to this data, leading to biases in the cosmological parameters.

In Figure 5.8 we show the resulting biases in parameter space. The red dot marks
the fiducial cosmology at which the data was sampled from a mass function includ-
ing tidal shear via δc. In contrast the black dot marks the best fit value of cosmo-
logical models without shear effects acting on δc. Ignoring shear effects accordingly
leads to wrong cosmological parameters, which are shifted by ∼ 1σ with respect to
the true values for both (Ωm,σ8) and (w0,wa).

5.8 shear and rotation

5.8.1 The model

We now want to model the shear invariant σ2 together with the rotation invariantω2

which occur in the collapse equation (5.5). Earlier works studied the joint influence
of shear and rotation in a phenomenological way as mentioned in an earlier section.
The logic here is the following: We assume that dark matter halos form at peaks of
the density field, which itself is described by a Gaussian random field and thus by its
power spectrum. In order to model σ2−ω2 we calculate these values at peaks of the
density field using only the statistics of the field itself and the ZA. We then effectively
place a test particle into the Gaussian random field at the peak and let it undergo
gravitational collapse, with the shear and rotation acting as external forces with no
own dynamics (except for the ones given by the background dynamics). Thus the
collapse dynamics will stay spherical, while we allow for deviations from sphericity
in the estimation of the shear and rotation (especially to find an expression for the
inertial tensor). In this way the collapsing object can be seen as a test particle in a
tidal gravitational field.
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5.8.2 The tidal tensor and tidal torquing

The central object of our model is the tidal tensor Ψ, which is related to the density
field and whose statistics where described in Section 5.3. Its components are given
by (Ψ)ij = ∂ijψ, as in Eq. (5.19), but now ordered in a rank two tensor.

We now introduce a mechanism known as tidal torquing in order to describe
the generation of rotation due to tidal gravitational fields. In the picture of tidal
torquing angular momentum is generated by the tidal gravitational field which ex-
erts a torquing moment on the halo. It is important to note that the vorticityω is not
driven by the non-linear term ∇× (v×ω) in the Euler equation. On the contrary,
the angular momentum is generated by vorticity-free flows generating shear effects
on the halo prior to collapse. During this process the halo is slightly deformed and
tends to align its inertia tensor in the eigenframe of the shear tensor. After decoupling
from the shear flow and the start of collapse the length of the lever arms reduces dra-
matically in comoving coordinates making tidal torquing inefficient. Therefore, the
angular momentum just before collapse begins is a good proxy for the total rotation
of the halo.

The angular momentum L of a rotating mass distribution ρ(r, t) is given by

L(t) =

∫
V

d3r (r− r̄)× v(r, t)ρ(r, t) , (5.34)

with v being the rotational velocity and V the physical volume under consideration.
Making use of the ZA and expressing everything in the Lagrangian-frame (i.e. co-
moving), the angular momentum becomes

L = ρ0a
5

∫
VL

d3q (q− q̄)× ẋ , (5.35)

neglecting higher order terms (White, 1984; Catelan and Theuns, 1996; Crittenden
et al., 2001). The velocity ẋ is given via the gradient of the potential ψ, which can
be expanded in the vicinity of the centre of gravity q̄ if its variation across the
Lagrangian volume VL is small:

∂iψ(q) ≈ ∂iψ(q)
∣∣
q=q̄

+ ∂ijψ(q)
∣∣
q=q̄

(q− q̄)j , (5.36)

with expansion coefficients ψij ≡ ∂ijψ describing the tidal shear given in Eq. (5.19).
The first term can be neglected as it only describes the displacement of the protohalo,
the second however will be responsible for the rotational effects. Introducing the
inertial tensor Iij as

Iij = ρ0a
3

∫
Vl

d3q (q− q̄)i(q− q̄)j , (5.37)

the angular momentum can be written as

Li = a
2Ḋ+εijkIjlψlk , (5.38)

with the Levi-Civita symbol εijk. The matrix product in the latter expression X = IΨ

can be decomposed into a symmetric X+ and anti-symmetric part X− defined via
the anti-commutator and the commutator, respectively:

X+ ≡ 1
2
{I,Ψ} , X− ≡ 1

2
[I,Ψ] . (5.39)



86 spherical collapse of dark matter halos in tidal gravitational fields

With this definition the angular momentum can be written as (Schäfer, 2009; Schäfer
and Merkel, 2012)

Li = a
2Ḋ+εijkXjk = a2Ḋ+εijkX

−
jk, (5.40)

since the contraction with εijk will only pick out the anti-symmetric part of X. Thus,
angular momentum is not generated if inertia and tidal shear have a common eigen-
system, which is always the case for a matter distribution invariant under SO(3),
therefore we need to have X− 6= 0 to generate angular momentum. On the other
hand X+ will measure the alignment of the eigensystems of inertia and shear and
thus cause shear effects due to deformations.

The components of the inertial tensor I can be expressed via second derivatives of
the density field δ(x) which are given by

δij = −

∫
d3k
(2π)3

kikjδ(k) exp (ikx) . (5.41)

Thus the decomposition works in the same way as before:

σ2y
0
20 = −

√
5/4 (δxx + δyy − δzz) ,

σ2y
0
2±1 = −

√
15/2 (δxz ± iδyz) ,

σ2y
0
2±2 =

√
15/8 (δxx − δyy ± 2iδxy) ,

σ2y
1
00 = (δxx + δyy + δzz) .

(5.42)

At a peak in the density field, the peak slope is approximated by a parabolic function

δ(x) = xp −
1

2
λi(x− xp)

2
i , (5.43)

with the eigenvalues λi of the mass tensor mij = −δij at the peak. If the boundary
of the peak is given by the isodensity contour with δ = 0, the inertia tensor can be
written as

I =
η0
5
Γ diag

(
A2y +A

2
z,A2x +A

2
z,A2x +A

2
y

)
, (5.44)

in the eigen-system of the paraboloid. Here Ai =
√
2δ/λi are the ellipsoids semi-

axes, Γ its volume and η0 its density, such that M = η0Γ is the mass of the peak.
In our approximation the density field is assumed to be homogeneous to first order
and thus η0 = Ωmρcrita

3. We thus sample values for X± from the joint covariance
matrix of δij and ψij. All calculations are carried out in the eigen-system of the
inertia tensor, i.e. we sample values ynlm and calculate the inertia tensor by inverting
Eq. (5.42) and using Eq. (5.44).

5.8.3 Decomposition of the shear tensor

In the last two parts we described how the statistics of the density field induce
tidal gravitational fields, encoded in Ψ, and how these tidal fields can give rise to
rotation. Since the shear effects are as well described by the tidal tensor the scope
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of this section will be to decompose Ψ into two separate parts whose invariants can
be identified with σ2 and ω2. Physically the shear corresponds to convergent flows,
which will deform the halo, while the rotational part will give rise to an overall
spinning of the halo induced by the external fields. As already mentioned, angular
momentum will only be sourced by the anti-symmetric part of the matrix product X;
the Hodge dual to the angular momentum is the tensor

Lij = a
2Ḋ+[I,Ψ]ij . (5.45)

Now, since the angular momentum can also be expressed as

Li = Iijωj , (5.46)

with angular velocity ωj, we can conclude that

Lij = Iilωlj , (5.47)

and thus, in matrix-vector notation

ω = I−1X− . (5.48)

For the shear we proceed in complete analogy, but using the anti-commutator instead
of the commutator. In particular we decompose the tidal gravitational field as follows:

Ψ = I−1IΨ = I−1X+ + I−1X− ≡ σ̃+ ω̃ . (5.49)

Here we identified the shear tensor σ̃ and the rotation tensor ω̃. Since σ̃ still carries
a trace we need to subtract it to arrive at the following expressions for the shear
tensor and rotation tensor respectively:

σ =
1

2

(
Ψ+ I−1ΨI

)
−

trΨ
3

I3 , ω =
1

2

(
Ψ− I−1ΨI

)
. (5.50)

The interpretation of the two expressions is straightforward: σ measures the align-
ment between the eigen-frames of the tidal tensor and the inertial tensor, while ω
measures their misalignment. Clearly, if both are completely aligned, the tidal tensor
will not induce any rotation and only the shear effect is present. If, however, the two
frames are not aligned the inertial tensor will start rotating into the frame of the
tidal tensor and keep its rotation once the lever arm will reduce dramatically during
collapse.

5.8.4 Model comparison

Having set up all the important relations, it is worthy to compare the models pre-
sented here with the one from Section 5.3 and the phenomenological model in Del
Popolo et al. (2013a) and b.

The procedure in Section 5.3 is quite similar to the one outlined here. Values for the
tidal tensorΨ are sampled in the same way, the values for the inertial tensor, however,
are not sampled from the density field and I is implicitly assumed to be the one of
a spherical object. I is thus proportional to the identity, which itself commutes with
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every other tensor, thus setting ω to zero identically. Especially this means Eq. (5.50)
was

σ = Ψ−
trΨ
3

I3 , ω = 0 , (5.51)

for the model presented in Section 5.3, thus the inertial tensor is not needed as well
as the condition to consider peaks in the density field only. This leads to a few subtle
differences between the two models in terms of the physical interpretation: Both
models describe the collapse of a spherically symmetric test object in a Gaussian
random field. In both cases the tidal tensor Ψ is evaluated from the statistics of the
underlying linearly evolved density field and gives rise to effective external forces
which act on the collapse equation as an inhomogeneity. While the position of the
test mass in Section 5.3 has been arbitrary, we restrict ourself to peaks in the density
field here and include the possible spin up due to tidal torquing of the test mass.
The restriction to peaks in the density field will generally lead to higher values in Ψ
compared to Section 5.3, due to the non-trivial correlation with I. In this sense the
model presented here is more realistic, in terms of the shear and rotation being just
inhomogeneities entering in the collapse equation, then the one in Section 5.3.

The comparison with b is somewhat more difficult as their model was heuristically
motivated only. In contrast our model relies on the statistics of the cosmic density
field only and is in this sense only restricted by the validity of Lagrangian perturba-
tion theory at first order. This is certainly valid as long δ � 1. If we are considering
objects with masses above 1014 M�, this criterion is certainly satisfied in the sense
of that the variance of the density field smoothed at this scale is well below unity. In
particular, b find values for ω2 > σ2 which is not possible with our treatment. This
is because in b, the rotation term was derived to match the angular momentum of
galaxies and clusters today, being therefore a non-linear quantity. This value will be
exceeding our estimate of the rotation tensor and lead to effects that are opposite to
what we find.

5.8.5 Calculation of the invariant σ2 −ω2

The invariant quantities σ2 and ω2 just differ by the sign of the cross terms and by
the terms which arise due to the term including the trace of Ψ. It is easy to see that
the latter terms vanish identically, thus the only difference between σ2 and ω2 is the
sign of the two cross terms, which are themselves identical due to the cyclicity of the
trace. Generalizing this reasoning to higher order invariants in a coordinate free way,
we use that the invariants correspond to the Frobenius-norm of the tidal tensor and
the inertia tensor. The Frobenius norm of a symmetric matrix A is defined as

||A||2 := trA2 ≡ AijAji . (5.52)

An inner product can be defined in the following way:

〈A,B〉 = trAB = AijB
ji , (5.53)

which is also called Frobenius scalar product, then inducing the Frobenius norm
defined above. With this we find

σ2 = || {I,Ψ} ||2 = ||IΨ||2 + 2〈IΨ,ΨI〉+ ||ΨI||2

ω2 = || [I,Ψ] ||2 = ||IΨ||2 − 2〈IΨ,ΨI〉+ ||ΨI||2
(5.54)
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Figure 5.9: Distributions of the ratio of the two invariants σ2 and ω2. The red curve does not
include the maximum constraint, i.e. λi > 0, while the black curve includes this constraint.
Clearly the constraint moves all values which would have σ2 < ω2 to values σ2 > ω2 as it
is expected from the analytical considerations made in Eq. (5.54). The smoothing length for
the power spectrum is R = 10Mpch−1.

Clearly, the positive definiteness of the Frobenius-norm implies that σ2 > ω2 is
fulfilled if 〈IΨ,ΨI〉 > 0. Due to the cyclic property of the trace this term can be
shown to be 〈IΨ,ΨI〉 = tr(IΨ2I) = tr(I2Ψ2) = 〈I2,Ψ2〉, which in turn is positive for
positive (semi-) definite matrices I and Ψ.

To show this, one can use the generalisation of the inequality of the arithmetic and
geometric mean,

1

n
〈I2,Ψ2〉 = 1

n
tr(I2Ψ2) > (det(I)det(Ψ))

2
n > 0 , (5.55)

which is only valid for positive (semi-)definite matrices, with n being the dimension
of the matrices. The tidal shear is positive definite at a peak of the density field,
because tr(Ψ) = ∆Ψ = δ > 0 due to the Poisson-equation, and the inertia can only
sensibly be defined at a maximum of the density field, where the curvature of the
density field assumes positive values, resulting in a positive definite inertia tr(I) > 0.
The argumentation applies for the traceless shear as well, as a positive semi-definite
matrix. Both determinants are positive for positive definite matrices, and constrain
the scalar product 〈I2,Ψ2〉 to be larger than zero. This is an important result, we find
that the induced shear is always larger than the induced rotation by tidal torquing.

Figure 5.9 shows the effect mentioned in Eq. (5.54) very clearly: If we restrict the
random process to maxima in the density field all values with σ2 < ω2 disappear
and get shifted to larger ratios of σ2/ω2. Thus, gravitational tidal fields will always
introduce more shear than rotation by tidal torquing if only maxima of the underly-
ing density field are considered. This is indeed a necessary condition, since otherwise
the inertia tensor would not be defined in a proper way. As a consequence the col-
lapse will always proceed faster in a scenario with tidal gravitational fields than in
a uniform background as it is the case for the SPC. We show the, not normalized,
joint distribution of σ2 and δ in Figure 5.10. Due to the correlations in the ynlm basis
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Figure 5.10: Joint distributions (not normalized) of the density contrast δ = tr(Ψ) and the in-
variant σ2. Left panel: No maximum constraint. The distribution is similar to the distribution
found in Section 5.3. Right panel: The maximum constraint is imposed. Clearly the constraint
enforces higher values of δ and thus also in σ2, which is due to the correlations in the ynlm
basis given in Eq. (5.17). The smoothing length for the power spectrum is R = 10Mpch−1.

given in Eq. (5.17), the maximum constraint enforces higher values in δ and σ2. In
particular, peaks can only be found if δ > 0, which is indeed necessary to write down
the inertia tensor as in Eq. (5.44), as the ellipsoid is a region with boundary δ = 0.
Also the density peaks are significantly higher than without the constraint.

In the left panel of Figure 5.11 we show the distribution of σ2 −ω2 with different
thresholds for the overdensity δ at the peak. Clearly, higher overdensities at the peak
imply higher shear values as the potential is more curved at higher peaks.

5.9 influence on δc , ∆V and scaling properties

In this section we investigate the influence of the tidal gravitational fields on the col-
lapse dynamics by substituting the invariants σ2 and ω2 into the collapse equation.
Additionally we will study the scaling with the mass of the collapsed structure. The
cosmology is chosen to be a concordance ΛCDM model with Ωm = 0 .3, ΩΛ = 0 .7,
w = −1, h = 0 .7, σ8 = 0 .8 and ns = 0 .96.

In the right panel of Figure 5.11 the resulting distribution of δc is shown. The
collapse always proceeds faster than in the case without tidal fields. For more work
on this we refer to Hoffman (1986); Zaroubi and Hoffman (1993); Bertschinger and
Jain (1994). As discussed in the previous section, this is due to the fact that the tidal
field induced shear is always higher than the effect due to tidal torquing, provided
we restrict our considerations to maxima in the density field. Thus the strong drop of
the distribution at higher δc marks the value which one would get within a uniform
background.

Due to the faster collapse, virialised objects form more easily, thus yielding more
massive objects. This effect is similar to modified gravities theories or dark energy
cosmologies with non-phantom equations of state. Since the distribution found for
δc is similar to the one found in Section 5.9 and no significant differences were found
for more complex dark energy models. δc exhibits a mass dependence due to the low-
pass filter with a scale R which is introduced to model the effective tidal fields acting
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Figure 5.11: Left: Distributions of the invariants σ2 −ω2 for different thresholds δ on a scale
of R = 10Mpch−1. Higher peaks induce higher values for σ2−ω2. Right: Distribution of the
critical linear overdensity δc for a standard ΛCDM cosmology. The smoothing scale is again
R = 10Mpch−1 and the density threshold is δ = 0.

on an object of size R(M). We consider again the averaged values of the invariant
σ2 −ω2 or the linear critical density contrast from Eq. (5.22).

On the left panel in Figure 5.12 we show the scaling of E[σ2 −ω2] with respect to
the mass. The general scaling shows that higher masses result into lower values for
σ2−ω2 as larger objects are only influenced by low frequency modes which become
smaller for increasing scale. In the case considered here we restrict ourselves to max-
ima in the density field, thus the situation is constructed such that the curvature of
the density field must be negative, yielding slightly more shear on large scales than
for a random point in the density field. On smaller scales, however, the situation is
reversed. This argument is precisely due to the additional factor k4 which enters in
the random process for δij (cf. Eqs. 5.15 and 5.42).

The right panel of Figure 5.12 shows the resulting scaling of E[δc]. Here we addi-
tionally show the constant value (green curve) obtained without gravitational tidal
fields. As for the invariants σ2 and ω2 the qualitative behaviour is identical. We find
that the the term σ2 −ω2 will always favour the collapse, thus lowering E[δc]. Even
though ω2 will act against the collapse, as it corresponds to a centrifugal force, it
can never dominate σ2 as we showed before. Furthermore we note that the time
evolution of the invariant is controlled by the time derivative of the growth factor
introduced in Eq. (5.10) and is thus purely due to background dynamics. If one
instead starts with a non-spherical collapse, one would find larger effects on δc com-
pared to this idealised model. An example for this is the ellipsoidal collapse model
(Eisenstein and Loeb, 1995; Ohta et al., 2003; 2004; Angrick and Bartelmann, 2010),
where δc values are normally substantially higher than for the spherical collapse case,
especially at low redshift and mass.

A very important and interesting quantity that can be evaluated within the frame-
work of the spherical collapse model is the virial overdensity ∆V, representing the
overdensity of the collapsing object at the virialisation epoch (see also Meyer et al.,
2012, for a discussion of this quantity in a general relativistic setting). The virial
overdensity is also related to the size of spherically symmetric halos and its value
can be inferred by embedding the virial theorem into the formalism. When includ-
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Figure 5.12: Scaling relations of averaged quantities with mass evaluated at redshift zero.
The blue curve shows the effect derived in this paper by including both σ2 and ω2. The
influence of gravitational tidal fields is highest for low masses, thus δc is also influenced
most at the low-mass tail. Left: Averaged invariants, Right: averaged δc. The value for the
SPC for a ΛCDM universe is shown in green.

ing the shear and the rotation terms into the equations of motion for dark matter
perturbations, ∆V becomes, in analogy to δc, mass-dependent. However, one finds
that ∆V is practically independent of mass and it evolves as if the system is evolving
in a ideal background, i.e. without shear and rotation. This is an interesting result
but not unexpected. As showed in Section 5.9, the virial overdensity is insensitive
to mass since the quantities involved for its determination are evaluated still in the
linear regime and perturbations with respect to the spherically symmetric case are
of the order of per mill. Taking also into account that rotation has always a smaller
contribution than the shear and their combined effect makes the rotating ellipsoid
closer to the sphere in terms of the perturbation quantities, it is easy to understand
why the feature found in Section 5.9 still holds.

5.10 conclusion

In this chapter we investigated the influence of external tidal shear effects on the
spherical collapse model using first order Lagrangian perturbation theory. The shear
is evaluated directly from the statistics of the underlying density field in which the
halo forms and therefore it does not need any further assumptions. Clearly, we can-
not include direct vorticity generation with our formalism, as the rotation vanishes
identically for a potential flow, however for the scales investigated the assumption of
linear growth is still valid, implying that, even if initial vorticity was present it would
decay as the halo forms. In this sense our ansatz for the shear is self-consistent.

We summarize our findings for this first part as follows:

1. External tidal shear supports the spherical collapse, which can be understood
by noticing that virialized objects form in overdense regions in the first place.
The effect is largest at small masses and low redshifts.

2. The effect on the important collapse parameter δc is of the percent level for both
ΛCDM and more general dark energy models. Furthermore the influence on
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the virial overdensity ∆V is very small and it is nearly indistinguishable from
a collapse without external shear. The reason for this is mainly that the virial
overdensity is basically evaluated using the time at turn-around. At this time
the evolution is only in the mildly non-linear regime, therefore shear effects are
not important.

3. Gaining a mass dependence due to our formalism, the influence on the mass
function is two-fold. At lower masses the linear term dominates the exponen-
tial, suppressing the occurrence of lighter objects. Furthermore the influence of
δc is largest at high masses, as the exponential tail dominates there. However,
the effect of shear on δc becomes smaller for higher masses. The mentioned
effects leads to a change of the mass function of roughly 2%.

4. The mass dependence translates into differences also in the cumulative number
counts. Tidal shear affects number counts of massive halos of only few percent
when compared to the corresponding model without it. When compared to the
ΛCDM model with tidal shear, results are qualitatively and quantitatively the
same as without tidal shear.

5. Neglecting the shear in the estimation of cosmological parameters using num-
ber counts, e.g. in redshift space, can lead to 1σ biases on cosmological param-
eters such as Ωm, σ8, w0 and wa.

6. The bias in the cosmological parameters is such that the inferred σ8 (Ωm) is
higher (lower) than without and a ΛCDM model results into a dynamical phan-
tom model for a ≈ 1. The increase in σ8 is in the right direction to at least
alleviate the tension between the power spectrum normalization at late and
early times, even if the amount is not sufficient. Remember however, that we
neglected the rotation contribution and this could either balance or strengthen
the shear contribution. Also the resulting phantom model is in agreement with
SNIa observations, but at this stage we cannot draw any firm conclusion.

7. Previous works on the extended spherical collapse model introduced the effect
of shear and rotation with heuristically motivated models (Del Popolo et al.,
2013a). In this model, both shear and rotation are combined into a single term
that depends on mass and result into a modification of the Poisson term, but
the rotation term has a predominant role with respect to the shear. While a
direct comparison cannot be made, our approach has some points in common
and some major differences. While both approaches lead to a mass dependent
spherical collapse, we find that effects of the shear are at percent level, contrary
to what found in previous works. This leads to the question of the importance
of the rotation and of its effective modelization.

We then incorporated rotational effects induced by tidal torquing. By jointly con-
sidering the gravitational tidal field and the curvature of the density field we sep-
arated its action into a symmetric traceless part and an anti-symmetric part which
correspond to the shear tensor and rotation tensor respectively. These tensors were
used to construct the invariants σ2 and ω2 in the collapse equation. Physically, the
protohalo, forming at the location of a peak, feels the surrounding tidal gravitational
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field and thus shear effects as well as rotation induced by tidal torquing. Our findings
are the following:

1. The invariant quantity ω2 of the rotational part of the tidal tensor is always
smaller than the shear invariant σ2 within the framework of tidal torquing. This
statement is not of statistical nature, it is true for every sample individually.

2. The critical linear overdensity δc is now a mass dependent quantity changing
by roughly a percent with respect to the usual spherical collapse value. The
overall effect is small at masses below 1015 M� and completely negligible for
masses above.

3. External tidal fields will always help objects to collapse into virialised struc-
tures even if a rotational term due to tidal torquing is considered. In terms of
observations of cluster counts tidal fields can in principle always be confused
with dynamical dark energy increasing the abundance of heavy clusters in a
purely spherically symmetric case where no tidal fields are taken into account.

4. Comparing this work with a we find that the deviations of δc found there
are mainly due to the rotational term, which can become rather large, thus
the collapse is mostly slowed down. Our work finds an opposite result as the
gravitational tidal fields always speed up the collapse and the rotational term
is nearly negligible. This is, however, also a property of the model we used
here. Our model is self-consistent in as long as we only consider external tidal
effects on a spherically symmetric object where the deformation is negligible
compared to the total extent of the collapsing object. In this work we assumed
the halo to be non-spherical prior to collapse to allow it to spin up as long as
the lever arms are large enough. As soon as collapse starts, the collapse is again
treated as being spherical. We therefore have a situation in which a spherical
overdensity is rotating at an angular speed ω2 gained by tidal torquing as
if it would have been an ellipsoidal object. These limitations make a direct
comparison with a difficult. See point 5 for an explanation based on the way
the invariant σ2 −ω2 is evaluated.

5. In our self-consistent model, the shear and rotation term have little effect and
their effect grows with time and mass as structures evolve. In the formalism
outlined, the invariant σ2 −ω2 is evaluated at early times when structures are
in the linear regime. This explains why, for example, the virial overdensity ∆V

is barely affected. In previous works on the subject (a; b; Pace et al., 2014b)
instead, the term σ2 −ω2 assumes objects to be still spherical in average and
that the rotation term matches the present-day rotational velocity of clusters as
a function of their mass. This late time evaluation makes the rotation term ω2

the dominant one.
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PA R A M E T E R I N F E R E N C E A N D M O D I F I E D G R AV I T Y W I T H
F U T U R E C O S M O L O G I C A L S U RV E Y S

As discussed in Chapter 2, the ΛCDM model relies on the assumption that GR is the
valid theory of gravity. The extensions to the standard model have been presented
in Section 2.3 which can be divided into three classes: Dropping symmetry assump-
tions, including non-standard energy components or modifying the theory of gravity.
In order to decide which model is preferred over another, theoretical predictions for
different kinds of models have to be given and the parameters of the model have
to be inferred. Thus one of the main goals of modern cosmology is parameter infer-
ence. More complicated cosmological models have a larger parameter space than the
6-dimensional ΛCDM space. If one keeps the FLRW symmetries but allows for varying
DE and MG, the parameter space can increase substantially. Furthermore there are
quite a few nuisance parameters, i.e. parameters which are not of direct physical in-
terest. The inference process in cosmology is done by virtue of Bayes’ theorem, that
is, for data given a cosmological model and possibly some prior information one can
construct the posterior distribution for the parameters and the best fit parameters are
found using maximum likelihood methods. Since the amount of cosmological data
is naturally limited, we can not expect to find an arbitrarily good estimator for each
parameter. Nonetheless future surveys are expected to be dominated by systematic
rather than by statistical errors. Therefore cosmology can now in principle serve as
a test of gravity since there will be enough data to constrain the cosmological model
and the theory of gravity at the same time.

In this chapter we will investigate the potential of future observations to pin down
the theory of gravity for a very general class of scalar-tensor models, which mimic a
DE component at the background level and whose perturbations can be parametrized
at the linear level by four functions of time only. This class of theories describes a
background model with a general time-varying DE component and an additional
scalar field in the gravity sector. We will investigate the structure of the parameter
space using MCMC and Fisher methods. Furthermore, we will briefly discuss the
general structure of parameter spaces.

The contents of this chapter is prepared to be published in Reischke et al. (2018)
(in preperation), while some ideas are also published in Spurio Mancini et al. (2018).
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6.1 introduction

GR is tested exquisitely on non-cosmological scales and in the weak field limit only
(Berti et al., 2015) and more recently to be consistent with binary black hole merger
(Abbott et al., 2016). Usually one assumes GR being valid also on cosmological scales,
which might be a strong assumption and needs to be tested. Modifications of GR

lead to very different phenomena (see Clifton et al., 2012, for a review, as well as
Section 2.3) and influence the background expansion as well as the growth of struc-
tures. Furthermore, these models are highly degenerate with clustering dark energy
models (Copeland et al., 2005), which can as well reproduce very different expan-
sion histories and structure growth. This is already evident from the structure of the
field equations of GR: modifications in the gravitational sector can be interpreted as
a modification in the matter sector and can thus be treated as some kind of dark
energy component (Battye and Pearson, 2012; 2013). Consequently, cosmological
tests require exquisite data with high statistical significance in order to pin down the
cosmological parameters well enough to be able to detect deviations from GR.

In the next decade we expect a huge step forward in large scale surveys dubbed
stage IV experiments. These are in particular the Euclid (Laureijs et al., 2011) mis-
sion for galaxy clustering and weak gravitational lensing, CMB experiments like ACT-
POL (Thornton et al., 2016), the Square Kilometre Array (SKA) (Maartens et al., 2015)
for intensity mapping, or the Large Synoptic Survey Telescope (LSST) as well as
Wide-Field Infrared Survey Telescope (WFIRST). Operating at very different redshift
and scales cross-correlation between those experiments will provide tons of infor-
mation about the underlying gravity model. Additionally, these missions will also
deliver tests of fundamental physics such as the mass scale of the neutrinos (Font-
Ribera et al., 2014). This is of particular importance as the neutrino masses are highly
degenerate with modifications of the gravity sector (Baldi et al., 2014; Baldi and
Villaescusa-Navarro, 2016). Being very sensitive to the mass of the neutrinos, CMB ex-
periments will yield complementary information to weak lensing surveys or galaxy
clustering which are sensitive to the gravitational slip or the modified Poisson equa-
tion respectively.

Having a high dimensional parameter space, advanced sampling techniques are
required even for forecasting to yield conservative errors on the cosmological pa-
rameters, since the Gaussian approximation of the posterior is valid only for the
conditionalized case, but will certainly be wrong for the marginalised posterior dis-
tribution. We therefore study the structure of the posterior with MCMC methods as
well as with a Fisher analysis. In particular, we investigate the constraining power
of future experiments on modified gravity, including several other cosmological and
nuisance parameters as well as neutrino masses. We focus on Horndeski theories of
gravity first proposed by (Horndeski, 1974) and rediscovered by Nicolis et al. (2009)
and Deffayet et al. (2011), which is the most general scalar-tensor theory of gravity
in the sense that it has only one additional degree of freedom. The derivatives in
the equation of motion are not higher than second order, which guarantees that the
theory is ghost-free. There are theories which have higher order derivatives and no
ghosts, these theories are called Beyond Horndeski (Langlois et al., 2017; Crisostomi
and Koyama, 2017). To investigate these theories observationally, the observational
probes need to cover a large range of spatial scales and should be sensitive on the
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temporal evolution of the Universe. Here we will focus on CMB temperature and
polarization anisotropies, weak gravitational lensing of the CMB, galaxy clustering
and cosmic shear. The combination of these probes contains very powerful informa-
tion on cosmological and gravitational parameters, especially when considering the
cross-correlation between the different probes, since the evolution of the Universe is
covered over a wide range.

The structure of this chapter is the following: In Section 6.2 we briefly review
tensor-scalar theories of gravity and introduce the cosmological probes used in Sec-
tion 6.3. Section 6.3 will introduce the necessary statistical tools which will be applied
in Section 6.6. We end with general discussion on the structure of parameter spaces
in Section 6.7 and a conclusion in Section 6.8.

6.2 tensor-scalar theories of gravity

A general Lagrangian of a tensor-scalar theory was introduced in Eq. (2.50) in Sec-
tion 2.3. The four functions Gj and K are in principle completely free and character-
ize the theory completely. Note that this theory is only minimally coupled to matter
through the canonical volume form, extending this would go beyond Horndeski. In
Bellini and Sawicki (2014) it was shown that the evolution of linear perturbations can
be completely characterized by free functions depending on time only:

M2
∗ = 2

(
G4 − 2XG4X +XG5φ −φHXG5X

)
,

HM2
∗αM ≡

dM2
∗

dt
,

H2M2
∗αK ≡ 2X

(
KX + 2XKXX − 2G3φ − 2XG3φ

)

+ 12φ̇XH
(
G3X +XG3XX − 3G4φX − 2XG4φXX

)

+ 12XH2
(
G4X + 8XG4XX + 4X2G4XXX

)

− 12XH2
(
G5X + 5XG5φX + 2X2G5φXX

)

+ 14φ̇H3
(
3G5X + 7XG5XX + 2X2G5XXX

)
,

HM2
∗αB ≡ 2φ̇

(
XG3X −G4φ − 2XG4φX

)

+ 8XH
(
G4X + 2XG4XX −G5φ −XG5φx

)

+ 2φ̇XH2 (3G5X + 2XG5XX) ,

M2
∗αT ≡ 2X

(
2G4X − 2G5φ − (φ̈− φ̇H)G5X

)
.

(6.1)

HereM∗ is the Planck mass and αM describes its time evolution, it has thus direct im-
plications on the gravitational interaction via the Poisson equation. αK describes the
kinetic energy and is thus largely unconstrained by observations, since there is no
direct influence on any observable. In contrast the braiding αB describes how φ itself
mixes with the scalar perturbations of the metric. Lastly αT basically describes the
propagation speed of tensorial modes and how it differs from normal null geodesics.
Therefore both αM and αT affect the propagation of gravitational waves, they can be
constrained rather well by non-cosmological experiments (e.g Lombriser and Taylor,
2015; Velten et al., 2017). Clearly, these functions restrict the evolution of perturba-
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tions in scalar-tensor theories of gravity which can be parametrized by only a few
numbers. The most obvious choice for a parametetrization would be

αi = α̂iΩDE + ci , (6.2)

since in such a way the modifications track the accelerated expansion of the Universe.
Clearly this approach is idealized; however it gives us a good idea what can be
learned from data in these very general models. For a more detailed discussion on
these topics we refer to Linder et al. (2016) and Alonso et al. (2017). In Newtonian
gauge, the linear perturbation equations in Fourier space are given by

k2Φk = −
3H20Ωm

2a
δkµ(k,a) (6.3)

and

Φk
Ψk

= γ(k,a) . (6.4)

Many theories of MG are equipped with a screening mechanism which allow a scale
dependence of the modifications so that at small scales or high density regions GR is
recovered (Joyce et al., 2015). This mainly helps the theories to survive local tests of
gravity in the solar system. Screening effects become important at small cosmological
scales, such that the effect of modified gravity is suppressed (Barreira et al., 2013;
Li et al., 2013; Winther et al., 2015). So far non-linear structure formation in MG

scenarios has only been done for very specific models, but not for such a general
class as the Horndeski theories. Even though a lot of the theories covered by the
Horndeski class have an effective screening mechanism, it is only present at the linear
level. Here we will use linear predictions and then apply the halo model correction
to the predicted linear power spectrum. In particular, we use Halofit (Takahashi et
al., 2012) which is only valid in cosmologies with GR. Therefore we have to choose a
screening scale artificially to make sure that the modifications of GR are negligible on
non-linear scales. We impose the following scale, ks, on the alpha function (Alonso
et al., 2017):

αi → αi exp

[(
−
k

2ks

)2]
. (6.5)

In Section 6.3.1 we will discuss the problem of structure growth in slightly more
detail. It should also be noted that Eq. (6.5) is not a self-consistent way of describing
the screening mechanism since also small modes can contribute to the non-linear
power.s

6.3 cosmological probes

The cosmological data is structured in terms of spherical harmonic coefficients, {aX`m},
where X labels the considered data. Here we consider data from CMB primary an-
isotropies, i.e. temperature fluctuations and the fluctuation in the two polarization
modes (see Section 3.1 for more details), furthermore we also consider weak gravi-
tational lensing of the CMB as introduced in Section 3.2.2, we label them T , E, B and
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D, respectively. These probes are then combined with tomographic galaxy clustering
as well as cosmic shear labelled gi and γi respectively. The statistics of the modes
aX`m is described by their angular power spectra. As modes of different data sets
are not independent, the cross-spectra are non-zero and carry valuable cosmological
information. In this section we will discuss all relevant spectra together with their
respective noise properties. Throughout this section we will always use the Limber
projection (Limber, 1953) which is valid for ` > 10 (Kitching et al., 2017).

6.3.1 Structure growth

Ultimately all probes discussed here depend on the statistics of the cosmic density
field and, as outlined in Section 2.3 MG, mainly influences the growth of structures,
i.e. the metric perturbations. For evolving the linear perturbations we use the Boltz-
mann code HiCLASS (Zumalacarregui et al., 2016), which is an extension of CLASS

(Lesgourgues, 2011) for tensor-scalar theories of gravity. The code evolves initial con-
ditions set by inflation forward in time using linear equations only. At small scales
and low redshifts the perturbations become non-linear. On these scales the treatment
of the Boltzmann codes breaks down. For the CMB primary anisotropies this effect
is small, since the only non-linear contributions come from the integrated Sachs-
Wolfe (iSW) effect which has most of its power at large scales. On the contrary cosmic
shear and galaxy clustering will get a lot of their signal from non-linear scales in
future surveys. It is therefore necessary to model the non-linear scales carefully to
exploit the full power of future surveys. A lot of effort has been put into under-
standing the non-linear evolution theoretically in standard cosmological models (e.g
Zel’Dovich, 1970; Buchert, 1992; Bouchet et al., 1995; Bernardeau et al., 2002;
Cooray and Sheth, 2002; Hilbert et al., 2011; Bartelmann et al., 2014; Bartelmann
et al., 2017, for analytical modelling), (e.g. Smith et al., 2003; Heitmann et al., 2010,
for simulations). In MGtheories, structure non-linear models are more difficult due
to the modified Poisson equation and so far no common description of non-linear
scales exists in general tensor-scalar theories (we refer e.g. to Hu and Sawicki, 2007;
Zhao et al., 2011; Casas et al., 2017).

In this work we take care of non-linearities by using the Halofit model (Smith et al.,
2003; Takahashi et al., 2012). It is thus assumed that the effect of MG is negligible on
small scales and that GR yields an adequate description (Hu and Sawicki, 2007). For
Horndeski theories this is not true in general, since there is no screening evolved. It
is therefore necessary to include the screening by hand as in Eq. (6.5), this effectively
amounts to

µ(k,a)→ µGR + µMG(a,k)W(k;ks)

γ(k,a)→ γGR + γMG(a,k)W(k;ks)

D+(k,a)→ D+GR(a) +D+MG(a,k)W(k;ks) .

(6.6)

Here W(k,ks) ∝ exp(−(k/ks)
2) is a low-pass filter to ensure that on scales k > ks GR

is recovered. A usual value for the screening scale would be ks ≈ 0.1h/Mpc. The GR

limits of µ and γ are unity, while we recover the linear growth factor from

d2

da2
D+(a) +

1

a

(
3+

dlnH
dlna

)
d

da
D+(a) −

3

2a2
Ωm(a)D+(a) = 0. (6.7)
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Thus our procedure works like this: We obtain the linear power spectra for the per-
turbed variables, i.e. Ψ, Φ and δ, which are related via γ and µ, from HiCLASS:

Plin(k,a) = D+(k,a)Plin(k,a = 1). (6.8)

We then apply the non-linear transfer function obtained by Halofit to model the
corresponding non-linear spectra P(k,a). In the rest of this section we will discuss
the cosmological probes used in our analysis. Note that Eq. (6.6) and (6.7) show the
screening effect only illustratively and Eq. (6.5) describes the full treatment. Nonethe-
less, this screening is still purely phenomenological and is treated as a nuisance
parameter in the analysis.

Additional uncertainties on non-linear scales are due to baryonic effects such as
feedback processes. Even accurate emulators build from suites of numerical simula-
tion depend strongly on baryonic physics models (Rudd et al., 2008; Daalen et al.,
2011; 2014; Hellwing et al., 2016). A model to describe those uncertainties has been
proposed in Schneider and Teyssier (2015) on the basis of different feedback mod-
els. A power spectrum from a DM only simulation, PDMO is compared to a power
spectrum including baryonic physics, PBCM yielding a fitting function:

F(k, z) :=
PBCM

PDMO
= G(k|Mc,ηb, z)S(k|ks) , (6.9)

where S describes the small-scale increase of the power due the central galaxy stars
while G describes suppression due to gas. The effect of S stays sub-dominant up to
k ≈ 10 Mpc h−1 and is therefore not considered here. We will marginalize over the
free parameters ηb and Mc which describe the ejection radius of gas from halos as a
function of their virial radius and the typical mass scale of a halo respectively.

6.3.2 CMB

Maps of the CMB temperature and polarization contain various kinds of primary an-
isotropies which are related to the potential landscape at the last scattering surface
as shown in Section 3.1. Foregrounds induce secondary anisotropies, which can be
removed very well as they destroy the thermal CMB spectrum. The cleansed maps
of CMB data are given in spherical harmonics of P = T ,E,B with some instrumental
noise n, with root mean square σ2P

aP`m = sP`m +nP`m . (6.10)

The noise can be modelled by a Gaussian beam with width θbeam and white noise,
yielding a noise power spectrum of the form

NP(`) ≡ 〈nP∗`mnP
′
`m〉 = θ2beamσ

2
P exp

(
`(`+ 1)

θ2beam
8ln2

)
δPP ′ , (6.11)

diagonal in P as the noise of different maps is uncorrelated. Effectively this describes
the spectrum of a map containing instrumental noise and resolution. Consequently,
the angular power spectrum is given by

〈aP∗`maP
′

` ′m ′〉 ≡ ĈPP
′
(`) =

(
CPP

′
(`) +NP(`)

)
δ`` ′δmm ′ . (6.12)
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Stage III CMB experiments such as Wilkinson Microwave Anisotropy Probe (WMAP)
(Hinshaw et al., 2013) or Planck (Planck Collaboration XIII, 2015) will eventually
be surpassed by Stage IV CMB experiments (Abazajian et al., 2016; Thornton et al.,
2016) and will have a very small instrumental noise which allows for measurements
up to ` ∼ 3000 especially for the polarization maps. The actual form of the angular
power spectra CPP

′
(`) is only available numerically, but the basic features have been

discussed in Section 3.1 and we refer to Figure 3.1. The strongest effect from MG is
due to the iSW effect at low ` which is due to time-evolving potentials in the LSS.

The CMB signal is additionally lensed by the LSS as described in Section 3.2.2. Being
released at a redshift of roughly 1100, the lensing signal of the CMB carries a lot of
cosmological information. Having no access to the unlensed CMB one has to use
the inhomogeneity of the lensed CMB, since the lensing effect shuffles the observed
patches of the CMB and thus mixes different angular scales. This way lensing signal
can be constructed in a minimal variance and unbiased way

ĈκCMBκCMB = CκCMBκCMB +NκCMB , (6.13)

with the noise term from the quadratic estimator from Hu and Okamoto (2002);
Okamoto and Hu (2003). Even with future experiments the noise will start dominat-
ing at multipoles well below 1000. Thus the main contribution to the lensing signal
comes from linear structures which preserve the Gaussian structure.

6.3.3 Cosmic shear

We generalize the weak lensing of the LSS introduced in Section 3.2 by explicitly
writing down the lensing potential in term of the two Bardeen potentials:

Cψiψj =

∫χH
0

dχ
χ2
Wi(χ)Wj(χ)PΦ+Ψ(`/χ,χ). (6.14)

Here we defined the power spectrum of the the sum of the two Bardeen potentials
Φ and Ψ. The convergence spectra is related to the lensing potential spectra via the
Poisson equation ∆ψ = 2κ, yielding

Cκiκj =
`4

4
Cψiψj , (6.15)

which in the case of GR reduces to the form in Eq. (3.30). If deviations from GR

are present the differences in the two Bardeen potentials and the modified Poisson
equation will yield a different lensing signal even if the background evolution is the
same.

There is one aspect of cosmic shear we have not discussed so far, when calculat-
ing the two-point correlation function, one implicitly assumes that galaxy shapes are
intrinsically uncorrelated and only the auto-correlation plays a major role (ignoring
cosmic variance) which in turn yields the observational Poisson noise. This assump-
tion is, however, not true since physically nearby galaxies feel correlated potentials
and thus their shapes are correlated due to tidal interactions with the ambient LSS

(e.g. Heavens et al., 2000; Croft and Metzler, 2000; Catelan et al., 2001; Mackey et al.,
2002; Jing, 2002; Forero-Romero et al., 2014; Joachimi et al., 2015; Kiessling et al.,
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2015; Kirk et al., 2015; Blazek et al., 2012; 2017; Tugendhat and Schaefer, 2017).
There are two basic types of alignments, II and GI, namely the correlation of the
intrinsic ellipticity with itself and the correlation of the lensing signal with the intrin-
sic ellipticity respectively. Both quantities are present in observed ellipticity spectra,
which would ideally be interpreted as being proportional to the cosmic shear signal
only. Intrinsic alignments are only a few percent of the lensing signal depending on
the angular scale considered. But due to the high statistical significance with which
cosmic shear is measured by stage IV surveys, the impact on the inference process
is dramatically. In this chapter we will ignore the effect of intrinsic alignments and
assume that we are given a clean cosmic shear signal. Including intrinsic alignments
will increase the errors on cosmological parameters, since all models have at least
one free amplitude which has to be determined by the data.

6.3.4 Galaxy clustering

Contrary to cosmic shear galaxy, clustering does not measure the statistics of the
gravitational potential, but of the density contrast δ (see Section 3.3). Therefore, ex-
pression (3.35) does not need to be modified. The weight function is given by:

Wgi(`/χ,χ) =
H(χ)

c
b(`/χ,χ)p(χ) if χ ∈ [χi,χi+1) . (6.16)

With this definition there is no cross correlation between different tomographic bins
in a galaxy survey. This assumption is not completely true since there can be a non-
vanishing cross-correlation for example due to low k perturbations which range over
different redshift bins (Bailoni et al., 2017). This effect, however, is small compared to
the actual spectrum, since the overlap of the weight functions is small for i 6= j. For
the galaxy bias we assume a simple linear model with no scale dependence (Ferraro
et al., 2015):

b(χ) = b0(1+ z(χ)) . (6.17)

This model has no physical motivation but reflects the fact that the bias increases
with redshift, which stems from the fact that galaxy clustering stays approximately
constant at low redshifts (Kauffmann et al., 1999a; b) while the dark matter evolves.
More complicated models could be implemented easily and would increase the er-
rors on the cosmological parameters. Finally, the observed spectra again suffers from
Poissonian noise:

Ĉgigj = Cgigj +
nbin

n̄
δij . (6.18)

6.3.5 Cross-correlation

The probes presented so far could be used individually, i.e. one could for example
constrain cosmological parameters using CMB and repeat the same exercise for a
cosmic shear experiment and multiplying the two posterior distributions to find
the joint posterior of both experiments. However, since all probes are linked to the
statistics of the density contrast, δ, they are correlated, cross-correlations only vanish
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if the correlation length of the two different probes do not overlap. The different
spectra satisfy the Cauchy-Schwarz inequality, which we will discuss in more detail
in Section 6.4.

Firstly, there exists an obvious cross-correlation between galaxy clustering and
cosmic shear:

Cgiψj(`) =

∫χH
0

dχ
χ2
Wgi(`/χ,χ)Wψj(`/χ)Pδ,Φ+Ψ(`/χ,χ). (6.19)

Here we defined the cross correlation power spectrum of the density fluctuations
with the sum over the two Bardeen potentials. As in the case of cosmic shear, we
could also rewrite Eq. (6.19) so that it only contains Pδ by using the ratio between Ψ
and Φ, as well as the modified Poisson equation. Since the same galaxies are used to
measure gi and ψj there exists also a noise term in this case:

Ĉgiψj(`) = Cgiψj(`) +
σεnbin

n̄
δij . (6.20)

Secondly, the lensing signal of the CMB is cross-correlated with cosmic shear and
galaxy clustering. Let χ∗ be the comoving distance to the last scattering surface, the
lensing signal of the CMB is just

ψCMB =

∫χH
0

dχWCMB(Φ+Ψ) , (6.21)

with the CMB lensing efficiency function

WCMB(χ) =
χ∗ − χ

χ∗

H(χ)

ca
. (6.22)

Angular power spectra for the cross-correlation between galaxy clustering and CMB
lensing are then given by

CgiψCMB(`) =

∫
dχ
χ2
WgiWψCMBPδ,Φ+Ψ(`/χ,χ) , (6.23)

and similarly for

CψiψCMB(`) =

∫
dχ
χ2
WψiWψCMBPΦ+Ψ(`/χ,χ) . (6.24)

Lastly, cosmic shear and galaxy clustering are correlated with the temperature fluctu-
ations of the CMB via the iSW effect as discussed in Section 3.1, which is of particular
interest for MG. The weight function of the iSW effect is given by

WiSW(k,a) =
3

2χ3H
a2E(a)F ′(k,a) , (6.25)

where the prime denotes a derivative with respect to a and

F(k,a) = µ(k,a)
D+(k,a)

a

(
1+

1

γ(k,a)

)
. (6.26)

We obtain the cross spectra as

CgiT (`) =

∫
dχ
χ2
WgiWiSWD+(`/χ,χ)

Pδ(`/χ)

k2
, (6.27)

and with Wgi replaced by Wψi for CψiT . In Figure 6.1 we show all cross-correlations
presented in this section.



104 parameter inference with future cosmological surveys

0 400 800

`

3

6

`2
C
T
T

×10−9

0 400 800

`

0.000

0.025

0.050

`2
C
d
d

0 400 800

`

0.00

0.08

0.16

`2
C
g
1
g
1

0 400 800

`

0.0000

0.0006

0.0012

`2
C
γ

1
γ

1

Figure 6.1: On the diagonal the auto-correlations of the temperature anisotropy, the CMB-
lensing convergence, galaxy clustering and cosmic shear are shown. The off-diagonal plots
show the corresponding cross-spectra, e.g. the second plot in the first row shows the Td cross-
correlation. Six tomographic bins where used and the ones considered here are shown and
the one used for g and γ is the first one, i.e. the one with the lowest redshift. Observational
noise is added to the spectra. Note that the y-range for the off-diagonal plots is not the same
as for the ones on the diagonal.

6.4 statistics

Having introduced the different probes, we now bundle them in a random vector
a`m.

a
†
`m :=

(
a∗T`m,a∗E`m,a∗B`m,a∗κCMB

`m ,a∗g1`m , ...,a∗gn`m ,a∗κ1`m , ...,a∗κn`m
)

, (6.28)

where n is the number of tomographic bins. The statistics of the modes is described
by the covariance matrix Ca(`):

Ca(`) := 〈a`ma†`m〉 , (6.29)

which does not depend on the polar multipole number m due to statistical isotropy,
furthermore angular brackets denote an ensemble average over all possible realiza-
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tions of the data. If the data is arranged as described in Eq. (6.28), we can give Ca(`)
explicitly:

Ca(`) =




TT TE TB Td Tg1 . . . Tgn Tγ1 . . . Tγn

ET EE EB Ed Eg1 . . . Egn Eγ1 . . . ETγn

BT BE BB Bd Bg1 . . . Bgn Bγ1 . . . Bγn

BT BE BB Bd Bg1 . . . Bgn Bγ1 . . . Bγn

dT dE dB dd dg1 . . . dgn dγ1 . . . dγn

g1T g1E g1B g1d g1g1 . . . g1gn g1γ1 . . . g1γn
...

...
...

...
...

. . . . . .
...

. . .
...

gnT gnE gnB gnd gngn . . . gng1 gnγn . . . gnγn

γ1T γ1E γ1B γ1d γ1g1 . . . γ1gn γ1γn . . . γ1γn
...

...
...

...
...

. . . . . .
...

. . .
...

γnT γnE γnB γnd γngn . . . γngn γnγ1 . . . γnγn




(6.30)

Here we used the following shorthand notation TT ≡ 〈TT〉 and similarly for all other
correlations. If the modes belong to a certain model described by the covariance
Ca(`), we define the likelihood

L({a`m}) =
∏
`

p [a`m|Ca(`)]
2`+1 , (6.31)

where we made use of statistical homogeneity and isotropy since the ` modes are
mutually independent and 2`+1modes contribute to each ` respectively. For a single
mode, ` the Gaussian probability is given by

p [a`m|Ca(`)] =
1√

(2π)NdetCa(`)
exp

[
−
1

2
a
†
`mC

−1
a (`)a`m

]
, (6.32)

hereN is the dimension of the vector a`m, which, in our case, is 4+ 2n. It is clear that
the covariance, Ca must be a positive definite matrix in order to allow for a proba-
bilistic interpretation of Eq. (6.32). This is ensured by the Cauchy-Schwarz inequality:

CXXCYY > C
2
XY . (6.33)

It should furthermore be noted that Eq. (6.32) is an assumption which will certainly
break down for high multipoles, ` and low redshifts, z, due to non-linear clustering.
When comparing the theoretical predictions to real data, this effect must incorpo-
rated to avoid under-estimation of errors or biases. The problem is of course that
one does not know, other than Gaussian, how the distribution of the modes looks
like. As described at the beginning of Chapter 5, one could expand Eq. (6.32) into
an Edgeworth series. However, it would not be clear where to stop the expansion
(Sellentin et al., 2017a). Thus in reality Eq. (6.32) is only valid for sufficiently low
`. The Gaussianity is, however, slightly restored by the broad integration kernels of
the weight functions amounting for a superposition of different modes and therefore
enhance the Gaussianity thanks to the central limit theorem.
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A way out of this is to consider the power in different multipole bins as a random
variable. Since one adds up 2`+ 1 modes for each multipole, the distribution is very
close to Gaussian for higher `. This has the advantage that one can describe the data,
i.e. the likelihood with a Gaussian distribution very well. At the same time the co-
variances are now products of power spectra and therefore four-point functions of
the density field as described in Chapter 4. This increases the difficulty of the evalua-
tion of the likelihood dramatically as non-linear clustering amounts for higher order
cumulants. Nonetheless, this approach is way cleaner than the one in Eq. (6.32), since
it does not have to rely on the one-point statistic, where the full distribution must
be known. It was, however, also shown by Sellentin and Heavens (2016); Sellentin
et al. (2017b) that problems at small multipoles arise with this procedure, since the
power spectrum estimator is Γ distributed, which becomes Gaussian only for high `.
In this sense, the two approaches suffer from non-Gaussianities at opposite ends of
the multipole range.

Another effect is the difference between adding to data sets and combining them
properly (Kitching et al., 2015; Merkel and Schäfer, 2017). This effect is subtle: the
non-vanishing correlations leads to a decreasing signal, compared to measurements
which are independent. However, as said before, the model has to explain those
correlations as well, possibly yielding a larger constraining power. It is thus necessary
to include all correlations, since ignoring them would pretend that the measurements
are independent or that a model is fitted in which the correlation is vanishing.

We now take the logarithmic likelihood L = −2lnL and bring it into the following
form

L =
∑
`

(2`+ 1)
[
ln (detCa(`)) +a

†
`mC

−1
a (`)a`m

]
, (6.34)

up to an arbitrary additive constant. Averaging over the data yields omitting the
dependence on cosmological parameters θ of covariance matrix:

〈L〉(θ) =
∑
`

(2`+ 1)
[
ln (detCa) + tr(C−1

a Ĉa)
]

, (6.35)

where Ĉa = 〈a`ma†`m〉 is the covariance matrix of the data, i.e. it is evaluated at the
fiducial cosmology in case of forecasting.

Bayes’ theorem relates the likelihood to the posterior:

p(θ|D) =
p(D|θ)p(θ)

p(D)
, (6.36)

where θ are the parameters, D the data p(θ) the prior and p(D) the evidence. The
latter is in principle just a normalization constant since the posterior p(θ|D) is a
probability density. Thus, the posterior equals the likelihood for a uniform prior up
to a normalization constant. If the parameter space itself is constrained, for example
due to physical requirements, a flat prior is not always the optimal choice (Hannestad
and Tram, 2017).

The log-likelihood (6.35) can now be interpreted as the logarithm of the posterior
and the value of θ, where 〈L〉 peaks marks the best fit point, i.e. the maximum
likelihood estimator θ̂. Consequently, 〈L〉(θ) just needs to be evaluated across the
parameter space to find θ̂. This, however, can be computationally very challenging
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since the evaluation of 〈L〉(θ) will take a certain amount of time and the number
of necessary evaluations increases strongly with the number of model parameters.
To avoid this problem there are two possibilities: (i) if one is only interested in
forecasting, θ̂ is known and one can expand 〈L〉(θ) around its maximum; (ii) for
parameter inference one would use MCMC to find θ̂ and the corresponding errors.

Let us first approximate 〈L〉(θ):

〈L〉(θ) = 〈L〉(θ̂) + 1
2

∂2〈L〉
∂θi∂θj

∣∣∣∣
θ=θ̂

(θ− θ̂)i(θ− θ̂)j + ... , (6.37)

where the first term is an arbitrary constant. The first order term of the Taylor series

Table 3: Survey characteristics for a stage IV experiment described in Section 6.5. The sky
coverage is assumed to be equal for all probes. Tomographic redshift bins are chosen to have
same statistical weight, thus they are not equidistant in redshift.

Ωsurvey[deg2] `min `max,LSS `max,CMB n̄[arcmin−2] nbin

15000 10 2000 5000 30 6

vanishes since it is evaluated at an extrema. If the expansion is stopped at the second
order, the posterior resembles the shape of a Gaussian, since its log-likelihood is a
quadratic form, using also additional terms was discussed in Sellentin (2015). The
quantity

Fij =

〈
∂2L

∂θi∂θj

〉 ∣∣∣∣
θ=θ̂

, (6.38)

is called the Fisher matrix and for Gaussian data as in Eq. (6.32), it can be calculated
to be (Tegmark et al., 1997):

Fij =
1

2

`max∑
`=`min

(2`+ 1)tr
(
∂iln[Ca(`)]∂jln[Ca(`)]

)
. (6.39)

The Fisher matrix satisfies the Cramér-Rao bound:

V >
1

N
F−1 , (6.40)

where N is the number of independent data and V is the error covariance matrix:

Vij = E
[
(θi − θ̂i)(θj − θ̂j)

]
. (6.41)

Thus, the errors obtained from a Fisher matrix forecast are always lower bounds on
the achievable errors. The equality holds if the posterior is indeed exactly Gaussian.
Furthermore, the maximum likelihood estimator is Fisher efficient meaning that it
asymptotically satisfies

VMLE =
1

N
F−1 +O(N−2) . (6.42)
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Here, the second term describes the higher order asymptotic behaviour. Note again
that this last discussion is not of Bayesian nature, however, the asymptotic behaviour
including any regular prior is the same.

The Fisher matrix in its form (6.39) can also be used to define the signal-to-noise
for a measurement for which we assume the following model schematically:

C = AS+N , (6.43)

where A is the amplitude which serves as a parameter. Using Eq. (6.39) one finds
that cumulative signal-to-noise is given by

Σ2(6 `) =
∑̀
` ′=`min

2` ′ + 1

2
tr
[
C−1
` ′ S` ′C

−1
` ′ S` ′

]
, (6.44)

where S` ′ is the covariance without the noise.

500 1000 1500

`

0

200

400

600

800

1000

1200

1400

f s
k
y

2
`+

1
2

tr
[C
−

1
S
C
−

1
S

]

0

200

400

600

800

1000

1200

1400

1600

1800
Σ

(≤
`)

CMB primaries + CMB lensing
cosmic shear linear
cosmic shear non-linear

1000 2000 3000 4000 5000

`

0

1000

2000

3000

4000

5000

6000

7000

8000

f s
k
y

2
`+

1
2

tr
[C
−

1
S
C
−

1
S

]

0

2000

4000

6000

8000

10000

Σ
(≤

`)

CMB primaries + CMB lensing
all probes linear
all probes non-linear

Figure 6.2: Differential (dashed lines) and cumulative (solid lines) signal-to-noise ratio for
different probes for stage IV experiments. Left: Multipole range for cosmic shear. Right: full
multipole range.

For what was done so far we always assumed that the modes a`m form a complete
and orthogonal basis for the field, the sky, we observe. Since we will never have a
complete sky coverage for any survey for example due to extinction by dust in the
Milky Way, the spherical harmonics will no longer be orthogonal on parts of the
sky. However, if the sky coverage is sufficiently large it suffices to multiply the log-
likelihood with a factor

fsky :=
Ωsurvey

Ωsky
, (6.45)

where Ωsky is the solid angle of the full sky, i.e. 4π and Ωsurvey is the solid angle
covered by the survey. This additional factor captures the loss of information due to
the partial sky coverage. If only small patches of the sky are observed, more evolved
methods need to be used to mimic the effect of masking in Fourier space. This is
the reason why one usually works in real space and evaluates correlation functions
instead of power spectra if the sky coverage is small.
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6.5 survey characteristics

In this section we will explain the survey characteristics. The key parameters are
tabulated in Table 3. We assume for simplicity that the surveys overlap and share the
same survey area. The redshift distribution is the one from Eq. (3.28) with a mean
redshift around unity and it is split up into six tomographic bins in such a way that
each bin contains an equal number of galaxies.

Table 4: Parameters considered in the analysis together with their fiducial value for the ΛCDM

reference models and a description of the parameter.

parameter ΛCDM Fisher σ information

α̂B 0.0 0.035 braiding

α̂M 0.0 0.044 running of the Planck mass

w0 -1.0 0.0091 equation of state today

wa 0.0 0.029 linear time evolution of w(a)∑
mν[eV] 0.05 0.011 sum of neutrino masses

Ωm0 0.314 0.0011 matter density

σ8 0.834 0.0015 fluctuation amplitude

h 0.674 0.0010 Hubble constant

Ωb0
0.0486 0.00016 baryon density

ns 0.962 0.0013 spectral index

ks[Mpc/h] 0.1 0.137 screening scale

b0 0.68 0.0013 galaxy bias

Mc 0.26 0.0023 baryonic effects

ηb 0.5 0.0063 baryonic effects

zre 11.357 0.265 recombination redshift

Figure 6.2 shows the cumulative and differential signal-to-noise for those survey
characteristics. On the left one can see the CMB contribution together with cosmic
shear from linear and non-linear structures. Clearly non-linear structure formation
enhances the weak lensing signal significantly. The dashed lines show the different
signal-to-noise, i.e. the individual contributions at each ` ′ in Eq. (6.44). For linear
structure formation the curve peaks before ` ′ ≈ 500 since the shot noise starts domi-
nating the cosmic shear signal. Non-linear clustering shifts the peak above ` ′ ≈ 1000.
In the right column one can see the signal-to-noise over the whole multipole range,
the sharp drop at ` = 2000 is due to the cut-off used for galaxy clustering and
cosmic shear. This cut-off was chosen to avoid the deeply non-linear regime, where
baryonic physics become important and galaxy bias as well as intrinsic alignment be-
comes more complicated. Furthermore, the cumulative signal-to-noise stays nearly
constant for ` > 2000 since the instrumental noise dominates the spectrum.
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Figure 6.3: Fisher forecast for a survey with the settings as in Table 3. Shown are the 1σ

contours from a Fisher matrix constructed around a ΛCDM reference cosmology. Since no
prior information has been included in this analysis, constrains might allow for non-physical
parameter values.

6.6 parameter inference

6.6.1 Fisher forecast

We run a Fisher analysis varying all parameters described in Table 4 with the survey
settings from Table 3 and show the resulting marginalized 1σ contours in Figure 6.3
for a few chosen parameters. In particular, we show constrains on the two DE pa-
rameters, the remaining two MG parameters and the sum of the neutrino masses.
The constrains, σ2i = (F−1)ii, for all other parameters are summarized in Table 4. We
find that the two remaining degrees of freedom in this parametrization of Horndeski
models can be constrained to . 10%, while the two DE parameters are constrained
at the percent level. Furthermore, there is a strong degeneracy between α̂B and α̂M.
The DE equation of state parameter show the usual degeneracy due to LSS measure-
ments. Also a slight degeneracy between both MG parameters and the DE parameters
is present which is also due to structure growth as can be seen from the equation for
the growth factor where w0 influences the expansion history. The neutrino mass is
mainly degenerate with the running of the Planck mass since both influence struc-
ture growth directly. Of particular importance for the constraints on the MG param-
eters is the combination of galaxy clustering and cosmic shear and especially their
cross-correlation since both probes carry complementary sensitivity on the under-
lying theory of gravity. Cosmic shear probes the potential landscape with massless
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Table 5: Parameters used for the MCMC with prior and fiducial values. The absolute errors
derived from MCMC and the Fisher analysis are shown.

parameter fiducial Fisher σ flat prior MCMC σ

α̂B 0.1 0.037 [0,∞) 0.061

α̂M 0.2 0.035 [0,∞) 0.46

w0 -0.8 0.0062 [−1, 1] 0.0136

wa 0.2 0.017 [0,∞) 0.030∑
mν[eV] 0.05 0.012 [0,∞) 0.014

Ωm0 0.314 0.00095 [0,∞) 0.00111

σ8 0.834 0.0017 [0,∞) 0.0018

h 0.674 0.00082 [0,∞) 0.00135

Ωb0
0.0486 0.00014 [0,∞) 0.00020

ns 0.962 0.0014 [0,∞) 0.0014

ks[Mpc/h] 0.1 0.012 [0,∞) 0.012

b0 0.68 0.0013 [0,∞) 0.0016

Mc 0.26 0.0022 [0,∞) 0.0023

ηb 0.5 0.0066 [0,∞) 0.0066

zre 11.357 0.265 [0,∞) 0.280

particles, while galaxy clustering probes the same landscape with massive particles,
which therefore yields very tight constraints on the gravitational theory.

We now define the figure of merit

FOM(i, j) =
√

det[F(i,j)] , (6.46)

where i and j label a pair of parameters and Fij is the marginalized 2× 2 Fisher ma-
trix of the corresponding parameters, that is the inverse of the reduced covariance
matrix, where only the entries of the two parameters have been picked out. The fig-
ure of merit describes the volume of the Fisher matrix and therefore the constraining
power with respect to the parameters i and j.

In Figure 6.4 we show how the figure of merit varies across parameter space rela-
tive to the reference ΛCDM cosmology. In particular we show its dependence on the
two MG parameters. It is evident that the figure of merit depends on the choice of the
fiducial model since all model parameters are highly non-linear. If the fiducial cos-
mology moves further away from ΛCDM, constraints on the MG parameters become
generally much tighter. Changing α̂B and α̂M from (0, 0) to (0.1, 01) amounts to a
change of a factor of two. This effect is very similar to effects in clustering DE mod-
els, where the effects of clustering is larger if w0 6= −1. Another effect is of course
due to the marginalization procedure in the highly non-linear parameter space.

It should be noted that we did not show the kineticity and the tensor speed excess
since they are basically unconstrained by cosmological probes and are recently very
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Figure 6.4: Relative difference of the figure of merit, Eq. (6.46). The reference model, i.e.
where FOM0(i, j) is calculated, is chosen to be the reference model from Table 4. We con-
structed a Lie basis for the Fisher matrix at this point as described in Chapter 4.

tightly constrained by gravitational wave experiments (Abbott et al., 2017; Abbott et
al., 2017), respectively. Both parameters have been set close (for numerical stability)
to ΛCDM reference values. Furthermore, α̂K is not degenerate with the other param-
eters, so it can be marginalized over without much loss of information. Since αT is
constrained so tightly, it effectively amounts to a delta function prior and therefore
a marginalization does not yield any information loss either.

6.6.2 MCMC constraints

For the MCMC we use the sampling technique proposed by Goodman and Weare
(2010). It uses techniques which are unaffected by affine transformations of the pa-
rameter space and turn out to be highly effective for skewed distributions. Further-
more, parallelization is straightforward so that the parameter space can be sampled
efficiently. We choose a different fiducial cosmology than the ΛCDM one, to investi-
gate the structure of the parameter space in all directions. This would not be possi-
ble for the ΛCDM fiducial, since αi < 0 or w < −1 leads to instabilities of the scalar
field. We run a Fisher analysis simultaneously and summarize the results in Table 5.
Clearly the Gaussian approximation yields tighter constraints on all parameters as
expected from the Cramér-Rao bound. For more linear model parameters, such as
σ8, the differences between the Fisher analysis and the MCMC is smaller.

Figure 6.5 shows the results of the MCMC as joint plots for chosen parameters. We
present the two-dimensional marginalized contours with one-dimensional ones. The
degeneracy between α̂B and α̂M is clearly visible. Furthermore, the distribution of
α̂B is very antisymmetric due to the prior, having a long tail to higher values. The
same is true for α̂M but the situation is not as severe. Since α̂B is skewed through
the prior information also α̂M will follow a more skewed distribution because of the
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degeneracy. There is no strong degeneracy between the sum of the neutrino masses,
mν and the modified so far in the MCMC. Furthermore, there is the usual degener-
acy between w0 and wa with both individual distributions being very symmetric.
For Ωm and σ8 the combination of CMB and LSS measurements breaks their degen-
eracy and both parameters can be constrained very well. In Figure 6.6 we show
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Figure 6.5: Joint plots for chosen parameters. We show the results of the MCMC for the two-
dimensional and one-dimensional marginalized posterior for the MG parameters, the DE pa-
rameters, the neutrino masses, the matter density and fluctuation strength.

the the same parameters as in Figure 6.3 and compare the MCMC results with the
Fisher forecast. The outermost contour depicts the 68% confidence interval with the
corresponding Fisher ellipse in red. Clearly the 1σ contour for the Gaussian approx-
imation is lies within the 68% contour of the MCMC. Furthermore, the degeneracy
directions of both methods are the same for most parameters. It should, however, be
noted that the MCMC have not completely converged yet in the sense that the tails
of the distribution in the high dimensional parameter space have not been sampled
sufficiently yet. The results presented here show that weakly constrained and degen-
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Figure 6.6: MCMC forecast for a survey with the settings given in Table 3. The outermost con-
tour shows the 68% interval. Red ellipses show the corresponding interval for the Gaussian
approximation of the posterior.

erate parameters show a substantial amount of non-Gaussianity. In contrast, for well
constrained parameters the Gaussian approximation is sufficient since the deviation
from the fiducial, thus allowing to cancel the Taylor expansion of the posterior after
the second order.

6.7 general notes on parameter spaces

In this section we will discuss some general properties of parameter spaces. We start
with a Fisher matrix as the Gaussian approximation for the posterior. Since only
probability differences between two models, i.e. points in the parameter space, are
important, the absolute value of the posterior has now meaning as long as one is
only comparing models within the same class. In other words models which live in
the same parameter space. This arbitrary additive constant to the χ2 corresponds to
the evidence in Bayes’ theorem and is just the normalization of the posterior. Thus
the object of interest is a difference in χ2:

∆χ2 = Fij∆θ
i∆θj , (6.47)

where θi is the i-th parameter of the set T := {θ1, ..., θn} which we collect in a vector
θ. Eq. (6.47) can as well be expressed differentially:

dχ2 = Fijdθidθj , (6.48)
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such that Fij = Fij(θ). The set of points T can be interpreted as a topological man-
ifold, where topological refers to the topology with which the set T is equipped,
which is needed to define continuous and differentiable function on the set. Addi-
tional structure can be introduced on the manifold. Let us interpret T as a manifold
of probability distributions:

∀t ∈ T ∃ p(t) : p(x, t) is a probability density in x . (6.49)

Then this manifold can be equipped with a metric, which is uniquely, up to a mul-
tiplicative constant, given by the Fisher matrix. Furthermore, we can introduce a
connection ∇ on T which then allows for the identification of geodesics: Those are
curves γ(λ), where λ is some affine parameter, satisfying

∇γ̇γ̇ = 0 . (6.50)

The geodesic length of a curve can now be related to the geodesic

L =

∫
dλ
√
F(γ̇, γ̇) , (6.51)

with γ̇ subject to (6.50). Given a connection curvature can be defined in the following
way

R(u, v)w =
[
[∇u∇v −∇v∇u −∇[u,v]

]
w , (6.52)

where [., .] is the commutator. R is a vector and can be turned into a tensor by apply-
ing a dual vector. The Riemann tensor describes the curvature of T, in n dimensions
it has

Cn ≡
n2(n2 − 1)

12
, (6.53)

independent components, which connects Gaussianization of a probability distribu-
tion with the curvature. This can be understood as follows: Given a set of parameters
{pi} which act as coordinates of the manifold, the Riemann curvature tensor can be
calculated from the metric and the connection. If one assumes a metric connection
∇vg = 0 the connection coefficients Γ ijk are given by derivatives of the metric. The
Riemann tensor thus depends on first and second derivatives of the metric.

Let us, for illustrative purposes, consider the case where the Fisher matrix is given
by Eq. (6.39). If the model is linear in all parameters pi the metric of the corre-
sponding manifold will be constant, thus having a flat structure with the curvature
vanishing identically. At the same time, the Fisher approximation is exact if the pa-
rameters are all linear, since all higher order terms of the expansion vanish. In this
sense a flat parameter manifold corresponds to a posterior which is Gaussian. By a
suitable rescaling of the parameters pi the metric of this manifold can be brought
into a Euclidean form.

In general the model is a non-linear function of the parameters pi and there-
fore the connection coefficients as well as the curvature does not vanish. If one
considers, however, a model with only one parameter, one finds Cn = 0 from Eq.
(6.53), thus there is no independent component in the curvature. Clearly for any one-
dimensional probability density, p(x), where x is the model parameter, one can find
another parameter y = y(x) subject to

p(x)dx = p(y)dy . (6.54)
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The Jacobian can now be chosen such that p(y) becomes a Gaussian distribution.
Obviously the transformation has to be non-linear. If the parameter space has more
than one dimension, it is not possible to find a general coordinate transformation
which would lead to a Gaussian distribution. However, one can always find a lo-
cal coordinate system such that the connection coefficients vanish by means of the
exponential map.

As the components of the curvature tensor, Rijkl, are of course coordinate de-
pendent, one has to build invariant quantities from it. The lowest order invariant
is the Ricci scalar, R, which is the trace of the Ricci tensor, Rij = Rkikj, which it-
self is the only non-vanishing trace of the Riemann tensor. Another invariant is the
Kretschmann scalar, K, which includes the trace-full (Ricci) and the trace-less (Weyl)
part of the curvature tensor:

K = RijklR
jkl
i . (6.55)

Evaluating K gives an coordinate independent expression for the non-linearity or
equivalently non-Gaussianity of a model from which the posterior is calculated.

6.8 conclusion

In this chapter we investigated the possibility to constrain a certain class of MG mod-
els with future cosmological surveys. Particularly, we used CMB temperature and po-
larization anistropies together with CMB lensing, galaxy clustering and cosmic shear
measurements. We constructed a Gaussian likelihood of spherical harmonic modes,
a`m, with a model dependent covariance. The likelihood was then analysed with
Bayesian methods to forecast the expected statistical errors on the MG parameters
as well as on cosmological and nuisance parameters and the sum off the neutrino
masses. To explore the full shape of the likelihood we also used MCMC to fit mock
data and compared it to a Fisher analysis. Finally, the geometrical structure of pa-
rameter spaces was discussed briefly. We summarize our main results as follows:

1. Theories of the Horndeski class can be constrained to the 10% level if exter-
nal constraints from gravitational wave experiments are included. Otherwise
the degeneracy with the tensor speed excess will increase the statistical errors
significantly.

2. The inclusion of the cross-correlation between the different probes yields ad-
ditional sensitivity to the experiment. They must, however, be included in the
first place to build a consistent model and to not run into trouble with wrongly
estimated errors.

3. The MCMC shows nearly no non-Gaussianities in well constrained parameters
such as Ωm0 or σ8, since the data only allows for a very narrows region in
parameter space in which the posterior is well described by a Gaussian. In
contrast, poorly constrained parameters show a significant amount of non-
Gaussianity.

4. Parameter spaces in cosmology can be described as a manifold equipped with
a metric given by the Fisher matrix. Curvature invariants can be constructed
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on the manifold assuming a Levi-Civita connection which describe the non-
linearity of a model in a coordinate, or parameter, independent way.

Future work will deal with additional systematic effects in the inference process such
as intrinsic alignments. Furthermore, the geometrical structure of parameter spaces
in cosmology requires more investigation.





7
S U M M A RY A N D O U T L O O K

In this work we covered different aspects of the non-linear growth of the LSS as well
as the interaction of clusters and galaxies with it and how it can be used to study MG

theories with future surveys and the problems one has to deal with. The first part
discussed the problem of covariance matrices in high dimensional parameter spaces
which are only accessible through numericalN-body simulations. This poses a tough
computational problem for future surveys where the covariance matrix needs to be
known very accurately across parameter space.

The main result of this first part was to provide a formalism to extrapolate a matrix-
valued function, F, with the parameter space being the set,M, on which the function
is acting. More precisely, M is a vector space or, depending on the interpretation, a
manifold, yielding the necessary structure for the construction of the generators gen-
erators which capture the transformation behaviour of F across M. These generators
then amount to an infinitesimal transformation between neighbouring points M. By
taking the limit of successive infinitesimal transformation, we arrived at the usual
exponential expression. The commutation relations between the generators provide
the necessary structure to carry out finite transformations by virtue of the Baker-
Campbell-Hausdorff formula, where the structure of the transformation is given by
F′ = UFUT , where U is the usual matrix exponential of the generator acting on
a shift vector in M. By again Taylor-expanding U, we calculated the variation of
covariance matrices, C, of the matter density and cosmic shear power spectrum es-
timator. The generators and thus U where computed using SPT at tree-level. U was
then approximated by the first two terms of its Taylor series, that is the identity and
a term linear in the generators and the applied shift on M. We found that this ap-
proximation is sufficient to capture the basic behaviour of C across parameter space
in comparison to numerical N-body simulations for the two dominant parameters
Ωm0 and σ8. Furthermore, the expected behaviour of the covariance as a function
of other cosmological parameters like w0 or ns is captured as well. The linear ap-
proximation of U suffices to capture the behaviour over a wide range of parameters.
Furthermore, a spectral analysis of U allows for an efficient sampling of parameter
space, since the directions of largest change inC can be identified. In these directions,
numerical simulations have to be placed more densely, while only a coarse spacing
in other directions is needed. This is especially true for the degeneracy directions of
the parameters with respect to the covariance. As an illustrative example we used
a Euclid-like experiment with a CMB prior and found that the necessary amount of
simulations can be reduced dramatically by rotating the coordinate system of the
Ωm0 − σ8 plane. Also the directions of largest change of the covariance can be used
to check by how much the covariance changes depending on the step size in pa-
rameter space. Furthermore, the formalism can be applied to every matrix-valued
function provided it is positive-definite. This condition is necessary since the inverse
of F needs to be calculated in the process of constructing the generators. Addition-
ally, it is not restricted to applications in cosmology and can be easily used for other
situations where the covariance matrix needs to be known at a many different points
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in parameter space, but is only accessible by expensive numerical calculations. An-
other object which is positive-definite is the Fisher matrix. In a companion paper we
investigated its behaviour across parameter space and how constraints in cosmology
change depending on the best fit value of the parameters.

In the second part we discussed the influence of tidal interactions on the gravita-
tional collapse of dark matter halos in the SPC model. The latter is a primal ingredient
to cluster counts and is usually treated as an isolated collapse, i.e. the evolution of a
spherical over-density in a homogeneous expanding background. We investigate the
effect of tidal forces exerted by the ambient LSS on test particles. Tidal fields are gen-
erated by large-scale inhomogeneities whose statistics have been described by first
order LPT. Due to this first order approximation, the Gaussianity of the density field
is conserved and the statistics are still fully described by its power spectra. Further-
more, our approximation did not allow to include vorticity generation in the density
field directly, since it decays at first order due to the expansion. Using the symmetry
of the problem, we constructed a basis in Fourier space to sample the values of the
tidal field tensor, Ψ, which in turn can be related to the shear tensor, σ. In particular
it is described by the traceless symmetric part of Ψ. Since the components of σ are
coordinate dependent, the lowest order non-vanishing invariant is the trace of its
square, σ2. The scalar shear, σ2, is proportional to square in the velocity and is thus
a second order effect entering in the evolution equation of the SPC. Consequently, we
consistently found that the effect of shear is only of the order of a percent when cal-
culating the critical over-density δc as it is derived from the linear evolution equation
for which only the initial conditions are derived from the fully non-linear equation.
Since Ψ is a random variable, its statistic is inherited by δc turning it into a random
variable as well. This will introduce an additional scatter of the mass function and
cluster counts, although the main uncertainty will still be the large errors on mass
estimates of galaxy clusters and groups. We also established a mass dependence of
δc by applying a low-pass filter to the density field filtering out all modes with a
smaller wavelength than the scale of the considered object. These modes will thus
have negligible contribution to Ψ. For this reason high mass objects will be less af-
fected by tidal forces than low mass objects. We investigated the scaling of 〈σ2〉 and
〈δc〉with the halo mass and used them to study an average mass function and cluster
counts including tidal shear. By carrying out a forecast, we found that the additional
tidal interaction will induce a 1σ bias on Ωm0 and σ8 if not accounted for. We then
also investigated the influence of rotation on the collapse dynamic since the impor-
tant term in the equation is σ2 −ω2. Complementary to σ, ω is the anti-symmetric
part of Ψ. The generation of rotation was described by tidal torquing and calculated
by splitting the product of Ψ and the inertial tensor I into a symmetric and anti-
symmetric part and identifying terms. I is related to the curvature of the density
field at a position of a peak allowing a description in the same framework as before,
but now with a larger set of correlated random variables. When considering peaks
of the density field, we found that σ2−ω2 > 0, implying that the collapse of a spher-
ical object in a tidal field proceeds always faster than the collapse in a homogeneous
background. We again calculated the resulting distribution of δc and found it to be
very similar to the one with shear only. The term σ2 −ω2 was already discussed in
previous works using phenomenological methods who found an opposite behaviour.
The model presented here instead is fully consistent across the scales we considered,
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i.e. as long as first order LPT is valid, and if angular momentum and shearing ef-
fects are only exerted by the ambient LSS. In reality, other effects can also play an
important role for the angular momentum of a galaxy such as baryonic physics or
mergers of different object which both are not incorporated in the model outlined in
this thesis.

The last part of this work studied the opportunities to test the cosmological model
and the underlying theory of gravity with future surveys of the LSS and the CMB. In
particular, we took cosmic shear, galaxy clustering, CMB primaries and CMB lensing
into account with all cross-correlations between the different probes. An advantage
of this combination is that complement mechanisms are tested, while cosmic shear
tests the sum of the two Bardeen potentials, galaxy clustering only probes the one
entering in the time-time component of the perturbed metric. Even more so the CMB

itself serves as a cosmological probe with very high sensitivity on the cosmological
parameters at a very different epoch as the LSS measurements. In particular, we in-
vestigated a very general class of MG theories with one additional degree of freedom,
the Horndeski class. At linear order in perturbation theory, this class is described by
four free functions of time. By assuming a simple form for those functions we fitted
the remaining free parameters to mock data. We did this with a Fisher analysis as
well as with a MCMC to fully investigate the non-linear degeneracies of the parameter
space and giving conservative forecasting error estimates. We assumed that the data
follows a Gaussian distribution, which is an assumption and needs to be revised
when facing real data. By interfacing the Boltzmann code HiCLASS with our code, we
calculated all the spectra not produced by the HiCLASS. We then carried out a max-
imum likelihood analysis to forecast constraints on a high dimensional parameter
space including cosmological, gravitational and nuisance parameters describing for
example baryonic effects to the power spectrum. If including other constraints from
gravitational wave experiments which set the propagation speed of the waves to c,
one is able to constrain the remaining parameters of the Horndeski class to the 10

percent level. It should be noted that there is still one free parameter in these type
of models which is the kineticity, describing the kinetic term of the additional scalar
degree of freedom. This parameter has basically no observational signature if it is
not changed by many orders of magnitude. Since it is not degenerate with the other
parameters it can be safely ignored in the analysis. We furthermore found that the
distribution of well constrained parameters, such as Ωm0 is very well described by a
Gaussian, while for example the MG parameters show a substantial amount of non-
Gaussianity. This is of course expected since the vast amount of data present due to
future surveys shrinks the confidence intervals such that the Gaussian approxima-
tion done in the Fisher matrix forecast is valid for those parameters and the marginal-
ization procedure over non-Gaussian parameters does not significantly influence the
distribution as it is very narrow in one direction. We also investigated how the figure
of merit of the MG parameters change across parameter space and found that mod-
els further away from ΛCDM are generally constrained more tightly. We closed this
last part with a general discussion of the geometric structure of parameter spaces,
which relates to the Lie basis presented in Chapter 4. Here we interpreted the pa-
rameter space as a manifold equipped with a metric which is given by the Fisher
information matrix. The manifold of a Gaussian distribution where the model has
only linear parameters is then described by a flat manifold since its Fisher matrix
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is constant. However, more complicated models have non-linear parameters which
in turn yield a parameter dependent Fisher matrix and can thus be interpreted as a
curved manifold.

In the future we plan to further investigate the geometrical structure of parame-
ter spaces to identify and interpret invariant quantities of the parameter space and
to study the inference process and MCMC in cosmology in this framework. Further-
more, another important topic in this context is the flow of information between the
different probes considered. Additional goals are a further exploration of the tidal
interaction of objects in the LSS with the LSS itself, especially in terms of intrinsic
alignment and providing a fast and accurate framework. Especially for the discus-
sion in Chapter 6 we ignored intrinsic alignments altogether. However, they are one
of the main uncertainties in weak gravitational lensing measurements and even more
importantly carry complementary information compared to the cosmic shear signal.
Finally, the inclusion of non-linear scales in the MG sector has to be investigated more
since they make up a lot of the signal for future surveys, but cannot be used in a
reliable way even in a ΛCDM model.
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