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For those who stayed with me
when everything turned dark.

And for those who have experienced the same.

Amicus certus in re incerta cernitur.
- Cicero





Man muss noch Chaos in sich haben,
um einen tanzenden Stern gebären zu können.

- Friedrich Nietzsche, Also sprach Zarathustra





Abstract
The aim of this thesis is to improve our understanding of the fragmentation behav-
ior of Population III protostellar disks under the influence of rotation, turbulence, and
magnetic fields. We further evaluate consequences that may be inferred for the later
evolution of the star-forming halo and its surroundings with respect to protostellar ejec-
tions and in terms of the impact of radiative feedback on later chemical enrichment of
neighboring halos.

In the main part of this thesis, we follow the collapse of a primordial gas cloud until
the formation of the first protostar and the creation of a highly gravitationally unstable
protostellar disk system. We find that turbulence promotes the fragmentation of the
protostellar disk and both rotation and magnetic fields can provide some stabilization
against it. While the total mass growth of the collection of protostars is only mildly
affected by rotation and turbulence, magnetic fields can have such a strong impact on
the dynamical evolution of the disk system that accretion onto the protostars is highly
disturbed and their mass growth is significantly reduced. In spite of all the differences,
the disk generally breaks up into a protostellar cluster that develops a top-heavy mass
function. Interactions between protostars in the cluster are highly dynamical and lead
to a considerable number of protostellar ejections. We demonstrate that some of these
ejected Population III protostars, even if they continue to accrete for some longer period
after they have left the disk environment, continue to have masses of M . 0.8M�.
Hence, they have lifetimes longer than the current age of the Universe and thus describe
Population III candidates that could still be observable today.

In another project, we assess the role of photoevaporation of a pristine halo by a
near-by Population III star prior to the supernova explosion of that star. We demon-
strate that it is crucial for realistic simulations of metal enrichment to account for the
photoevaporation as the radiation ablates and thins out the outer halo layers and thus
makes the halo more susceptible to mixing with the metals from the supernova ejecta.

In this thesis, we use both analytical estimations and numerical simulations. Fur-
ther tests are conducted to investigate the performance of our numerical methods and
the sensitivity of our results to the numerical resolution. We demonstrate that general
trends, in particular when effects of turbulence are examined, cannot be reliably de-
duced from only a single numerical run. Instead a statistical analysis of an ensemble
of realizations based on the same initial conditions needs to be considered.



Zusammenfassung
Das Ziel dieser Dissertation ist es, unser Verständnis von Fragmentationsverhalten Pop-
ulation III protostellarer Scheiben unter dem Einfluss von Rotation, Turbulenz und
Magnetfeldern zu verbessern. Weiterhin untersuchen wir dieses Thema auf mögliche
Konsequenzen für die spätere Entwicklung des Halos, in dem sich das Scheibensys-
tem befindet, und seine Umgebung im Hinblick auf Protosterne, die aus ihrem Entste-
hungssystem hinausgeschleudert wurden, oder bezüglich des Einflusses von Strahlungs-
feedback auf die chemische Anreicherung benachbarter Halos.

Im Hauptteil dieser Arbeit folgen wir dem Kollaps einer primordialen Gaswolke
bis zur Entstehung des ersten Protosterns und der Bildung einer protostellaren Scheibe.
Diese ist hochinstabil aufgrund starker Eigengravitation. Wir finden, dass Turbulenz
die Fragmentation der Scheibe begünstigt und sowohl Rotation als auch Magnetfelder
stabilisierend auf die Scheibe wirken. Während der Gesamtmassenzuwachs der Proto-
sterne innerhalb der Scheibe nur gering von Turbulenz oder Rotation beeinflusst wird,
können Magnetfelder die dynamische Entwicklung der Scheibe so beeinträchtigen,
dass die Akkretion der Protosterne extrem gestört und damit ihr weiteres Massenwach-
stum signifikant eingeschränkt wird. Trotz all dieser Unterschiede bildet sich durch
Fragmentation der Scheibe ein Cluster von Population III Protosternen heraus, dessen
Massenfunktion durch schwere Sterne mehrerer Sonnenmassen dominiert ist (top-heavy
mass function). Interaktionen zwischen den Protosternen im Cluster sind hochdy-
namisch und führen dazu, dass eine beträchtliche Anzahl der Protosterne aus dem
Scheibensystem, in dem sie entstanden sind, hinausgeschleudert wird. Wir verfolgen
deren weitere Entwicklung auf ihrem Weg an den Rand des Halos und zeigen, dass der
Großteil von ihnen trotz fortgeführter Akkretion eine Masse kleiner als M . 0.8M�
beibehält. Population III Sterne dieser Masse haben eine Lebenszeit, die das gegen-
wärtige Alter des Universums übersteigt, und könnten daher bis heute überlebt haben
und damit noch beobachtbar sein.

In einem weiteren Projekt betrachten wir die Photoevaporation eines Halos durch
einen externen Population III Stern in seiner Nachbarschaft. Wir analysieren, welche
Bedeutung dieser Prozess für die weitere Entwicklung des Halos hat, wenn dieser durch
die anschließende Supernova des Population III Sterns mit Metallen angereichert wird.
Wir zeigen, dass die Modellierung der Photoevaporation von Wichtigkeit ist, da durch
diesen Prozess die Gasschichten innerhalb des Halos von außen nach innen ausgedünnt
werden und dadurch Metalle der Supernova tiefer in den Halo eindringen und sich
besser mit dem Gas im Halo vermischen können.

In dieser Doktorarbeit werden sowohl analytische Abschätzungen als auch nu-
merische Simulationen verwendet. Weiterhin überprüfen wir die Qualität unserer nu-
merischen Methoden und wir testen die Empfindlichkeit unserer physikalischen Ergeb-
nisse auf Änderungen der numerischen Auflösung. Wir zeigen, dass keine verlässlichen
allgemeinen Trends aus einer einzigen Simulation gefolgert werden können, beson-
ders wenn Effekte von Turbulenz in die Simulation einfließen. Stattdessen sollte eine
statistische Analyse eines Ensembles aus Simulationen gleicher Anfangsbedingung
herangezogen werden.
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CHAPTER1 Introduction

1.1 Motivation
The appearance of the first luminous objects, the so-called Population III (Pop III) stars
ended the dark ages of the Universe and heralded a new era of structure formation lead-
ing to the formation of further generations of metal-enriched stars and the first galaxies.
Population III stars are assumed to have formed from primordial gas, consisting mainly
of hydrogen and helium, in so-called minihalos of mass M ⇠ 105 �106M� at redshift
z ⇠ 20 � 50 (e.g. Tegmark et al., 1997; Abel et al., 2002; Bromm & Larson, 2004;
Yoshida et al., 2003, 2006). Minihalos were the first dark matter halos to have reached
masses that allowed sufficient baryonic matter to fall into their potential wells, viri-
alize, and produce large enough amounts of molecular hydrogen, the main coolant at
that time (Saslaw & Zipoy, 1967; Palla et al., 1983; Galli & Palla, 1998), to efficiently
cool to a minimum temperature of T ⇠ 200K, where first star formation was triggered
(Tegmark et al., 1997; Barkana & Loeb, 2001; Yoshida et al., 2003; Glover, 2013).

Compared to present-day star formation, temperatures in primordial gas were con-
siderably higher implying that both the Jeans mass (MJ / T 3/2⇢�1/2) and accretion
rates (Ṁ / T 3/2) were large in Population III star formation (Omukai & Nishi, 1998;
Omukai & Palla, 2001, 2003). While the first numerical studies yielded single, very
massive stars with M & 100M� (see e.g. Abel et al., 2002; Bromm et al., 2002; Bromm
& Larson, 2004), this picture has changed over the last decade. Simulations have found
that in more realistic environments the star-forming cloud contains some non-zero an-
gular momentum which leads to the formation of a protostellar disk. As the mass flow
onto the disk is generally higher than the accretion onto the protostar, the disk becomes
highly self-gravitating and breaks up into a cluster of several protostellar fragments
(e.g. Clark et al., 2008; Turk et al., 2009; Greif et al., 2011; Clark et al., 2011b,a; Smith
et al., 2011; Stacy & Bromm, 2013). The further evolution of the Population III proto-
stars within the protostellar disk system is considerable influenced by their dynamical
interactions. Accretion onto individual protostars is highly variable and may even be
terminated, in a process called fragmentation-induced starvation (from present-day star
formation Peters et al., 2010), as the protostars compete for their common mass reser-
voir (Greif et al., 2011; Greif et al., 2012; Girichidis et al., 2012; Smith et al., 2012;
Hosokawa et al., 2016). Close encounters between protostars may lead to mergers
(Greif et al., 2011; Greif et al., 2012; Stacy et al., 2016) or ejections (Greif et al., 2011;
Stacy & Bromm, 2013; Stacy et al., 2016). The inferred initial mass function (IMF) of
Pop III protostellar clusters is a top-heavy distribution ranging from subsolar values to
over a hundred solar masses (Greif et al., 2011; Clark et al., 2011a; Stacy & Bromm,
2013; Susa, 2013; Hirano et al., 2014; Stacy et al., 2016) and has a large deficit of low
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mass stars compared to mass functions by Salpeter (1955) or Kroupa (2001). Deter-
mining the shape of the Pop III IMF has become an important aspect as it is essential
for estimating the impact of these stars on their environment.

At about the time when the formation of Population III protostellar clusters were
first studied in numerical simulations, research also began with exploring the role
of primordial magnetic fields in the Pop III star-forming process in more detail (e.g.
Machida et al., 2008a; Schleicher et al., 2010; Sur et al., 2010, 2012; Schober et al.,
2012; Machida & Doi, 2013; Peters et al., 2014). The first magnetic fields were possi-
bly created during inflation (Turner & Widrow, 1988), early Universe phase transitions
(Sigl et al., 1997) or the Biermann battery mechanism (Biermann, 1950; Xu et al.,
2008). Initially, they had field strengths of only B = 10�30 � 10�18G and for a long
time it was not sure whether such weak seed would be dynamically important during
first star formation at all. By investigating the amplification mechanism of the turbu-
lent small-scale dynamo (SSD) (Kazantsev, 1968; Kulsrud et al., 1997), it was shown
that the weak seed fields can be amplified to small-scale, tangled field configurations of
about ⇠ 10�5G (Schleicher et al., 2010; Sur et al., 2012; Peters et al., 2012; Turk et al.,
2012; Schober et al., 2012; Schleicher et al., 2013). Turbulence that occurs during viri-
alization (Wise & Abel, 2007; Greif et al., 2008) or during prestellar gas collapse (e.g.
Sur et al., 2010; Clark et al., 2011b; Turk et al., 2012) can drive the SSD procedure of
random stretching, twisting and folding of magnetic field lines which converts kinetic
into magnetic energy. How these magnetic fields further evolve, for example when and
how they transition into a coherent, large-scale structure is not yet fully understood,
although mechanisms such as an ↵-⌦ dynamo acting in differentially rotating disk
might present a possible pathway (e.g. Steenbeck & Krause, 1966; Vainshtein & Ruz-
maikin, 1971; Arshakian et al., 2009). It is expected and has been demonstrated in a
few studies that magnetic fields may affect the Population III star formation in similar
ways to present-day star formation. They can drive jets and outflows (Machida et al.,
2006, 2008a; Machida & Doi, 2013; Latif & Schleicher, 2016) and stabilize protostellar
disks against fragmentation by magnetic pressure (Peters et al., 2014) or through effi-
cient magnetic braking (Machida & Doi, 2013). Overall, however, this field of research
is still in its infancy.

Having high surface temperatures of the order of & 105K, Population III stars are
expected to have affected their near and far environment significantly through radiative
feedback in the ultraviolet (UV) spectrum (Bromm et al., 2001b; Omukai & Palla,
2001; Schaerer, 2002; Hosokawa et al., 2011; Stacy et al., 2012). They likely have also
contributed to the reionization of Universe (e.g. Shapiro et al., 1994; Haiman et al.,
1997; Barkana & Loeb, 2001; Kitayama et al., 2004; Alvarez et al., 2006). Of particular
importance are Lyman-Werner photons with energies of 11.2 � 13.6eV because they
can destroy molecular hydrogen (Field et al., 1966; Stecher & Williams, 1967) and
can travel freely over large distances as hydrogen and helium is optically thin to this
kind of radiation. Mass growth may eventually be stopped as the accretion reservoir
is photoevaporated (Hosokawa et al., 2011; Stacy et al., 2012; Susa, 2013; Susa et al.,
2014; Stacy et al., 2016). Neighboring halos may be ionized (Whalen et al., 2004;
Kitayama et al., 2004; Alvarez et al., 2006; Abel et al., 2007; Johnson et al., 2007)
and become promising sites either for zero-metallicity star formation in pre-ionized
gas, termed Population III.2 star formation (McKee & Tan, 2008; Clark et al., 2011a;
Greif et al., 2011; Hosokawa et al., 2012; Hirano et al., 2014), or for the formation
of supermassive black holes (see e.g. Oh & Haiman, 2002; Volonteri & Rees, 2005;
Volonteri, 2012) when pre-existing molecular hydrogen is largely destroyed and only
atomic hydrogen cooling is possible.
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At the end of their lives, it is assumed that Pop III stars with masses M . 40M�
explode in a core-collapse supernova (CCSN), those with 140 . M . 260M� in a
pair-instability supernova (PISN), and those with masses 40 .M . 140M� and M &
260M� collapse directly into a black hole (e.g. Heger & Woosley, 2002). Metals,
which are ejected into the interstellar and intergalactic medium by CCSN and PISN
explosions, are taken up into the first generation of metal-enriched stars, the so-called
Population II stars. Stellar archaeology, in which these metal-enriched but still metal-
poor stars, for example extremely metal-poor stars (EMP) (Beers & Christlieb, 2005;
Frebel & Norris, 2015) or ultra metal-poor stars (UMP) (Karlsson et al., 2013), are
observed and their metal constituents are analyzed, can therefore provide constraints
on the mass range of Population III stars. Direct observation of Pop III stars so far
may only be possible for those with masses below 0.8M� that could have survived
until today (Yoshida et al., 2006; Greif et al., 2011; Kippenhahn et al., 2012), because
otherwise Population III stars are too distant in space and time to be observable with
current and near-future telescopes (Zackrisson et al., 2011; Rydberg et al., 2013).

Population III stars shaped their environment and influenced the subsequent evo-
lution of the Universe until today. It is therefore an important and exciting task to
examine them. The main questions that arise are

• How do Population III stars form?

• What is the shape of their initial mass function?

• How do they influence their environment?

In this thesis we are going to address aspects of all three questions. We will mainly
focus on parts of the star-forming process and will investigate how differing initial
conditions affect the general outcome and what they imply for the answers to the other
two questions. Here in the beginning, we note that we investigate the very first stars,
Population III.1., that form in minihalos in which molecular hydrogen is the dominant
coolant in contrast to Population III.2 stars for which hydrogen deuteride (HD) is an-
other major contributor to the cooling efficiency of the primordial gas. In following,
we will therefore write Population III for simplicity but actually mean Population III.1.
Population III.2 will be mentioned specifically when needed.

1.2 Outline of this thesis
The goal of this thesis is to improve our understanding of the fragmentation behavior of
Population III protostellar disks under the influence of rotation, turbulence, and mag-
netic fields. We are interested in effects with respect to the resulting number of proto-
stars and their mass evolution and which consequences may be inferred for later times
in the evolution of the star-forming halo and its surrounding in terms of protostellar
ejections and in terms of the impact of radiative feedback on later chemical enrichment
of a neighboring halo. Both analytical and numerical methods will be applied in order
to examine these topics. The structure of this thesis and the main questions addressed
in it are as follows:

Chapter 2: In this chapter, important stages in the physical and chemical history
of our Universe until the onset of first star formation are reviewed. Then, the cur-
rent understanding of different stages of Population III star formation and evolution is
presented.
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Chapter 3: The two numerical codes used for this thesis, AREPO and ZEUS-MP,
are described. Regarding AREPO, updates in the primordial chemistry network and two
new implementations, the variable adiabatic index and the sink accretion luminosity,
are introduced. Finally, the generation of the initial conditions used in the studies with
AREPO are explained.

Chapter 4: How does photoevaporation of a pristine halo by a near-by Popula-
tion III star prior to the star’s supernova explosion affect the outcome of chemical
enrichment of this halo? A set of 2D ZEUS-MP simulations is performed. It is studied
how the shape of the halo is affected by the stellar ionizing radiation during the photo-
evaporation until the death of the star as a supernova. It is discussed how this outcome
will influence the efficiency of chemical enrichment through the supernova ejecta wave.

Chapter 5: How do different levels of rotation and subsonic turbulence affect
the fragmentation behavior of a Population III protostellar disk in terms of number
of protostellar fragments and total mass accreted by them? Which mass functions
arise? Are merger events and protostellar ejections observed and how often do they
occur? The collapse of a primordial Bonnor-Ebert sphere with different initial levels
of rotation and subsonic turbulence is followed beyond the formation of the first proto-
star to investigate the fragmentation behavior of the protostellar disk and the evolution
of the protostellar cluster. Nine different combinations of rotation and turbulence are
considered. For each combination five realizations are run that differ either in terms of
the random seed chosen to initialize the turbulent velocity field or, for the runs without
turbulence, in terms of the random mesh cell positions used to setup the Bonnor-Ebert
sphere initial conditions. It is evaluate whether this approach is preferable compared
to a single realization per setup. The studies are performed in 3D with the Voronoi
moving-mesh code AREPO. The sink particle method is used to represent Popula-
tion III protostars. The relevance of sink particle merging is assessed.

Chapter 6: How sensitive are the results of Chapter 5 to the choice of the values
applied for the two resolution constraints: the sink particle accretion radius and the
number of cells per Jeans length? In this chapter, three test series are performed to
investigate the sensitivity of the results presented in Chapter 5 to changes in the size of
the sink accretion radius or in the number of cells per Jeans length. The initial setups
resemble those in Chapter 5. The simulations are conducted again with AREPO.

Chapter 7: Can small-scale, tangled magnetic fields stabilize Population III pro-
tostellar disks? In an analytical approach, an expression of the Toomre criterion which
accounts for effects due to magnetic pressure is re-formulated in terms of the satura-
tion magnetic field strength as gained through small-scale, turbulent dynamo action.
This formula is then applied to exemplary unstable Population III protostellar disks
extracted from previous studies and from our own simulations in Chapter 5.

Chapter 8: How does the outcome from Chapter 5 change in presence of a large-
scale uniform magnetic field? A purely rotational and a purely turbulent realization
from Chapter 5 is re-run with an initial large-scale, coherent magnetic field. The sim-
ulations are carried out with AREPO assuming ideal magnetohydrodynamics. Possible
effects on the number of fragments, their mass growth and the stabilization of the pro-
tostellar disk system are analyzed.
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Chapter 9: In this final chapter, the main results of this thesis are summarized and
prospects of follow-up studies are given.





CHAPTER2 Theory

This chapter summarizes important stages in the physical and chemical history of the
Universe until the appearance of the first stars, the Population III (Pop III) stars. It
focusses then on describing the current understanding of different stages in the forma-
tion and evolution of Pop III stars and provides a thematic background for the studies
presented in Chapter 4 to 8 of this thesis. In Sections 2.1, 2.2, and 2.3, we briefly
recap the cosmological description of the expansion of the Universe, its early thermal
and chemical evolution, and the formation of the first structures. The chemistry of the
primordial gas leading to the formation of the first stars is discussed in Section 2.4.
Section 2.5 then covers several important aspects of Population III star formation from
the birth of the star until its aftermath.

This chapter is written in my own words. It generally follows the structure of the
lecture Dark Ages of the Universe by S. C. O. Glover given at Heidelberg University,
Winter Term 2014/2015. The content, however, was extended, specified, and updated
where needed. This is in particular the case for the Section 2.4 and 2.5 where the origin
of additional material is indicated by the references. Section 2.1, 2.2, and 2.3, contain
typical topics covered in lectures and books about cosmology. Especially the book
"The First Galaxies in the Universe" by A. Loeb and S. R. Furlanetto (Loeb & Furlan-
etto, 2013), the lectures series "Cosmology" and "Early Universe" by Anthony Lewis
at University of Sussex, Winter/Spring Term 2012/2013 and the book "Cosmological
Physics" by J. A. Peacock (Peacock, 1999) were additional general references for me
while writing these three subsections.

2.1 Cosmology
The currently most favored cosmological theory of our Universe is the so-called⇤CDM
model, i.e. a Universe containing cold dark matter (CDM) and a cosmological constant,
⇤, that is usually associated with dark energy. This model is based on the two assump-
tions that

1. the Universe is isotropic on sufficiently large scales, and

2. our location in the Universe is not particularly preferred to any other place in the
Universe (Copernican principle).

Both can be summarized in the cosmological principle saying that the Universe is ho-
mogeneous and isotropic on large-scales. Observations such as the close to isotropic
nature of the cosmic microwave background (CMB), see Fig. 2.1, and the homoge-
neous large-scale distribution of galaxies (e.g. Scrimgeour et al., 2012), support the

7



8 2.1. COSMOLOGY

Figure 2.1: The cosmic microwave background as observed by the Planck satellite. The
structures seen in the map are temperature fluctuations of the order of �T /T ' 10�5K. Ex-
cept for these tiny fluctuations corresponding to density inhomogeneities that are the seeds of
later structures in the Universe, the radiation from the CMB is isotropic. See Section 2.2 and
2.3 for more details. Image credit: ESA/Planck Collaboration, Planck Legacy Release, July
2018; see also (Planck Collaboration et al., 2018a). Image source: http://sci.esa.int/

science-e-media/img/55/ESA_Planck_CMB2018.jpg .

⇤CDM cosmology. Furthermore, the accelerated expansion of the Universe can be
explained by means of dark energy.

The ⇤CDM model uses Albert Einstein’s General Relativity Theory (GRT) to de-
scribe large-scale gravitational interaction between objects within the Universe. A key
result of GRT is that the geometrical structure of Universe is a four-dimensional space-
time. Under the assumption of the cosmological principle, it can be described by the
Friedmann-Lemaître-Robertson-Walker metric (FLRW) which in spherical coordinates
(r,✓,�) is given by

ds2 = c2 dt2 � a(t)2
⇣
dr2 + f 2

K (r) [d✓
2 + sin2✓d�2]

⌘
. (2.1)

Here, c is the speed of light and fK(r) includes a description of the curvature, denoted
by K , where

fK (r) =

8>>>><>>>>:

p
K sin(

p
K r) K > 0, i.e. closed, spherical curvature,

r K = 0, i.e. flat, no curvature,p
|K | sinh(

p
K r) K < 0, i.e. open, hyperbolic curvature.

(2.2)

The time-dependent scale factor, a(t), describes the relative size of the Universe. Its
present-day value is defined to be atoday = a0 = 1. An expanding Universe is charac-
terized by ȧ > 0. Instead of a(t), we often refer to the redshift, z, which follows

1+ z =
1
a

, (2.3)

http://sci.esa.int/science-e-media/img/55/ESA_Planck_CMB2018.jpg
http://sci.esa.int/science-e-media/img/55/ESA_Planck_CMB2018.jpg
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when we talk about the timeline or the expansion state of the Universe. Present-day is
z = 0. The redshift per se describes the relative difference between the wavelength of
light when it is observed, �obs, and its original wavelength at time of emission, �em:

z =
�obs ��em

�em
. (2.4)

Due to the expansion of the Universe, light of a source that moves relative to the ob-
server is shifted in its wavelength. If it moves away from (toward) the observer it is
shifted to longer (shorter) wavelengths, i.e. into a redder (bluer) spectrum.

The dynamical evolution of the scale factor and with it of our Universe is described
by the Friedmann equations

✓ ȧ
a

◆
=

3
⇢ � K c2

a2
+
⇤
3

, (2.5)

ä
a
= �

6

✓
⇢ +

3P
c2

◆
+
⇤
3

, (2.6)

which combined lead to a third equation

d
dt

⇣
a3⇢c2

⌘
+P

d
dt

⇣
a3

⌘
= 0 . (2.7)

Here, c is again the speed of light,  = 8⇡G with the gravitational constant G, K
denotes the curvature, and⇤ is the dimensionless cosmological constant. Furthermore,
it is assumed that the Universe is filled with a perfect fluid of energy density ⇢(t) and
pressure P(t) that follows the equation of state

P = w⇢c2

8>>>><>>>>:

w = 0 (pressureless matter; non-relativistic particles)
w = 1/3 (radiation; relativistic particles)
w = �1 (dark energy/ cosmological constant) .

(2.8)

By inserting the three cases of Eq. (2.8) individually in Eq. (2.7), we can derive how
the energy densities of different species evolve with the expansion of the Universe. The
energy density of pressureless particles (subscript "m") evolves in a simple fashion due
to the expansion in the volume of the Universe:

⇢m(t) = ⇢m,0 a
�3 . (2.9)

In the expression for the radiation energy density (subscript "r")

⇢r(t) = ⇢r,0 a
�4 (2.10)

in addition to the effect of the spatial expansion, there is an additional effect due to
the fact that the energy per photon declines as a�1. Subscript "0" denotes present-day
values corresponding to a0 = atoday = 1. The history of the expansion of the Universe
is also a history of its thermal evolution. According to the Stefan-Boltzmann law the
radiation density scales with the temperature as ⇢r / T 4 and combined with how the
radiation temperature evolves with the scale factor ⇢r / a�4, we see that

Tr / a�1 (2.11)

Therefore, the Universe was hotter in the past.
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The Hubble parameter is defined as H = ȧ/a. Its present-day value H0 = 100hkms�1Mpc�1,
where h ' 0.674 (Planck Collaboration et al., 2018b) is known as the Hubble constant.
For each component of the Universe a density parameter ⌦ ⌘ ⇢/⇢crit with the critical
energy density

⇢crit ⌘
3H2


(2.12)

can be defined so that for radiation and matter it is ⌦r ⌘ ⇢r/⇢crit and ⌦m ⌘ ⇢m/⇢crit
respectively, ⌦⇤ ⌘ ⇤/(3H2

0 ) for the cosmological constant ⇤, and ⌦K ⌘ �Kc2/H2
0

for the curvature. They obey

1 =⌦r +⌦m +⌦⇤ +⌦K . (2.13)

The first Friedmann equation, Eq. (2.6), can then be rewritten as

H2 =H2
0

"
⌦r

a4
+
⌦m

a3
+
⌦K

a2
+⌦⇤

#
. (2.14)

Due to the dependence on the scale parameter, one can see from Eq. (2.14) that the
expansion of the Universe was dominated by different energy parameters, i.e. en-
ergy densities, at different times. More detailed calculations find that the early Uni-
verse was dominated by the radiation energy density until the time of matter-radiation
equality (z ⇠ 3300). During this era the scale factor scaled as a(t) / t1/2. Between
3300 & z & 0.4, the Universe was matter-dominated and the scale factor followed
a(t) / t2/3. Since z ⇠ 0.4 until today, the Universe is dominated by a cosmological
constant which we associate with dark energy. It is now in a state of accelerated expan-
sion a(t) / exp(t). The Planck satellite and its predecessors have performed detailed
measurements of the cosmic microwave background and derived the values of several
cosmological parameters. The current results suggest that the Universe is flat (⌦K ⇠ 0,
i.e. K ⇠ 0) with ⌦⇤ = 0.689, ⌦m = 0.311 (both baryonic and dark matter), and
⌦b = 0.049 for baryonic matter (Planck Collaboration et al., 2018b). Until today it
is not clear what dark energy and dark matter really consist of. We experience their
influence only indirectly via the expansion of the Universe (dark energy) and on the
formation and evolution of large-scale structure (dark matter). We will discuss the role
of dark matter a bit more in Section 2.3 but because both components are of lesser
immediate relevance for the physics studied in this thesis, we refrain from going into
more details here.

2.2 Early thermal and chemical evolution
The Cosmic Microwave Background (CMB) is the farthest we can look into the history
of our Universe. It emerges at around z ⇠ 1100 when the early Universe transitions
from being fully ionized into transparency. Photons which initially were tightly bound
to matter through Compton scattering from free electrons, were then able to pass freely
as the free electron density declined when the ionized primordial species recombined.
Before we give some more details on the time of recombination, we briefly recap the
current understanding of the thermal and chemical evolution of the Universe before the
emergence of the CMB. For a general overview of different stages in the history of the
Universe, see Fig. 2.2.

Within the first seconds after the Big Bang, the fundamental forces (gravity, and
the strong, weak and electromagnetic force) emerged from the extremely hot (kBT &
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Figure 2.2: Graphical illustration of the expansion history of the Universe. Image credit: ESA -
Christophe Carreau. Image source: http://www.esa.int/spaceinimages/Images/2013/
03/Planck_history_of_Universe_zoom .

1015GeV) and dense initial state of the Universe. After a short period of inflationary
expansion of the Universe, the first elementary particles (quarks, leptons, gauge bosons
and the Higgs boson) started to form. In the beginning, they were still unconfined in
the so-called quark-gluon plasma. The first elementary particles and their composites
formed as particle/anti-particle pair due to the high temperatures in the plasma. How-
ever, most of these pairs annihilated each other while Universe continues to cool. Neu-
trinos ⌫ (and ⌫̄ is an antineutrino) were the first elementary particles to decouple from
the plasma. Within minutes after the Big Bang, the Universe cooled to kBT ' 1GeV
and the first composite subatomic particles, protons, p, and neutrons, n, condensed out
of the plasma. Initially their abundance was kept in equilibrium via the reactions

p+ e� $ n+ ⌫ (2.15)
p+ ⌫̄$ n+ e+ , (2.16)

where e+ is a positron, but at kBT ' 800keV a neutron-to-proton number density ratio
of

nn
np

= e��mc2/kBT ' 1
6

(2.17)

with the mass difference between protons and neutrons �mc2 ' 1.4MeV, and the
Boltzmann constant kB, freezed out with the overall temperature decline as the reac-
tions became too slow and thermal equilibrium could no longer be maintained. As
some neutrons transformed into protons via �� decay, the ratio declined further to

nn
np
' 1

7
. (2.18)

http://www.esa.int/spaceinimages/Images/2013/03/Planck_history_of_Universe_zoom
http://www.esa.int/spaceinimages/Images/2013/03/Planck_history_of_Universe_zoom
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The creation of heavier nuclei by fusion of protons and neutrons was initially pre-
vented by the large number of high energy photons in the hot matter-radiation plasma
that were able to disintegrate such nuclei. About three minutes after the Big Bang,
when kBT ' 80keV, however, nuclear fusion of protons and neutrons to some heavier
elements became possible. The resulting primordial gas had a composition of ⇠ 75%
ionized hydrogen (1H), ⇠ 25% ionized helium (mostly 4He, some 3He) and some
traces of deuterium (2D; D/H = 2.5⇥ 10�5) and lithium (7Li, 6Li; Li/H ' 5⇥ 10�10)
(Cyburt et al., 2008). Elements heavier than Lithium only occurred in negligible abun-
dance as nuclei with 5 or 8 nucleons to which the first elements could further fuse are
not stable and thus quickly decayed again.

As the Universe cooled further down, recombination reactions, through which the
ionized species turned neutral, became efficient. At z > 2000 already helium started
to recombine. A larger impact on the state of the Universe, however, came from the
recombination of hydrogen via

H+ + e� !H+� (2.19)

where � denotes photon emission. The substantial decline in the free electron frac-
tion due to this reaction allowed photons that were still strongly coupled to the ionized
plasma through Compton scattering, to travel freely. The plasma and with it the Uni-
verse turned transparent. This happened at z ⇠ 1100, the Universe had cooled to a
temperature T . 4000K (kBT < 0.4eV). The photons from this epoch of "last scat-
tering" make up the cosmic microwave background. The ionization fraction of the
primordial gas finally froze out at z ⇠ 700� 800 to a value of x ⇠ 2⇥ 104 because the
recombination reaction became too slow to considerably alter the ionization fraction
any further (e.g. Schleicher et al., 2008). With the end of recombination we entered the
epoch of the Dark Ages of the Universe that ended with the formation of the first stars.
The Universe remained mainly neutral until it was reionized through radiation emitted
from the first stars, galaxies and quasars.

2.3 Structure formation
Within ⇤CDM cosmology, structure formed hierarchically from small scales to larger
scales. It is assumed that during the short epoch of inflationary expansion of the Uni-
verse immediately after the Big Bang, quantum fluctuations were strongly magnified
and manifested themselves as ripples in spacetime. These materialized themselves
later as perturbations in the mass density of the radiation-matter fluid that filled the
early Universe. As we have discussed above, these density fluctuations correspond to
the tiny temperature variations observed in the cosmic microwave background.

As dark matter interacts only gravitationally and its interaction with ordinary (bary-
onic) matter is weak, it is expected to have frozen out from the common particle-
radiation fluid very soon after the Big Bang. Perturbations in the dark matter density
that were larger than the cosmic background density started to grow further until they
eventually decoupled from the evolution of their cosmic environment and collapsed
to form the first dark matter halos. Baryonic matter on the other hand was strongly
coupled to radiation through Compton scattering before z ⇠ 1100. Small-scale fluctu-
ations in the baryonic matter density were smoothed out through the common diffusion
of the matter-radiation fluid as the photon number density is kept in equilibrium, a pro-
cess termed "Silk damping". Only perturbations larger than the diffusion radius of the
matter-radiation fluid, i.e. the distance the fluid could move within a particular time,
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were able to survive and manifested themselves as so-called "baryonic acoustic oscilla-
tions" in the cosmic microwave background. After the baryonic matter decoupled from
the radiation, perturbations within its matter density could grow unhindered. Already
established dark matter halos attracted baryonic gas which fell into the halo potential
wells, accumulated there and condensed to form the first gas clouds.

In some sufficiently massive halos, primordial gas evolved to produce large enough
amounts of molecular hydrogen, the prime coolant at that time, to cool to temperatures
T ⇠ 200K and trigger gas collapse to form the first protostars. Before we discuss the
evolution of primordial chemistry within the dark matter halos is more detail in Sec-
tion 2.4, we first recap some important concepts in the context of structure formation,
starting with a description of the condensation of the first small density fluctuations
into overdense regions in Section 2.3.1 and then estimating how massive the dark mat-
ter needed to be in order to attract sufficient amounts of baryonic gas in Section 2.3.2.

2.3.1 Growth of initial density fluctuations
The initial evolution of small density fluctuations can be examined analytically in the
linear regime, while the non-linear evolution during the actual collapse of the overdense
structure needs to be modeled numerically. For the linear approach only small density
perturbations, i.e. |�| << 1 where � = �⇢/⇢0 is the density contrast, on top of a uniform
background density ⇢0 are considered1. The latter solely changes with the expansion of
the Universe, ⇢0(t) = ⇢0(t)(1+z)3; see also Eq. (2.9) above2. How the tiny fluctuations
evolve can be studied with linear perturbation theory. For that, one formulates the
continuity equation, the momentum equation and the Poisson equation

@⇢

@t
+r · (⇢v) = 0 (2.20)

@v
@t

+ (v ·r)v = �rP
⇢

+r� (2.21)

r2� = 4⇡G⇢ (2.22)

with a slightly disturbed density and velocity, ⇢(x, t) = ⇢0(t) + �⇢(x, t) and v(x, t) =
v0(t)+�v(x, t). Here, v0(t) =Hr is the velocity field of the Hubble flow, and x denotes
comoving spatial coordinates. To first order in the perturbed quantities, we find

�̈ +2H �̇ =
 
4⇡G⇢0� +

c2sr2�
a2

!
(2.23)

where pressure in the momentum equation (2.21) is substituted by an isothermal equa-
tion of state p = ⇢c2s . We can solve this with a plane wave ansatz

�(x,T ) =
Z

d3k

(2⇡)3
�̂(k, t)e�ik·x (2.24)

and get
¨̂� +2H ˙̂� = �̂

 
4⇡G⇢0 +

c2s k
2

a2

!
. (2.25)

The first term on the right-hand-side of Eq. (2.26) describes gravity, the second one
thermal pressure. The pressure is written in terms of an isothermal equation of state
here: P = ⇢c2s . In our discussion, we distinguish between baryonic and dark matter.

1This approach breaks down when |�| & 1, which is then treated in non-linear computations.
2We omit the subscript "m" for matter here.
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Baryonic matter: P = ⇢c2s

On large spatial scales, k ! 0 or � = 2⇡/k ! 1, the gravity overcomes thermal
pressure forces. Thus, Eq. (2.26) can be simplified to

¨̂� +2H ˙̂� = 4⇡G⇢0�̂ . (2.26)

This has a decaying-mode solution �̂ / t�1 and a growing-mode solution �̂ / t2/3; both
are scale-independent.

Towards smaller spatial scales, k ! 1 or � ! 0, where pressure cannot be ne-
glected anymore, we can derive an expression for the scale at which pressure and
gravity forces become comparable. We equate the two terms on the right-hand-side
of Eq. (2.26) to get the so-called Jeans scale

kJ ⌘
2
p
⇡G⇢0
cs

(2.27)

above which gravity dominates over thermal pressure and density perturbations can
grow. For smaller perturbations the pressure gradient that arises will tend to smooth
out the fluctuation. In real space, we can derive the Jeans length for � = 2⇡/k,

�J ⌘ cs

r
⇡

G⇢0
. (2.28)

and formulate an expression for the mass belonging to the perturbation:

MJ =
4⇡
3

⇢0

 
�J

2

!3
(2.29)

=
1
6
⇡�1/2G�3/2

c3s
⇢1/20

. (2.30)

We note that the Jeans mass MJ just gives a rough guidance for the actual critical mass
for collapse as we have derived this expression under simplified assumptions, e.g. we
assumed that the overdense region has a uniform density.

Dark matter: P = 0

As dark matter is pressureless (see also Eq. (2.8)), Eq. (2.25) reduces to Eq. (2.26) on
all scales, i.e. dark matter perturbations grow in a mostly scale-independent fashion.
They initially follow � / t2/3 until they enter the non-linear growth regime. However,
similar to the effects of thermal pressure on baryonic matter fluctuations, dark matter
has a small but non-zero velocity dispersion which leads to suppression of the growth
of perturbation on small scales comparable to the size of the Earth.

2.3.2 Dark matter halos and baryonic gas
Numerical simulations show that dark matter halos are ellipsoid-shaped objects in the
intersections of large-scale filamentary structure, the so-called the cosmic web; see also
Fig. 2.3 for an illustration. The halos steadily continue to grow through accretion and
through merging with other halos from their close environment.

After decoupling from the radiation, baryonic gas will flow into dark matter halos
that have grown massive enough to gravitationally attract it. The critical mass scale of
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Figure 2.3: The dark matter distribution of the cosmic web at z = 1.4. Dark matter ha-
los form at intersections of the large-scale filamentary structure. They have ellipsoidal shape.
Image credit: Volker Springel, Millennium Simulation, 2005; see also Springel et al. (2005).
Image source: http://wwwmpa.mpa-garching.mpg.de/galform/virgo/millennium/

seqF_037a_half.jpg .

dark matter halos in this case can be estimated with the Jeans mass. From Eq. (2.30),
we see that MJ / c3s ⇢

�1/2 / T 3/2⇢�1/2. At redshift z >> 100, the coupling between
baryons and radiation is still tight so that both have a common temperature evolution
of T / (1 + z); see Eq. (2.11). Since matter evolves as ⇢ / ⇢0a

�3 / ⇢0(1 + z)3, the
Jeans mass is constant and given by (Barkana & Loeb, 2001):

MJ = 1.35⇥ 105
 
⌦mh2

0.15

!�1/2
M� . (2.31)

The mass of the dark matter halos is still smaller than that for z >> 100. At z < 100,
the baryonic gas temperature evolves independently from the radiation temperature and
follows T / (1+z)2 yielding a time-dependent Jeans mass expression given by (Glover,
2013)

MJ = 5.18⇥ 103
 
⌦mh2

0.15

!�1/2  
⌦b h

2

0.026

!�3/5 ✓1+ z
10

◆3/2
M� . (2.32)

The time-dependence of the Jeans mass at z < 100, makes it difficult to derive a general
minimum mass scale for dark matter halos. However, one can use the so-called filter
mass (Gnedin & Hui, 1998) which is an appropriately time-averaged version of the
Jeans mass:

MF =
4⇡
3

⇢0

✓�F

2

◆3
(2.33)

with the filter wavelength (Gnedin, 2000)

�2
F =

3
1+ z

Z 1

z
�2
J

"
1�

✓ 1+ z
1+ z0

◆1/2#
dz0 . (2.34)

http://wwwmpa.mpa-garching.mpg.de/galform/virgo/millennium/seqF_037a_half.jpg
http://wwwmpa.mpa-garching.mpg.de/galform/virgo/millennium/seqF_037a_half.jpg
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The masses of first dark matter halos that become comparable to the filter mass are
M & 2 ⇥ 104M� at z ' 30 � 40 (Naoz & Barkana, 2007). The minimum mass is,
however, further increased to M > 2 ⇥ 105M� at z ⇠ 30 due to streaming velocities
of baryonic matter relative to the dark matter (Tseliakhovich & Hirata, 2010). Prior to
decoupling, the baryonic-matter-radiation fluid has a sound speed that is almost half the
speed of light. Although, the sound speed of the baryonic component drops to the value
of the adiabatic sound speed cs =

q
�kBT /(µmp), where � is the adiabatic index and

mp the proton mass, it continues to have a velocity of ⇠ 30kms�1 relative to the dark
matter. While at z ' 30� 40 the size of the relative streaming velocity has declined to
a few kms�1, it is still supersonic and as such the relative streaming velocities have a
considerable impact similar to an effectively increased sound speed. As a consequence
the infall of baryonic gas into dark matter halos is delayed to lower redshift and with it
the onset of first star formation (Tseliakhovich et al., 2011; Fialkov et al., 2012).

The first dark matter halos that fulfill the minimum mass criterion are called "mini-
halos" and have typical masses of a few 105 � 107M� at z ⇠ 20 � 30 (e.g. Tegmark
et al., 1997; Yoshida et al., 2003). Only from this mass range on, enough baryonic gas
falls into the halo and may form a sufficiently high fractional abundance of molecular
hydrogen so that the gas can cool to T ⇠ 200�300K and trigger collapse and first star
formation. We will discuss this constraint in more details in the next section.

2.4 Primordial chemistry

We briefly recap the chemical composition of the primordial gas at the end of the
recombination era (z ⇠ 800); for further details see also Section 2.2. The gas consists
in total mass mainly of neutral hydrogen, (H; ⇠ 75%) and neutral atomic helium (He;
⇠ 25%). Further constituents in significantly smaller abundances are deuterium (D;
D/H ' 2.5 ⇥ 10�5) and lithium (Li; Li/H ' 5 ⇥ 10�10 - most of this in the form of
singly ionized lithium rather than neutral atoms) (Cyburt et al., 2008). Since the helium
recombined at much higher redshift than hydrogen, there are almost no helium ions
remaining at that time, whereas the ionized hydrogen fraction is still H+/H 'D+/D '
2.5⇥ 10�3 (Wong et al., 2008; Cyburt et al., 2008). For all other molecular or ionized
species fractional abundances were much lower (< 10�12) (Alizadeh & Hirata, 2011),
and heavier elements still need to be first produced in the first and second generations
of stars and their supernovae.

Due to this simple chemical composition lacking metal species and dust, which are
very efficient gas coolants in later stages of the universe, molecular hydrogen, H2, is
the most important coolant within the primordial gas (e.g. Saslaw & Zipoy, 1967). H2
has quantized rotational, vibrational and electronic states, of which the smallest energy
difference is given by the transition between the second and zeroth rotational level with
E20/k ⇡ 512K 3. Therefore, this transition together with vibrational transitions allows
the gas to cool down to T ⇠ 150�200K depending on the fractional abundance of H2
and the gas density.

While the gas flows into the dark matter potential wells, it is heated to roughly the

3The transition between the first and zeroth rotational level is highly forbidden as H2 has no permanent
dipole moment.
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virial temperature of the minihalo4

Tvir ' 2000
 
Mhalo

106M�

!2/3 ✓1+ zvir
20

◆
K . (2.35)

by adiabatic compression and through shocks. In order to trigger collapse and star
formation, the gas within the minihalo must be able to proceed efficient cooling and
radiate away the accumulated thermal energy (Hoyle, 1953; Rees, 1976; Rees & Os-
triker, 1977). A fractional abundance of xH2

⇠ 10�3 enables enough cooling (Tegmark
et al., 1997; Glover, 2013). Both the amount of molecular hydrogen that forms (see
more details below) as well as the H2 cooling rate strongly increase with the gas tem-
perature (e.g. Glover & Abel, 2008; Glover, 2013). It is found that the actual amount
of molecular hydrogen needed for efficient cooling becomes smaller with higher tem-
perature. Thus, a critical temperature value can be derived above which the gas will be
able to form enough H2 for the gas within a minihalo to cool to temperatures where
collapse and star formation is triggered. For xH2

⇠ 10�3 the critical temperature
is Tcrit ⇠ 1000K and it is insensitive to the redshift (Tegmark et al., 1997; Glover,
2013). Using this temperature in Eq. (2.35) and solving for the halo mass we receive
Mhalo ⇠ 4 ⇥ 105M� as representative value for a minihalo that is massive enough to
attract baryonic gas so that it can form sufficient H2 to cool and promote star formation.

There are three main processes that govern the formation of molecular hydrogen
in the primordial gas in the minihalo prior to the formation of the first protostar: H2
formation via the H� and the H+

2 channel, which lead to a molecular hydrogen fraction
of xH2

⇠ 10�3 during the initial low density evolution of the gas within the minihalo
and the initial stages of gas collapse (n < 108 cm�3), and three-body H2 formation
yielding to about fully molecular gas during gas collapse for number densities of n &
108 cm�3. The direct formation of H2 via

H+H!H2 + e� (2.36)

is forbidden as H2 has no dipole moment and happens at negligible rate (Gould &
Salpeter, 1963). Both the H� channel,

H+e� !H� +h⌫ (2.37)
H� +H!H2 + e� , (2.38)

and the H+
2 channel,

H+H+!H+
2 +h⌫ (2.39)

H+
2 +H!H2 +H+ , (2.40)

where some photons of energy h⌫ are emitted, rely on the presence of either free elec-
trons or protons (or ionized atomic hydrogen) in order to catalyze their reactions. These
originate from the residual ionization abundance from the recombination era or through
ionization during shocks while the gas streams into the minihalo potentials. The former
is x ⇠ 2 ⇥ 10�4 in the IGM prior to first star formation (Schleicher et al., 2008). The
latter is generally negligible for the minihalos that host the very first stars and becomes

4Equation (2.35) is taken from Bromm (2013) and assumes that the gas consists mainly of neutral hydro-
gen with a mean molecular weight of µ ⇡ 1.2. See for a more elaborate expression e.g. Barkana & Loeb
(2001). The definition of Tvir in Eq. (2.35) should be seen as an approximate estimate. Formulae in the
literature may differ depending on the assumptions made for their derivation.
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relevant only later in time when the radiation of the first stars can affect gas in their host
halos or in neighboring halos by ionizing radiative feedback (see also Section 2.5.4 be-
low), or when more massive halos have formed within which significant amounts of
gas can be collisionally ionized while falling into the halo. For a ionization fraction of
x = nH+ /nH & 0.03 the number of mutual neutralizations,

H� +H+!H+H , (2.41)

strongly increases and reduces the available amount of H� and thus of H2 formed
via the H� channel (Glover, 2005). For the studies presented in this thesis, however,
mutual neutralizations are negligible.

H� and H+
2 are sensitive to being photodissociated by photons from the cosmic

microwave background. This is important at high redshift, but becomes less important
as the redshift decreases and the CMB cools. For this reason, molecular hydrogen
can start forming via the H+

2 channel only after z ⇠ 330. Due to the lower binding
energy of H�, it takes until z ⇠ 100 for the H� pathway to become effective. Before
primordial chemistry that leads to first star formation begins in the minihalos, only
a fractional abundance of xH2

⇠ 2 ⇥ 10�6 is created via the two pathways. For z <
100, the efficiency of the H+

2 channel declines with the decreasing temperature in the
Universe. In the primordial gas in minihalos, formation of molecular hydrogen via the
H� channel thus makes up ⇠ 80� 90% of the total amount of H2 formed.

While the actual formation of H2 in the associative detachment reaction in the bot-
tom lines of the reaction pairs (2.37) and (2.39) happens fast, the amount of molecular
hydrogen depends strongly on the rates at which H� and H+

2 are created, i.e. the ra-
diative attachment in the top lines of the two reactions chains. Under the assumption
that radiative recombination of electrons and hydrogen ions is the only other process
that affects the amounts of e� and H+, one finds that the H2 fraction is strongly tem-
perature dependent and scales as xH2

= kra/krec ln(1 + t/trec), where kra and krec are
the rate coefficients for the radiative attachment and the recombination and trec is the
recombination time. As we can see the evolution of the molecular hydrogen fraction
is logarithmic: most of the molecular hydrogen is created within a few recombina-
tion times but then further H2 formation stagnates due to the loss of electrons and
hydrogen ions to the recombinations. The ratio of the rate coefficients is therefore the
dominant factor that determines the amount of molecular hydrogen. It is strongly tem-
perature dependent with kra/krec ' 10�8T 1.5 and yields a molecular hydrogen fraction
of xH2

⇠ 10�3 for the typical temperatures of a few thousand Kelvin in the gas (see
e.g. Glover, 2013).

During gas collapse, three-body H2 formation becomes effective for densities n &
108 cm�3:

H+H+H!H2 +H (2.42)
H+H+H2!H2 +H2 (2.43)

and

H+H+He!H2 +He . (2.44)

Since its formation rate is highly density dependent (/ n3), most of the hydrogen is
converted quickly into its molecular form during ongoing collapse, i.e. xH2

⇠ 1 (Palla
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et al., 1983) 5. Each formation of a hydrogen molecule deposits the binding energy
of 4.48eV almost completely in form of thermal energy into the gas. Although the
H2 fraction increases strongly, the cooling is not efficient enough to counteract the
overall temperature increase of the gas due to this formation heating. The heating due
to three-body H2 formation is the major energy input into the gas at these densities
and may also affect the further dynamical evolution of the gas. The two other main
cooling processes in the primordial gas beside H2 line cooling are H2 collision-induced
emission (CIE) cooling (n ⇠ 1014�1016 cm�3) and H2 collisional dissociation cooling
(n & 1016 cm�3). For more details of the chemistry during primordial gas collapse see
Section 2.5.1 and for a more numerical perspective Section 3.2.3.

Finally, H2 molecules are mainly destroyed through two processes. The first is
collisional dissociation

H2 +H!H+H+H (2.45)
H2 +H2!H+H+H2 (2.46)

which however is only important in gas with a few thousand Kelvin (for z < 1000).
This becomes relevant in the Population III star-forming process for n & 1016 cm�3

(see also Section 2.5.1 below) and acts as a cooling process, as for each dissociation an
energy of 4.48eV is subtracted from the gas.

The second H2 destruction process is photodissociation of molecular hydrogen
by UV Lyman-Werner (LW) photons with energies between 11.2 eV (energy of from
H2 ground state to the Lyman state) and 13.6 eV. It is a two-step process, called the
Solomon process,

H2 +h⌫!H⇤2!H+H (2.47)

based on an excitation of H2 to the second of third electronic state by the LW pho-
tons, a subsequent decay of ⇠ 15% of the molecules to the vibrational continuum, and
finally the dissociation of those (Field et al., 1966; Stecher & Williams, 1967). This
process has a strong influence on the environment of the radiating star; see also Sec-
tion 2.5.4. Further destruction processes that depend on stellar radiation are photonion-
ization for photon energies above 13.6 eV, or excitation to the vibrational continuum
from an excited state6. However, although such processes are important in principle
(e.g. Hosokawa et al., 2011; Stacy et al., 2012; Susa et al., 2014; Stacy et al., 2016),
they do not play a role in most of the situations studied in this thesis.

2.5 Population III stars

2.5.1 Protostellar collapse
First star formation can be triggered in primordial gas in minihalos that is able to pro-
duce molecular hydrogen fractional abundances of xH2

⇠ 10�3. This allows the gas to
cool down to T ⇠ 200K. As we have already seen in Section 2.3 from Eq. (2.30), the
Jeans mass, a measure of the balance between gas self-gravity and thermal pressure,

5At these densities, reaction (2.42) is the dominant one. However, its exact rate coefficient value is
currently still under debate (Glover, 2008; Turk et al., 2011). The choice of the values affects the morphology
of the gas, its velocity structure and its temperature profile (Turk et al., 2011). See also Section 3.2.3 for the
choice in our numerical method.

6Direct excitation to the vibrational continuum from the ground state is strongly forbidden (Glover &
Brand, 2001).
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scales as MJ / c3s ⇢
�1/2 / T 3/2⇢�1/2. With declining temperatures, the self-gravity of

a particular gas cloud overweighs its internal thermal pressure at some point and the
cloud begins to collapse and condenses further.

If a Jeans-unstable gas cloud has sufficient rotational energy, it may in some cases
fragment into two Jeans-unstable clouds that subsequently evolve independently from
each other (Machida et al., 2005, 2008b; Turk et al., 2009; de Souza et al., 2013).
Turbulent flows which arise during the virialization process of the gas within the dark
matter halo (see e.g. Wise & Abel, 2007; Greif et al., 2008), are even more efficient
in breaking up the unstable gas within minihalos. In this way clouds of masses ⇠
100� 1000M� form which continue to collapse and evolve into star-forming systems
(Abel et al., 2002). For the following description, see also Fig. 2.4.

At a density of n ⇠ 104 cm�3, the gas enters the so-called "loitering phase" (Bromm
et al., 2002) where the collapse is slowed down. Even though more material falls
in and accumulates in the center of the minihalo, the gas density only grows slowly.
n = 104 cm�3 is often termed the critical density ncrit. At this point the rotational and
vibrational level populations of H2 are close to their local thermodynamic equilibrium
(LTE) values. This means that for n > 104 cm�3, the cooling rate per unit volume (⇤)
of molecular hydrogen scales like ⇤H2

/ n compared to its lower density behaviour of
⇤H2

/ n2, i.e. cooling becomes less effective. In addition, heating processes such as
compressional heating start to dominate over cooling processes and consequently the
gas begins to heat up.

The collapse decouples locally, meaning that it detaches form the large-scale be-
havior of the gas, and speeds up again, when it reaches the local Bonnor-Ebert mass
(Ebert, 1955; Bonnor, 1956). For the value of the critical density at a temperature of
T ⇠ 200K this mass limit is MBE ⇠ 1000M�.

The next important evolutionary step of the gas collapse sets in when the gas density
is of the order of n ⇠ 108 cm�3 and three-body H2 formation sets in leading to a almost
fully molecular gas (Palla et al., 1983). The increased cooling efficiency due to the
larger amount of molecular hydrogen, is, however not completely able to counteract the
significant H2 formation heating. At n ⇠ 109 cm�3 the collapse even stalls. Although
the strong increase of the main coolant molecular hydrogen, can trigger some local
chemothermal instabilities within the gas, their perturbations do not have enough time
to grow significantly to induce fragmentation as the collapse proceeds in about the
same timescale (tgrowth ⇠ tcollapse) (Yoshida et al., 2006).

At n ⇠ 1010 cm�3, the main rotational and vibrational lines of H2 start to become
optically thick. Cooling becomes ineffective, but is not suppressed completely: there
is still some dissipation of energy possible through the wings of the H2 emission lines
which can escape through low continuum opacity regions of the gas which has been
shown in several 1D- and 3D-simulations (e.g. Omukai & Nishi, 1998; Omukai et al.,
1998; Ripamonti et al., 2002; Ripamonti & Abel, 2004; Yoshida et al., 2006; Turk et al.,
2009; Clark et al., 2011a). Therefore, the gas temperature does not increase too much
and collapse is able to proceed.

At n ⇠ 1014 cm�3, collision-induced emission (CIE) of H2 becomes important as
coolant (Ripamonti & Abel, 2004). At such high densities, it is likely for two colliding
H2 molecules to form a combined, complex intermediate state (super-molecule) that
has a non-zero dipole moment and can emit a photon via dipole transitions. The life-
time of the collision state is only of the size of �t < 10�12 s and thus makes this reaction
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Figure 2.4: Gas temperature and molecular fraction, xH2 = fH2 as function of number density.
We show the distribution of the gas cells in run �001-1 from Chapter 5 just before the formation
of the first protostar. The simulation started from a primordial gas cloud with Bonnor-Ebert
density profile and rigid rotation described by a � parameter of � = 0.01, see also Section 3.2.5.
Image credit: myself.

unlikely to happen at lower densities. Following Heisenberg’s Uncertainty principle,

�E�t � ~
2

, (2.48)

due to the short lifetime of the super-molecule state, there will be a large spread in the
photon energies of the dipole transition. The individual emission lines of the dipole
transition will further broaden and eventually merge into a continuum that allows the
gas to further emit sufficient energy and cool (Omukai & Nishi, 1998; Ripamonti et al.,
2002; Ripamonti & Abel, 2004).

However, at n ⇠ 1016 cm�3, the gas finally becomes optically thick also in the
continuum and thus CIE becomes ineffective and gas cooling is strongly suppressed
(Omukai & Nishi, 1998; Ripamonti & Abel, 2004). Radiative cooling is no longer ef-
fective. In the further collapse evolution, the gas heats therefore up until at T ⇠ 2000K,
molecular hydrogen starts dissociating. The dissociation behaves as a thermostat since
the energy gained through the collapse is converted into the energy needed to dissociate
a hydrogen molecule, and thus the temperature does not change much. Once the H2
abundance is exhausted, the temperature continues to increase during this further adia-
batic collapse until around T ⇠ 10000K. At this point atomic hydrogen starts ionizing
and acts again as a thermostat until all gas is ionized. At a density of n ⇠ 1020 cm�3,
the temperature has grown such that the thermal pressure within the gas core of size
⇠ 0.1AU and with a mass of ⇠ 0.01M� is able to counteract further collapse and it is
bound by a strong accretion shock (Yoshida et al., 2008). The Population III protostar
is born.
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2.5.2 Accretion
Population III accretion rates are generally higher than those found in present-day star-
forming environments because of the limited cooling ability of the primordial gas yield-
ing temperatures T ⇠ 200� 300K compared to T ⇠ 10K in present-day star-forming
cores. As a first estimate of the accretion rate, one can consider the gas inflow from the
collapsing envelope toward the cloud center. This rate is given through the ratio of the
Jeans mass, MJ(R) / c3s /

p
G3⇢ / T 3/2/⇢1/2, within radius R, and the free-fall time at

this radius, t↵ =
p
3⇡/(32G⇢) / (G⇢)�1/2, where ⇢ is the mean density of the cloud.

Here, we assume that a gravitational unstable cloud of radius R, described via the Jeans
mass and the mean gas density, has a characteristic collapse time which is the free-fall
time:

Ṁ ⇠ MJ(R)
t↵(R)

⇠ c3s
G
/ T 3/2 . (2.49)

The main dependency lies on the sound speed and correspondingly the gas temperature
in the star-forming cloud (Larson, 1969; Shu, 1977) leading to about a two orders of
magnitude higher accretion rate in primordial gas (Ṁ ⇠ 10�3 � 10�2M� yr�1) com-
pared to present-day gas. We note that this is only a simple order of magnitude estimate
as in reality the gas collapse proceeds more slowly than with t↵ due to e.g, thermal
pressure support within the gas, and the density structure is non-uniform.

Furthermore in reality, the collapsing gas cloud has some non-negligible angular
momentum. After an initial adiabatic, spherical accretion phase (roughly until the mass
of the protostar is M ⇠ 0.1M�; see e.g. Hosokawa & Omukai (2009) and Hosokawa
et al. (2010)), during which the accreted material accumulates around the protostar
without significant cooling, the gas angular momentum leads to the formation of a
rotationally supported disk around the densest point and thus the protostar. The inflow
rate discussed above then illustrates the mass flux from the envelope onto the disk. The
disk expands rapidly in an inside-out fashion. Viscous transport leads to a redistribution
of angular momentum in order to maintain angular momentum conservation. Material
moving inwards gives angular momentum to disk material which consequently needs
to move further out (so-called viscous disk spreading, see e.g. Lynden-Bell & Pringle,
1974). In this way, the disk funnels gas toward the central parts where the protostellar
core grows via accretion.

A common description of the mass flux through disks is given by the Shakura &
Sunyaev (1973) model

Ṁ(R) ' 2⇡⌫(R)⌃(R) (2.50)

where ⌃(R) is the surface density of the disk and ⌫ is the turbulent, kinematic viscosity
of the gas of the form

⌫vis(R) ' ↵ cs(R)Hp(R) = ↵
c2s (R)
⌦(R)

. (2.51)

with the sound speed cs(R), the pressure scale height of the disk H(R), and the an-
gular frequency ⌦ of the disk. The mass flow through the disk crucially depends on
the origin and corresponding strength of effective viscosity of the disk gas. The vis-
cosity is responsible for shear forces and torques which account for the powerful and
effective mass and angular momentum transport through the disk. The value of the
Shakura–Sunyaev parameter, ↵, can for example be derived by magnetorotational in-
stability (MRI) (Balbus & Hawley, 1991) giving values of ↵ ⇠ 0.01, or by gravitational
instabilities even leading to ↵ ⇠ 1 (see e.g. Clark et al., 2011a). The exact origin and
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Figure 2.5: Column density projections of the evolution of the protostellar disk system in run
�001-1 from Chapter 5. Times are with respect to the time of the formation of the first protostar.
Over time, the disk develops spiral-arm features and fragments. Some of the fragments become
new protostars. The protostars are denote by the white circles. The simulation started from
a primordial gas cloud with Bonnor-Ebert density profile and rigid rotation described by a �
parameter of � = 0.01, see also Section 3.2.5. The projection has a thickness of 1000 AU. Image
credit: myself.

value of this parameter is still under discussion. Under the assumption of ↵ ⇡ 1, using
R = 10AU, ⌃(R) ⇠ 4 · 103 gcm�2, cs(R) ⇠ 2kms�1 and ⌦(R) ⇠ vKep(R) ⇠ 9kms�1

(values taken from Fig. 2, black-dashed line, and Fig. 16 in Clark et al., 2011a), one
estimates the disk scale height via a relation for a non-self-gravitating, Keplerian disks
(see e.g. Lodato, 2007) as

H(R) =
cs(R)
⌦K(R)

=
cs(R)R
vK(R)

⇠ 2AU . (2.52)

and with equation (2.50) and (2.51)

Ṁ(R) ⇡ 4 · 10�3M� yr�1 . (2.53)

Again we note that this is just an order of magnitude estimate. The Shakura-Sunyaev
model is strictly speaking only valid for thin accretion disks with H/R << 1 whereas
here H/R ⇠ 0.2 < 1. Nevertheless, this gives us a first idea of accretion rates in the
Population III disk context. More advanced analytical approaches and detailed numer-
ical simulations have found that typical Population III accretion rates vary over time
and have values of Ṁacc ⇠ 10�4 � 10�1M� yr�1, with higher rates in the beginning
which steadily decline over a few hundred to a few thousand years (e.g. Omukai &
Palla, 2001; Abel et al., 2002; Omukai & Palla, 2003; Yoshida et al., 2008; Clark et al.,
2011b,a; Greif et al., 2011; Smith et al., 2012; Greif et al., 2012; Hirano et al., 2014;
Stacy et al., 2016). It also has been found that inflow rates onto the disk are gener-
ally higher than the mass flux through the disk leading to thick accretion disks that are
strongly self-gravitating and that eventually become gravitationally unstable and prone
to fragmentation (e.g. Turk et al., 2009; Stacy et al., 2010; Clark et al., 2011b,a; Greif
et al., 2011; Smith et al., 2012; Greif et al., 2012; Latif & Schleicher, 2015; Stacy et al.,
2016; Hosokawa et al., 2016). See also Fig. 2.5.

New protostars can be formed in locally unstable disk gas, when the gas is able
to cool faster than its collapse timescale (Rees & Ostriker, 1977) and when the col-
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lapse proceeds on times shorter compared to the shear motions within the rotating disk
(Gammie, 2001). For a first analysis of the disk stability the Toomre criterion (Toomre,
1964) can be used. The Toomre parameter

Q(R) =
(R)cs(R)
⇡G⌃(R)

(2.54)

compares disk self-gravity, denoted by the surface density ⌃(R), to thermal pressure
and rotation within the disk. The latter two are indicated by the sound speed cs(R) and
the epicyclic frequency (R) respectively, and act to stabilize the disk against pertur-
bations induced by self-gravity. In case of a Keplerian disk, the epicyclic frequency
equals the angular velocity, (R) =⌦(R) =

p
GM(R)/R3. The parameters defining the

Toomre-Q vary with the radius in the disk. A disk is said to be stable for Q > 1 and
unstable for Q < 1. When Q ⇠ 1 the disk is strongly self-gravitating and is about to
become unstable. Non-axisymmetric perturbations within the disk can grow and may
lead to the development of spiral arms in order to redistribute the excess material and
its angular momentum efficiently. Gravitational torques arising from the spiral arms
facilitate the outward transfer of angular momentum (e.g. Clark et al., 2011a; Greif
et al., 2012; Stacy et al., 2016; Hosokawa et al., 2016).

Fragmentation may not be a necessary result of Q < 1. However, it is promoted
with the simultaneous fulfillment of the Gammie criterion (Gammie, 2001),

tthermal  3⌦�1 ⌘ 3
2⇡

torbital , (2.55)

which compares cooling and orbital timescales. Here, tthermal = e/⇤ with e is the in-
ternal energy density and ⇤ is the volumetric cooling (or heating) rate, and torbital =
2⇡/⌦. Clark et al. (2011a) and Greif et al. (2012) for example found both criteria
to be fulfilled over a wide radius range and note their strong dependence on the disk
thermodynamics. Due to a thermostat effect, that is balancing thermal feedback from
the protostar and heating from compressional dissociation of H2 with cooling from
H2–line and collision-induced emission or from collisional dissociation, the disk tem-
perature stays roughly constant between 1000� 3000K.

If the disk eventually breaks up, new protostars may arise in locally dense enough
regions and a Pop III protostellar cluster builds up. The evolution of an individual
protostar depends on its interactions with the surrounding gas and the other objects in
the cluster. The protostars compete for their common mass reservoir, yielding highly
variable accretion rates Greif et al. (2011); Greif et al. (2012); Smith et al. (2012);
Hosokawa et al. (2016). Some protostars might even stop accreting completely if
their gas supply is removed by fragmentation or accretion onto neighboring proto-
stellar companions, a process termed fragmentation-induced starvation in the context
of present-day star formation (Peters et al., 2010). Furthermore, during close encoun-
ters protostars might get disrupted or even merge (Greif et al., 2011; Greif et al., 2012;
Stacy et al., 2016; Hosokawa et al., 2016). In addition, the complicated multiple-body
dynamics during close interactions can lead to ejection of individual protostars from
the protostellar disk or even from the halo. Indeed simulations find an ejection rate of
⇠ 30% (Greif et al., 2011; Stacy & Bromm, 2013; Stacy et al., 2016). The physics of
this process and its dependence on the properties of the initial gas cloud are studied in
detail in Chapters 5, 6, and 8.
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2.5.3 Evolution of the protostellar structure
Different stages of the evolution of the protostellar structure can be described through
the interplay of two timescales. First, there is the accretion timescale

tacc =
M?

Ṁ?
(2.56)

which characterizes the time over which the protostar grows in mass through accretion.
Here, M? is the protostellar mass and Ṁ? the accretion rate. And second, there is the
Kelvin-Helmholtz contraction time

tKH =
GM2

?

R?L?
(2.57)

which quantifies the time over which the protostar radiates accumulated energy away.
G is the gravitational constant and M? , R? , Ṁ? and L? are the mass, radius, accretion
rate and luminosity of the protostar respectively. The luminosity here is the interior
protostellar7 luminosity due to the release of thermal energy,

L? = 4⇡R2
?�SBT

4
? , (2.58)

where �SB is the Stefan-Boltzmann constant and T? the effective temperature. Together
with the accretion luminosity

Lacc =
GM?Ṁ?

R?
, (2.59)

L? makes up the total protostellar luminosity L? + Lacc = Ltot. Lacc describes the
energy release at the accretion shock where the accreting material enters the protostellar
surface. In the beginning of the protostellar evolution Lacc is the dominant source of
luminosity. L? gradually increases when the protostar becomes able to radiate away
excess entropy that is both taken up through the accretion process from the incoming
material and produced internally once nuclear burning begins.

Initially tacc << tKH and the star grows via accretion while its interior luminosity
is still very small. As we have described in Section 2.5.2 above, typical Population III
accretion rates of Ṁacc ⇠ 10�4 � 10�2M� yr�1 have been found in previous studies
(e.g. Omukai & Palla, 2001; Abel et al., 2002; Omukai & Palla, 2003; Yoshida et al.,
2008; Clark et al., 2011a; Greif et al., 2011; Greif et al., 2012; Hirano et al., 2014;
Stacy et al., 2016). Due to these high rates, significant amounts of entropy are brought
into the the stellar interior and can accumulate there. Accretion is termed either "hot"
or "cold" depending on whether high or low amounts of entropy are carried along. The
net value of entropy that is actually accumulated within the protostar depends on how
much of the incoming entropy of the accreted material is already radiated away before
entering the stellar surface. The main part of entropy that is taken up into the protostar
is produced at the accretion shock where the accretion inflow enters the protostellar
surface. In the context of disk accretion where the accreting flow only touches part of
the stellar surface, the accretion shock is small. The main entropy source here arises
through viscous dissipation within the disk and is mostly already radiated away at the
disk surface. Thus, the entropy increase of the protostar through disk accretion is

7We note that these luminosity relations are still valid and applicable when the star has entered the main
sequence.
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low compared to spherical accretion where the accretion shock surrounds basically the
whole protostellar surface and only little entropy is being radiated away before entering
the protostar (Hosokawa & Omukai, 2009; Hosokawa et al., 2010).

Nevertheless, in both kinds of accretion, the protostar takes up new material and
with it additional entropy, and because in this first phase of protostellar growth (con-
vection or adiabatic accretion phase for M? . 5 � 6M�), the protostellar opacity is
high due to bound-free and free-free absorptions (Kramer’s law:  / ⇢T �3.5), radia-
tive loss of additional entropy is minimal. The core continues to contract, leading to
a temperature increase in the central regions which is enough for the opacity there to
drop. In this way, the protostar becomes more and more radiative from inward-out
which allows it to redistributes its interior entropy and transport it toward its outer lay-
ers (a luminosity wave; Stahler et al. 1986). An inverted entropy profile arises within
the protostar. While the entropy is low in the central parts, it accumulates more and
more at the surface originating from both the stellar interior and accretion from the
outside. The protostar reacts to excess amounts of entropy by bloating up in radius
in order to stay in hydrostatic equilibrium (swelling phase). It expands to radii ex-
ceeding 100R� at a protostellar mass of 5 � 10M�: the protostar becomes puffed-up
or "fluffy" (Stahler et al., 1986; Omukai & Palla, 2001, 2003; Hosokawa & Omukai,
2009; Hosokawa et al., 2010; Smith et al., 2012; Maeder & Meynet, 2012).

The interior luminosity increases significantly, becomes dominant and consequently
tacc > tKH, when the luminosity wave arrives at the protostellar surface. Excess en-
tropy is now radiated away efficiently, and when more entropy is radiated away than
newly taken up, the protostar enters the Kelvin-Helmholtz contraction phase (M? .
10�40M�). The Zero-Age Main Sequence (ZAMS) is reached once the interior lumi-
nosity arising from hydrogen burning counteracts further contraction (Omukai & Palla,
2001, 2003; Hosokawa & Omukai, 2009; Hosokawa et al., 2010).

Indeed, nuclear burning in Population III (proto)stars already starts with deuterium
burning at core temperatures of Tc & 106K even before ZAMS and partially contributes
to the interior entropy that moves outwards via the luminosity wave (Hosokawa &
Omukai, 2009; Hosokawa et al., 2010). Once core temperatures of Tc & 108K are
reached, carbon can be produced via the triple-↵ process and consequently the CNO
cycle can start as well.

2.5.4 Radiative feedback
Due to their puffed-up protostellar structure that leads to low effective temperatures
of T? ⇠ 5000K, Population III protostars influence their environment mainly through
optical and near-infrared radiation that heats up their surroundings but does not further
interfere with the accretion, the protostellar mass growth and the disk evolution. The
same is true for contributions from the accretion luminosity. Previous studies have
shown that accretion luminosity heating is not strong enough to completely stabilize
the protostellar disk against fragmentation (Clark et al., 2011a; Smith et al., 2011;
Stacy et al., 2016).

Population III stars on the main sequence (typically once > 10M�) can have sur-
face temperatures of T & 105K and thus produce significant ultraviolet (UV) radia-
tion with H2 photodissociating and photoionizing radiation, i.e. photons with energy
h⌫ > 11.2eV which affect the accretion process (Bromm et al., 2001b; Omukai &
Palla, 2001; Schaerer, 2002; Hosokawa et al., 2011; Stacy et al., 2012). The high
surface temperatures are a consequence of higher core temperatures, which occur be-
cause the core must become hotter during Kelvin-Helmholtz contraction in order for
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the triple-↵ process to become effective and the CNO cycle to start.
A significant effect on the efficiency of accretion arises through thermal pressure

due to an increase in gas temperature. This is able to unbind gas and drive it through
lower dense regions out of protostellar system, i.e. to photoevaporate them and quench
accretion due to the lack of accreting material. Lyman–Werner radiation (11.2  h⌫ 
13.6eV) dissociates H2 molecules in the surrounding gas envelope, and thus reduces
the cooling effect of the gas (e.g. Omukai & Nishi, 1998; Glover & Brand, 2001).
Although dense H2 gas is able to generate some self-shielding against this radiation, it
was found that photodissociation heating can greatly slow down accretion but not stop it
completely (McKee & Tan, 2008; Stacy et al., 2012; Susa, 2013; Susa et al., 2014; Stacy
et al., 2016). In case of photoionization, the energy of electrons freed by the process
heats the gas. Temperatures in the HII regions behind the front of ionizing radiation
are high enough (T > 104K) for gas to reach sound speeds that are larger than typical
escape velocities from the protostellar system and the entire minihalo (Whalen et al.,
2004, 2008). The analytic study by McKee & Tan (2008) followed Hollenbach et al.
(1994) and proposed that photoevaporation will stop accretion from about 140M� on.
More recent 2D simulations by Hosokawa et al. (2011) see the accretion stop already
at about 43M�. In their 3D simulation, Stacy et al. (2016) found that accretion is
significantly reduced by thermal pressure generated through both photodissociating and
photoionizing radiation. Their simulation run only for ⇠ 5000yr after the formation of
the first protostar so that no definite answer about the final Population III masses can
be made in this case.

The efficiency of radiative feedback depends on the three-dimensional structure of
the gas surrounding the star. First, chemical self-shielding in high density regions,
such as the disk, reduces effects of radiative feedback, (see e.g. Schauer et al., 2015, in
the context of H2 self-shielding and Lyman–Werner escape fractions from primordial
minihaloes). Second, low-column-density regions, such as the zones along the polar
direction of the protostar–disk system or leaks through a fragmented protostellar disk
or the Strömgren sphere of an HII regions generated by ionization front instabilities,
make it easier for radiation to escape. The typical density profiles of Pop III star-
forming cores, ⇢ / r�2.2 found in cosmological simulations (e.g. Abel et al., 2002;
Bromm et al., 2002; Yoshida et al., 2008) allows ionizing radiation together with their
HII regions to break out of the star-forming core and even the minihalo and to also
affect neighboring minihalos radiatively (see e.g. Whalen et al., 2008, 2010; Smith
et al., 2015).

When the total protostellar luminosity approaches the Eddington luminosity8, radi-
ation pressure is able to counterbalance the gravitational infall of material onto the star.
The expression of the Eddington limit, however, is mainly valid for spherical symmetry.
In realistic simulations, radiation pressure is directed along regions with low column
densities and does not affect accretion strongly (e.g. in the context of present-day mas-
sive star formation, see Krumholz et al., 2005, 2009; Kuiper et al., 2010, 2011; Kuiper
& Yorke, 2013; Kuiper et al., 2015; Klassen et al., 2016). Something similar is true for
radiation pressure in Pop III context, e.g. Lyman ↵ radiation pressure has been found to
be ineffective in influencing accretion (McKee & Tan, 2008; Stacy et al., 2012). On the
other hand, photoionization pressure, as long as it is not diluted through tunnels created
by ionization front instabilities yet, might counterbalance the inward ram pressure (e.g.

8The luminosity of a star is equal to the Eddington luminosity when the outward-directed radiative force
is in balance with the inward-directed gravitational force, i.e. above this luminosity, the stellar radiation is
able to counteract gravitational infall or accretion onto the star.
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Haehnelt, 1995; McKee & Tan, 2008; Stacy et al., 2012). In particular, this might be
possible during the early states of a ionization front and a corresponding HII region
for . 100AU distance from the protostar, as motivated in an estimation by Stacy et al.
(2012).

2.5.5 Deuterium chemistry and Population III.2 stars
The gas in minihalos can be more strongly ionized through the ionizing radiation of a
nearby or progenitor Pop III star (e.g. Oh & Haiman, 2002; Nagakura & Omukai, 2005;
Yoshida et al., 2008), through X-rays from Pop III supernova remnants, X-ray binaries,
or quasars (e.g. Glover & Brand, 2003; Hummel et al., 2015), or through cosmic rays
(Hummel et al., 2016). In massive halos the gas falling into the potential well may also
be more strongly shocked and collisionally ionized. Strongly ionized minihalos can be
termed pre-ionized minihalos in contrary to the above quiescent minihalos that have
not been affected through radiation before.

In such environments, the gas is able to produce a higher fraction of molecular
hydrogen which in turn is able to cool the gas to T ⇠ 150K or below compared to
the otherwise typical T ⇠ 200K. At these temperatures the formation of deuterated
hydrogen, HD, is facilitated and since its formation reaction is exotherm while its
inverse reaction is endotherm it easily forms from H2 via

H2 +D+!HD+H+ , (2.60)

and its abundance may become even larger than the cosmic ratio of D/H (see Sec-
tion 2.4 above) (Bromm et al., 2002; Johnson & Bromm, 2006; Glover & Abel, 2008).
HD has a weak dipole moment that allows a rotational transition between the first
excited state and the ground state with a transition energy of EHD

10 /k = 128K. Thus
temperatures down to the temperature of the cosmic microwave background TCMB =
(1+ z)2.725K (⇠ 57K at z = 20) are possible (Nagakura & Omukai, 2005; Johnson &
Bromm, 2006; Yoshida et al., 2008). HD becomes the dominant cooling at T . 200K9.

Star formation dominated by HD chemistry is termed Population III.2 in contrast
to the one described above in Section 2.5.1 dominated by H2 which are defined as
Population III.1 stars (McKee & Tan, 2008). For a gas collapse proceeding under HD
cooling, the critical density is ncrit ⇠ 106 cm�3, i.e. higher than in the low-ionization
case. The corresponding Bonnor-Ebert mass is smaller MBE ⇠ 40M� for T ⇠ 100K.
The further evolution of the gas and the final mass of Population III.2 is still under
debate. Studies by Greif et al. (2011); Hosokawa et al. (2012) and Hirano et al. (2014)
suggest smaller final masses compared to Pop III.1 stars in quiescent minihalos because
of smaller initial Jeans masses and/or lower accretion rate due to efficient HD cooling.
In the simulations by Clark et al. (2011b), on the other hand, cooling by H2 and HD
became inefficient in collapsing gas within pre-ionized minihaloes at some point. Con-
sequently, the gas continued to evolve adiabatically, its temperature rose, and the gas
was supported against further gravitational instability. The collapse slows down and
turbulent gas motions within the cloud are given enough time to decay. This resulted
in that star-forming clouds in their Pop III.2 minihaloes showed a much smaller degree
and widespread of fragmentation and thus remained more massive than their Pop III.1
counterparts.

9Other possible coolants at these low temperature, such as LiH or H+
2 and H+

3 have been shown to be
unimportant (Mizusawa et al., 2005; Glover & Savin, 2009).
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Figure 2.6: Schematic sketch of the small-scale dynamo action. In a procedure of random
stretching, twisting and folding of magnetic field lines in a turbulently moving plasma converts
kinetic into magnetic energy. Image credit: myself following Jennifer Schober.

2.5.6 Primordial magnetic fields and Population III star formation

Due to their so far unknown nature and impact, examining the formation of Popula-
tion III stars under the influence of primordial magnetic fields has received increas-
ing attention only recently (e.g. Tan & Blackman, 2004; Maki & Susa, 2004; Silk &
Langer, 2006; Machida et al., 2006; Maki & Susa, 2007; Schleicher et al., 2010; Sur
et al., 2010; Federrath et al., 2011b; Sur et al., 2012; Turk et al., 2012; Latif & Schle-
icher, 2016). The following summary will therefore often refer to results in present-day
star formation and thus we will specifically denote results in the context of primordial
star formation.

The evolution of primordial magnetic fields starts with magnetic seed fields of the
order of B = 10�30 � 10�18G which may have been created during inflation (Turner
& Widrow, 1988), early Universe phase transitions (Sigl et al., 1997) or the Biermann
battery mechanism (Biermann, 1950; Xu et al., 2008). This is very small compared to
typical field strengths of up to 10�6G measured in the interstellar medium today (e.g.
Crutcher, 2009).

The small-scale or turbulent dynamo (Kazantsev, 1968; Kulsrud et al., 1997) de-
scribes a possible way how weak seed fields are further amplified. Its mechanism is
illustrated in Fig. 2.6. Through random stretching, twisting and folding of magnetic
field lines in a turbulently moving plasma kinetic energy is converted into magnetic en-
ergy. Turbulence that is generated for example as gas falls into dark matter halos (Wise
& Abel, 2007; Greif et al., 2008), as gas is accreted into the center of the halo (e.g.
Klessen & Hennebelle, 2010; Elmegreen & Burkert, 2010; Federrath et al., 2011b), or
as it condenses to form the first stars, the so-called Population III (Pop III) stars (e.g.
Sur et al., 2010; Clark et al., 2011b; Turk et al., 2012) can efficiently drive a small-scale
dynamo (SSD) (Kazantsev, 1968; Kulsrud et al., 1997). The magnetic field strength is
increased exponentially within a free-fall time (Subramanian, 1997; Brandenburg &
Subramanian, 2005). The magnetic field first saturates on small scales, more exactly
on the viscous scale below which the turbulence is dissipated. In a cascade-like fashion
the magnetic energy is transported to larger scales until it also saturates on the turbulent
forcing scale, i.e. the scale at which turbulence is pumped into the system (Schekochi-
hin et al., 2002). In this way a primordial tangled magnetic field of up to B ⇠ 10�5G is
generated (Schleicher et al., 2010; Sur et al., 2012; Peters et al., 2012; Turk et al., 2012;
Schober et al., 2012; Schleicher et al., 2013; Susa et al., 2015). Schober et al. (2012)
have found the magnetic field saturates already within a small density increase dur-
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ing pre-stellar collapse of primordial star formation. Any further amplification during
collapse only happens through compression of the magnetic field lines, which scales
as B / ⇢3/2 for a spherical collapse of gas with density ⇢. Non-ideal magnetohydro-
dynamical effects such as ohmic resistivity and ambipolar diffusion which lead to a
diffusion and consequently reduction of the magnetic field do not hinder the action of
the small-scale dynamo significantly (e.g. Schober et al., 2012).

The exact transition between a small-scale tangled field to a large-scale coherent
field is not completely understood yet. But it has been found that a mechanism such
as the ↵-⌦ dynamo that operates in differentially rotating disks may order small-scale
tangled field into a coherent, large-scale structure and further amplify it (e.g. Steenbeck
& Krause 1966; Vainshtein & Ruzmaikin 1971; Arshakian et al. 2009; and in particular
in primordial context Pudritz & Silk 1989; Tan & Blackman 2004).

There are several ways in which magnetic fields affect star formation. One impor-
tant effect is that magnetic field can suppress fragmentation of protostellar disks. A
process that is also studied in this thesis is disk stabilization through magnetic pressure
support (Lynden-Bell, 1966). This can be qualitatively described through an extended
Toomre criterion (Kim & Ostriker, 2001)

Qmag =
 (c2s + v2A)

1/2

⇡G⌃
(2.61)

where vA = B/
p
4⇡⇢ is the Alfvén velocity that describes how fast changes in the mag-

netic field configuration, denoted by the field strength B, propagate through a plasma
of density ⇢. Furthermore, cs is the speed of sound, G the gravitational constant, ⌃ the
disk surface density, and  the epicyclic frequency. The magnetic pressure basically
extends the stabilizing effects of the thermal gas pressure by a magnetic field com-
ponent. This effect has been observed in previous ideal MHD studies of present-day
star formation (e.g. Hosking & Whitworth, 2004; Hennebelle & Teyssier, 2008; Peters
et al., 2011; Seifried et al., 2011). It was also found in Population III star formation by
Peters et al. (2014) who studied the influence of a small-scale, turbulent magnetic field
on the collapse of a rapidly rotating gas cloud. We study the impact of magnetic fields
in Population III protostellar disk stabilization through magnetic pressure in Chapter 7
& 8 in this thesis. For our projects we consider ideal magnetohydrodynamics. This
means that there is perfect coupling between the electrons, ions, and neutral species in
the examined plasma and the magnetic field lines follow the density distribution, i.e.
flux freezing.

Other ways to increase the stability of circumstellar disk that are not examined in
this thesis include for example angular momentum redistribution either via magnetic
braking (e.g. Mouschovias & Paleologou 1979; Mellon & Li 2008; Mellon & Li 2009;
Hennebelle & Ciardi 2009, Hennebelle et al. 2011; and in the context of Pop III star
formation e.g. Machida & Doi 2013), or through jets (e.g. Blandford & Payne 1982;
Konigl & Pudritz 2000; Banerjee & Pudritz 2006; ;Seifried et al. 2012; and in the
context of Pop III star formation Machida et al. 2006; Machida et al. 2008a; Machida
& Doi 2013).

2.5.7 Initial mass function and the high-mass end
The earliest numerical studies suggested that Population III stars form in an isolated
fashion and grow to very large masses of & 100M� (Abel et al., 2002; Bromm et al.,
2002; Bromm & Larson, 2004). More advanced numerical simulations within the last
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decade now study Population III star formation far beyond the formation of the first
protostar. They find that a protostellar cluster is created through fragmentation of the
highly self-gravitating disk that forms due to non-negligible angular momentum within
the collapsing gas cloud (Clark et al., 2008; Turk et al., 2009; Stacy et al., 2010; Clark
et al., 2011b; Greif et al., 2011; Clark et al., 2011a; Smith et al., 2011; Stacy & Bromm,
2013). Examinations of these protostellar clusters indicate that the initial mass func-
tion of Population III stars follows a top-heavy distribution with masses ranging from
subsolar to over a hundred solar masses, with the majority of the masses lying at a few
ten solar (Greif et al., 2011; Clark et al., 2011a; Stacy & Bromm, 2013; Susa, 2013;
Stacy et al., 2016).

Population III stars accrete as long as their is enough gas supply and the accretion
process is not terminated through radiative feedback or interactions with stellar com-
panions, i.e. through fragmentation-induced starvation or ejections. This means they
can continue to grow in mass while being already on the ZAMS or the main sequence.
Studying ways in which Pop III may grow significantly in mass and reach values of sev-
eral hundred or even thousands of solar masses, is a very active field in current research.
One possibility may be through constantly or at least in regular episodes recurring high
accretion rates above some critical value (of the order of 4 ⇥ 10�3M� yr�1 see e.g.
Omukai & Palla (2003), Hosokawa & Omukai (2009) and Hosokawa et al. (2010)) that
lead to long-lasting fluffy protostars thereby reducing any accretion-limiting radiation
(see e.g. Hirano et al., 2014; Hosokawa et al., 2016; Sakurai et al., 2016; Haemmerlé
et al., 2018). Similarly, frequent merging between protostars in the Pop III cluster may
promote higher mass Pop III star formation (see e.g. Hosokawa et al. (2016) or in
the context of present-day star formation Baumgardt & Klessen (2011) and Moeckel
& Clarke (2011)). Also magnetic fields might be able to provide favorable conditions
by stabilizing protostellar accretion disks against fragmentation and thus reducing ef-
fects due to fragmentation-induced starvation within Pop III clusters (in the context of
present-day star formation, see Price & Bate (2007), Hennebelle & Teyssier (2008)) or
by removing angular momentum in the direct surrounding of the star so efficiently that
no disk forms. Therefore no fragmentation occurs and a single protostar can accrete
material directly (spherically) and undisturbed (e.g. Machida & Doi, 2013). In Fig. 2.7,
we give a schematic overview of Population III star formation in particular stressing
high-mass star formation promoting (positive) and limiting (negative) feedback pro-
cesses.

2.5.8 Fate of Population III stars and observational signatures
The final fate of Population III stars depends mainly on their mass (e.g. Heger &
Woosley, 2002):

• M? < 8� 10M�: planetary nebula and white dwarf

• 10 . M? . 40M�: core-collapse supernova (CCSN; type II supernova with a
neutron star remnant or, when M? & 20M�, black hole remnant)

• 40 .M? . 140M�: supernova explosion followed by black hole

• 140 .M? . 260M�: pair-instability supernova (PISN); no remnant. Rotating
Pop III stars may explode as PISN already from a mass of ⇠ 65M� onwards
(Chatzopoulos & Wheeler, 2012). In a pair-instability supernova, the enormous
energy of the explosion destroys the star completely without leaving a remnant.
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Figure 2.7: Scheme of Population III star formation: Intermediate mass stars (. 10M�; e.g.
Pop III.2 stars) evolve in pre-ionized minihalos and supermassive stars (& 105M�; e.g. super-
massive black hole (SMBH) seeds) in atomic cooling halos. Pop III.1 stars form in quiescent
minihalos which are unaffected by external feedback. Red: Negative feedback processes of the
protostar–disk system and disk instability will limit mass growth of the protostar to a few ten
M�. Whereas - denoted in blue - disk stabilizing mechanisms through magnetic fields and exter-
nal heating, high accretion rates (> a few 10�3M� yr�1) or aggressive merger events can boost
formation of very massive Pop III.1 stars (& 103M�). Image credit: myself.
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The core of a PISN progenitor star is able to become hot enough for the pro-
duction of electron-positron pairs out of photons. The removal of these photons
leads to a reduction of the radiation pressure that counteracts gravity within the
star. Thus, the star is able to contract further, which again accelerates burning
processes and pair production and repeats the cycle. An instability in the stellar
interior develops that promotes a runaway collapse of the star until the energy
within the star has grown to large enough values to completely disrupt it.

• M? & 260M�: direct collapse into a black hole.

Since observational signals from Population III stars play only a minor role in the
situations studied in this thesis, we refrain from going into too much detail here but
give a general overview. We will give some more explanations in later chapters where
appropriate. Population III stars are not expected to be observable with current and
upcoming technologies as they are too distant in space and time (e.g. Zackrisson et al.,
2011; Rydberg et al., 2013). An exception may be low-mass Pop III survivors with
masses below M ⇠ 0.8M�. Their lifetimes are long enough for them to have survived
until today (Yoshida et al., 2006; Greif et al., 2011; Kippenhahn et al., 2012). Their
low brightness, however, makes them difficult to detect. So far, no such star has been
discovered. To increase the chance of finding them, an extension of current surveys
may be needed (Hartwig et al., 2015a; Ishiyama et al., 2016), for example also to cover
low-mass satellites of the Milky Way as they may have a higher fraction of low mass
Pop III survivors compared to the Milky Way and thus could be promising regions for
the search for them (Magg et al., 2018).

Signatures of more massive Population III stars may be observed indirectly through
analyzing the metal constituents of extremely metal-poor stars (EMP) (Beers & Christlieb,
2005; Frebel & Norris, 2015) or ultra metal-poor stars (UMP) (Karlsson et al., 2013).
Population III core-collapse supernovae and pair-instability supernovae enriched their
host halo, the intergalactic medium (e.g. Madau et al., 2001; Bromm et al., 2003; Greif
et al., 2007; Wise & Abel, 2008), and even neighboring halos (e.g. Smith et al., 2015;
Chen et al., 2017) with their metals that then were taken up in the generation of the
first metal-enriched stars, the so-called Population II stars (e.g Bromm et al., 2001b;
Mackey et al., 2003). By comparing the observed metal content in metal-poor stars
with numerical predictions of Pop III supernova yields, one can estimate the Pop III
progenitor that enriched the gas from which the metal-poor star was formed. Mostly,
features of CCSN supernovae of 15 � 40M� Pop III stars were found (e.g. Beers &
Christlieb, 2005; Frebel et al., 2005, 2008; Karlsson et al., 2008; Joggerst et al., 2010).
Pop III PISN signatures have not been conclusively detected yet (Aoki et al., 2014).
Currently, results from both numerical simulations (see Section 2.5.7) and observa-
tions suggest that Population III PISNe were a rare phenomenon. If they existed, their
explosions may be directly observable, e.g. with the James Webb Space Telescope, due
to their large luminosities (Whalen et al., 2013c). Other indirect constraints on Popula-
tion III stars may be gained through the observation of gamma-ray bursts (e.g. Bromm
& Loeb, 2006; Wang et al., 2012) or gravitational waves (e.g. Hartwig et al., 2016;
Belczynski et al., 2017; Pacucci et al., 2017; Schneider et al., 2017).
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For the first part of the studies described in Chapter 4, we use the Eulerian grid code
ZEUS-MP (Norman, 2000; Hayes et al., 2006). The simulations presented in Chapter 5,
6 and 8 are performed using the moving-mesh code AREPO (Springel, 2010). Below,
I briefly introduce the two codes, paying special attention to code features that are of
particular importance to our numerical studies. Here, I especially describe new features
implemented by us or changes introduced by us within already existing modules. In
the first part of this chapter, in Section 3.1, I give details of the code ZEUS-MP. Sec-
tion 3.2 concentrates completely on the numerical details of our studies with the AREPO
code. After giving a general overview of the code, I explain further details of the code
modules that are important for our studies: the sink particle module (3.2.1), the sink
accretion luminosity calculation (3.2.2), the primordial chemistry network (3.2.3), and
the variable adiabatic index (3.2.4). The accretion luminosity computation was newly
implemented and tested by me. The variable adiabatic index was coupled to the pri-
mordial chemistry network by Simon Glover and and tested by me. Finally, in the last
subsection (3.2.5), I describe how we set up our initial conditions for the simulations
in Chapter 5, 6, and 8, i.e. the Bonnor-Ebert sphere and the turbulent velocity field.

3.1 ZEUS-MP

For our study presented in Chapter 4, we use the massively-parallel, (magneto-) hy-
drodynamical 1, multiphysics Eulerian grid code ZEUS-MP (Norman, 2000; Hayes
et al., 2006). In this code, hydrodynamics is evolved on a structured mesh using a
staggered-grid finite-difference scheme with a second-order accurate, monotonic ad-
vection scheme (Norman, 1980; Norman & Winkler, 1986; Leer, 1977). The gas self-
gravity is updated at every hydrodynamical time step through a conjugate gradient
solver that solves Poisson’s equation. Simulations can be performed 1D, 2D and 3D on
a spherical, cylindrical or Cartesian grid. Our simulations use a 2D cylindrical grid. We
also employ a primordial chemistry network with nine species (H, H+, He, He+, He2+,
H�, H+

2 , H2, and e�), each having its own continuity and non-equilibrium rate equa-
tions (Anninos et al., 1997). As the chemical species share a common velocity field
with the hydrodynamical fluids, their advection terms are included in the hydrodynam-
ical cycle whereas the rate equations are advanced separately. Charge conservation and
conservation of the mass of the individual elements is enforced at every update of the
chemical network as it is not guaranteed otherwise. The code accounts for important
heating (see further Whalen & Norman, 2008a) and cooling processes (e.g. Galli &

1For our purposes, we employ hydrodynamics only.
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Palla, 1998) in the primordial environment, such as H2 line cooling, collisional ion-
ization and excitation of H and He, recombinations of H+ and He+, inverse Compton
scattering from the CMB and bremsstrahlung emission. For a complete list see Whalen
& Norman (2006). The gas energy density is affected by these processes and is updated
at every update of the chemical network.

We use a specific version of the code which includes a multifrequency photon-
conserving raytracing UV transport scheme (Whalen & Norman, 2008a,b). Radiation
is treated as a plane wave together with a 1/r2 attenuation of the flux intensity in order
to account for geometrical dilution effects. The stellar spectra consist of blackbody
emission rates which are discretized into 40 uniform bins covering 0.755 eV to 13.6 eV,
and 80 logarithmic bins stretching from 13.6 eV to 90 eV. Time-averaged Population III
ionizing photon rates and stellar surface temperatures are taken from Tables 3 and
4 of Schaerer (2002). The values of the ionizing photon rates fix the normalization
of the stellar spectral-energy density (SED), allowing the emission rates in the other
bins to be derived. Furthermore, the code treats H2 photodissociation through Lyman-
Werner photons (11.2�13.6eV) separately via the self-shielding functions of Draine &
Bertoldi (1996). A summary of the radiative reactions is given in Table 1 in Whalen &
Norman (2008a). In this way, this version of the code is able to follow the propagation
of photodissociating and ionizing radiation from point sources, i.e. the evolution of
cosmological ionization fronts (Whalen & Norman, 2008a,b).



CHAPTER 3. NUMERICAL METHODS 37

3.2 AREPO

AREPO has an unstructured moving-mesh based on the so-called Voronoi tessellation.
Its mesh-generating points follow a quasi-Lagrangian behavior by being advected with
the underlying fluid velocity. In this way AREPO is able to combine advantageous prop-
erties of both adaptive mesh refinement (AMR) and smoothed-particle hydrodynamic
(SPH) codes while simultaneously alleviating or even eliminating several of their error-
inducing disadvantages. For example, AREPO remains the accuracy of mesh-based
hydrodynamics (e.g. reduction of errors from artificial viscosity or from noise of ker-
nel estimates as encountered in SPH codes) but avoids the introduction of preferred
directions as in Cartesian grids. Furthermore, AREPO’s Lagrangian nature allows the
moving mesh to follow and adapt continuously in resolution to the way density fluc-
tuations evolve under their own self-gravity. This make AREPO an ideal code to study
gas collapse.

The Voronoi grid is initialized with the help of the so-called Delaunay tessellation
that divides space into a mesh of triangles (2D) or tetrahedra (3D) via triangulation.
The vertices of the Delaunay cells are the mesh-generating points for the Voronoi cells
while mid-points of circumcircles/spheres around each Delaunay cell (i.e. center of
the circle or sphere around such a cell) form the vertices of the Voronoi cells. The
Voronoi cells have a polygonal (2D) or polyhedral (3D) shape. For more details on
grid properties and the technique used to generate the grid, see section 2 of Springel
(2010).

In our simulations, the local Jeans length continuously decreases while the gas
collapses to ever smaller scales. We therefore employ a Jeans refinement criterion
based on the Truelove criterion (Truelove et al., 1997) that makes sure to resolve the
local Jeans length by a minimum number of cells to avoid artificial fragmentation.
In the original case of isothermal gas the minimum number is four cells, while for a
variable equation of state a minimum number of eight cells is used (e.g. Turk et al.,
2012). Depending on the type of physical process that is numerically modeled, higher
numbers may need to be used. For example to resolve turbulent motions arising in
the gas while it is gravitationally collapsing one needs to employ at least 32 cells per
Jeans length (e.g. Federrath et al., 2011b; Greif et al., 2012). A cell in AREPO that
fulfills the refinement criterion is split into two cells. To guarantee conservation of
mass, momentum and energy, their values in the original cell are now weighted by
the volumes of the two newly-established cells and then distributed accordingly. This
leaves the density, pressure and velocity of the original cell unchanged. The mesh-
generating point of the new cell only has a tiny offset from the location of the mesh-
generating point of the original cell. Over the course of a few time-steps, a mesh
regularization procedure draws the two points away from each other and toward the
center of masses of the two newly established cells. This regularization procedure
produces roundish cells and a honeycomb-like structure of the mesh that optimizes the
computational efficiency of the code. Another useful application is the de-refinement
strategy for regions that are unaffected by gas collapse. As in the refinement procedure,
after the mesh-generating point of a cell is removed, the content of the former cell is
distributed to the neighboring cells in a conservative and volume-weighted fashion (i.e.
depending on which volume fraction of the original cell they receive). Then, the mesh
regularization procedure smooths the grid again. For the studies presented in this thesis
a recent version of the code is used that includes updates to reduce mesh noise and
deviations from mesh regularity during the regularization process (Mocz et al., 2015).
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AREPO solves the hydrodynamical Euler equations through a finite-volume strat-
egy using a hybrid approach between the Godunov method based MUSCL-Hancock
scheme (van Leer, 1984; Toro, 1997; van Leer, 2006) and a Runge-Kutta time integra-
tion scheme (Pakmor et al., 2016) together with a Riemann solver. In this approach the
system’s volume is discretized into a finite number of disjoint cells, represented by the
Voronoi grid cells. After the fluid states, described by the conserved quantities mass,
momentum and energy, have been obtained at each side of the cell interfaces with
the help of the time integration scheme, a flux vector of the fluid exchange between
cells is computed using the Riemann solver. This approach described in section 3 of
Springel (2010) (with updates on the convergence behavior in Pakmor et al. (2016),
further makes sure to retain the Galilean invariance of the numerical system.

For ideal magnetohydrodynamical (MHD) simulations, a similar finite-volume strat-
egy is followed by employing again a Godunov approach including the method by
Darwish & Moukalled (2003) for the spatial extrapolation of the fluid states across
neighboring cells, the time-prediction scheme as described in the original AREPO pa-
per by Springel (2010), and a Riemann solver. For both the hydrodynamical the studies
presented in Chapter 5 as well as the ideal MHD study described in Chapter 8, we use
the HLLD Riemann solver (Miyoshi & Kusano, 2005).

The challenge in numerical MHD computations is to preserve r ·B = 0. While it is
conserved analytically, this is generally not true anymore for discretized version of the
MHD equations. Instead, non-zero values of r ·B occur and tend to increase quickly
in non-trivial MHD flows leading to unphysical behavior of the MHD flow such as
sudden locally strongly amplified magnetic field values.

In order to avoid this, there are on the one hand schemes that conserve r ·B = 0 by
construction (e.g. Evans & Hawley, 1988), and on the other hand schemes that simply
try to sufficiently minimize spurious r · B values (e.g. Powell et al., 1999; Dedner
et al., 2002). AREPO applies the Powell divergence cleaning scheme (Powell et al.,
1999; Pakmor & Springel, 2013). Here, additional r · B source terms are added to
the momentum, energy and induction equation, which introduce a passive advection
of r ·B with the fluid flow that tries to diffuse it away once it occurs and in this way
counteracts its further growth. This method has been shown to be very stable and
advantageous allowing it to be performed in the same step as the computation of the
local magnetohydrodynamical fluxes. In addition, for some of our MHD computations,
we use a recently added MHD refinement criterion that tests whether the non-zero r ·B
value has become sizable. If 2Rr ·B/B > C, where R is the radius of a cell, r ·B the
local divergence of the magnetic field, and B the value of the magnetic field strength in
this cell, and C = 0.1, then we refine the grid. In this way the cell radius and r ·B are
reduced while the magnetic field strength stays the same.

For our simulations for which gas self-gravity needs to be computed, we use a tree-
based approach with the TreePM method (Springel & Hernquist, 2002) that is imple-
mented in AREPO and that is combined with the Lagrangian hydrodynamical computa-
tions. In this way, the gravitational resolution automatically and continuously follows
and accurately matches that of the hydrodynamical flow (e.g. Bate & Burkert, 1997).
The gravitational force between the different cells of the mesh is derived via the tree
algorithm under the assumption that each cell is a point mass with some gravitational
softening length. The volume computed form this mass and softening length is slightly
larger than the cell’s real volume .

AREPO comes with a variety of different modules ranging from radiative transfer
methods to black hole physics. Two modules that are of particular importance for this
thesis are the sink particle module and the primordial chemistry module. These are
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described together with our new additions in Sections 3.2.1 - 3.2.4 below.

3.2.1 Sink particle module

Sink particles were invented by Bate et al. (1995) to replace gravitational collapsing and
unambiguously gravitationally bound gas structures with a collisionless, non-gaseous
particle of the same mass that can continue to grow in mass via accretion but other-
wise interacts only gravitationally with its surrounding. The method was developed in
order to improve the numerical feasibility and simulating the long-term evolution and
interaction of small-scale collapsing gas fragments with their large-scale surroundings.
When gas fragments condense toward protostellar densities, the hydrodynamical time
steps of the involved cells become rapidly many orders of magnitude smaller (e.g. or-
der of seconds and below) than that of the overall global evolution of the host cloud
(e.g. orders of thousands of years). This large dynamical range poses an enormous
challenge for current numerical and computational systems. The sink particle imple-
mentation we use in our simulations was developed by Paul Clark and include a more
stringent set of sink particle formation criteria than the original Bate et al. (1995) de-
sign. For a sink particle to form from one of the cells in a set of candidate gas cells that
form a control volume, several conditions must be fulfilled. First of all, the sink can-
didate must have a density higher than the threshold density for sink formation. This
value is predefined and usually motivated through the density at which the Jeans length
of the gas is only just resolved. Second, it is checked that the sink candidate is not
inside the accretion radius of another existing sink. If it is, it could instead be accreted
by this sink, see below for more information on that. Third, the sink candidate must be
the densest possible potential minimum, i.e. it must be the minimum of the local grav-
itational potential created by the cells in the control volume. In the fourth criterion,
the energy balance within the control volume is tested. The mass within the control
volume must exceed the local Jeans mass. For this to be, |Egrav| > 2Etherm must hold.
Furthermore, the region within the control volume must be bound, i.e. its total energy
must be negative. In the sixth and final condition, r · v < 0 and r · a < 0, where v and
a are the velocity and acceleration vector of the gas within the control volume, must
hold to make sure that the gas really converges and is not otherwise involved in tidal
interactions or disrupted.

These six criteria ensure that no spurious sink is formed in regions of sudden den-
sity increase e.g. in shocks, unless the gas is actually gravitationally bound and collaps-
ing. If a gas particle fulfills all these criteria, it is replaced a sink particle with the same
mass and momentum. In AREPO, the sink particle is assigned a gravitational softening
length of one third of the accretion radius to avoid artificial fragmentation.

For a gas cell to be accreted by an existing sink particle, first the cell must be within
the accretion radius of the sink and be bound and moving toward the sink. The latter
can be tested by checking that the radial velocity of the gas particle in the reference
frame of the sink is negative. For it to be bound to the sink, its kinetic energy must be
smaller than its binding energy with the sink. If the gas cell is in the area of influence
of several sink particles, it is accreted by the sink to which it is most strongly bound.
If these criteria are satisfied, the mass and momentum of the gas cell are added to that
of sink particle. For our studies, we use a refined accretion criterion called accretion
skim cell mass in which instead of a whole gas cell being accreted and thus destroyed
at once by the accretion procedure, only ⇠ 90% of the cell’s mass is skimmed and
accreted onto the sink while the gas cell is preserved.
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3.2.2 Accretion luminosity
The sink particles in the simulations presented in Chapter 5, 6, and 8 represent individ-
ual protostars. As gas accretes onto these protostars, it releases a significant amount of
energy. We account for this by computing the accretion luminosity2 for each accreting
protostar

Lacc =
GM?Ṁ

R?
, (3.1)

and the corresponding volumetric heating rate

�acc = ⇢P

✓ Lacc
4⇡r2

◆
ergs�1 cm�3. (3.2)

Here, G is the gravitational constant, Ṁ is the protostellar accretion rate (which we
take to be equal to the instantaneous accretion rate onto the sink), M? and R? are the
mass and radius of the protostar, ⇢ is the gas density, P is the Planck mean opacity,
and r is the distance between the accreting sink and the cell in which we are computing
the heating rate. Equation 3.2 assumes that the gas is optically thin to the radiation
from the accreting protostar, but this is a good approximation in primordial gas (Smith
et al., 2011).

To compute the value of R? , we follow the same approach as in Smith et al. (2011)
and adopt the analytical prescriptions given by Omukai & Palla (2003):

R? /

8>>>><>>>>:

26M0.27
? (Ṁ/10�3)0.41 M?  p1,

A1M
3
? p1 M? < p2,

A2M
�2
? p2 M?&R < Rms,

(3.3)

where R? , M? and Ṁ are expressed in units of R�, M� and M� yr�1, respectively, and
where the transition points p1 and p2 are given by

p1 = 5(Ṁ/10�3)0.27 M�, (3.4)

p2 = 7(Ṁ/10�3)0.27 M�. (3.5)

Finally, the main sequence radius Rms is given by

Rms = 0.28M0.61
? M�. (3.6)

Our approach assumes a quasi-spherical accretion onto the sink. We cannot say
whether at radii smaller than our accretion radius, racc = 2AU, a thin inner disk
forms and how thermally efficient the flow from disk onto the protostellar surface is
(Hosokawa et al., 2010) but in our studies we generally find thick disks down to our
assumed accretion radius (see also Clark et al., 2011b, for similar findings), in which
the sink is embedded, and thus our approximation is reasonable.

The other assumption made here is that the sink radius responds instantly to changes
in the accretion rate. In reality, the characteristic time-scale of the protostellar radial

2This section will be partially included in Wollenberg, K. M. J., Glover, S. C. O., Clark, P. C., Klessen,
R. S., "The Fragmentation Behavior of Population III Protostellar Disks - Part I", MNRAS 2019 (in prep.).
K. M. J. Wollenberg implemented and successfully tested this feature first in the FLASH code. It was later
ported to AREPO by S. C. O. Glover and again tested by K. M. J. Wollenberg. The test consisted of placing
a sink particle within a uniformly dense environment and follow its mass growth for some time. The sink
accretion rate, its mass and the parameters below are printed out from the code and their values are checked
by simple analytic computation.
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evolution is of the order of 103 yr. For the early protostellar evolution dominated by
mass growth (M . 10M�), this is governed by the accretion time-scale, while later
stages follow the Kelvin-Helmholtz contraction time-scale, that is the time over which
the star can redistribute the entropy, which it has taken-up through accretion, internally.
The studies by Smith et al. (2011, 2012) showed that a highly variable accretion rate
does not introduce an enormous error in the computation of the radial evolution. Strong
variation in the computation of the accretion luminosity due to varying accretion rate
and radius are partially smoothed out as Lacc / Ṁacc/R? . Although the overall course
of the accretion luminosity still has variations, this is unlikely to impact our results
significantly. Clark et al. (2011b) and Smith et al. (2011) showed that although accre-
tion luminosity may reduce fragmentation in the surrounding of the sink, it cannot stop
fragmentation of the protostellar disk.

To compute the Planck mean opacity, we again follow Smith et al. (2011) and make
use of the values tabulated as a function of density and temperature by Mayer & Duschl
(2005). One simplification made in that work was the assumption that the gas and radi-
ation temperatures were equal. This does not lead to a large error for gas temperatures
of a few thousand degrees, as these are comparable to the actual photospheric temper-
atures of the accreting protostars. However, it leads to an unrealistically high value for
P and �acc in gas with T ⇠ 104 K or higher. To avoid this problem, we compute P
using a temperature given by

T =min(T ,6000K) , (3.7)

where T is the actual gas temperature.

3.2.3 Primordial chemical network
Our chemical network mostly follows the network of 45 reactions between the twelve
species H, H+, H�, H+

2 , H2, He, He+, He++, D, D+, HD and free electrons as pre-
sented in table 1 of Clark et al. (2011a), which is based in turn on Glover & Jappsen
(2007) and Glover & Abel (2008). Some parts of the deuterium chemistry are different,
namely reactions including D�, HD+ or D2 are excluded as those are not significant for
controlling the HD abundance. Besides, we study Population III.1 star formation for
which the role of HD cooling is minor. Furthermore, our treatment of chemistry and
cooling contains several recent improvements in the form of updated rate coefficients
compared to the Clark et al. (2011a) model, as summarized in Schauer et al. (2017).
The most important change is that we now use a new rate coefficient for the three-body
H2 formation reaction. This and other new chemistry features included for our studies
are presented in detail in the following list3:

• The reaction rate coefficient for the three-body H2 formation,

H+H+H!H2 +H , (3.8)

is highly uncertain (Glover, 2008; Turk et al., 2011). In the literature, the slow-
est rate can be found in Abel et al. (2002) and the fastest in Flower & Harris
(2007). Clark et al. (2011a) use an intermediate value suggested by Glover
(2008). Previous studies have shown that the behaviour of primordial gas at

3This list will be partially included in Wollenberg, K. M. J., Glover, S. C. O., Clark, P. C., Klessen, R. S.,
"The Fragmentation Behavior of Population III Protostellar Disks - Part I", MNRAS 2019 (in prep.).
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densities n > 108 cm�3 is highly sensitive to the treatment of three-body H2 for-
mation (Turk et al., 2011; Bovino et al., 2014) and so it is important to model
this process as accurately as possible. We now use the rate coefficient computed
by Forrey (2013). This yields a more reliable rate coefficient at low gas tempera-
tures than one obtains by applying detailed balance to the collisional dissociation
reaction (see e.g. Palla et al., 1983; Flower & Harris, 2007)

H2 +H!H+H+H, (3.9)

as in the latter case, one is forced to extrapolate the collisional dissociation rate
to a temperature range far below that for which reliable experimental values have
been measured.

• In the course of carrying out our simulations, we found that it became extremely
computationally expensive to track the non-equilibrium deuterium chemistry in
gas with n� 108 cm�3, owing to the short chemical timescales involved. Since
the HD/H2 ratio in this regime largely just tracks the cosmological ratio of D to
H, and the HD molecules are not important coolants at these densities (Glover
& Savin, 2009), we dealt with this problem by switching off explicit tracking of
the deuterium chemistry at densities n > 108 cm�3. Instead, we assume that in
this regime the ratio of the fractional abundances of HD and H2, xHD/xH2

, is
given by the cosmological D to H ratio, xD,tot = 2.6 ⇥ 10�5. We do not expect
this computational simplification to have any impact on our results.

• Finally, in our simulations, we account for the fact that in warm gas with a high
molecular fraction, the adiabatic index of the gas is not necessarily equal to the
value for a monatomic gas, � = 5/3, but instead depends on the chemical com-
position and temperature of the gas. AREPO already supports the use of a variable
adiabatic index in its HLLD Riemann solver, so our main modification here was
to provide routines to compute � as a function of chemical composition and T
for a primordial gas. This is carried out along the same lines as in Clark et al.
(2011a). More details and description of a test of this new implementation is
given below in Section 3.2.4.

As we have explained in Section 2.4, the most important coolant in primordial gas is
molecular hydrogen. In our study of the fragmentation behavior of Pop III protostellar
disks the most important processes are

• H2 rotational and vibrational line cooling (for details on the cooling function see
Glover & Abel, 2008)

• H2 collision-induced emission (CIE) cooling (Ripamonti et al., 2002; Ripamonti
& Abel, 2004; Clark et al., 2011b)

• H2 collisional dissociation cooling (for details regarding the cooling term see
Clark et al., 2011b), and

• Three-body H2 formation heating (for details regarding the heating term see
Clark et al., 2011b).
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Further relevant processes include effects of cooling due to H2 destruction by charge
transfer, due to collisional ionization of H, He and He+, or due to recombination of
H+ or He+, Compton cooling, and bremsstrahlung emission. Further details about the
treatment in the code are given in Glover & Jappsen (2007) and Glover & Abel (2008).

In the optical thick regime above densities of n & 109 cm�3 (see also Section 2.5.1),
we model H2 cooling using the Sobolev approximation (Yoshida et al., 2006) and Clark
et al. (2011a). Although not as accurate as methods involving the solution of the full
non-LTE radiative transfer equation (Greif, 2014) or computation of the H2 column
density distribution (Hartwig et al., 2015b), it has a much lower computational cost,
which is an important benefit in our current study given the number of simulations that
we run. The net cooling rate is

⇤H2,thick(T ) =
X

u,l

�esc,ul�EulAulnu , (3.10)

�Eul = h⌫ul is the energy difference between the upper (u) and lower (l) energy level,
Aul is the Einstein coefficient for spontaneous radiative transition between the two
energy levels, and nu is the population density of molecular hydrogen in the upper
energy level. The probability that an emitted photon with frequency ⌫ul can escape
from the parcel of gas in question is given by

�esc,ul =
1� exp(�⌧ul)

⌧ul
(3.11)

with the optical depth ⌧ul for which the approximation

⌧ul ' ↵ulLs =
↵ul

nH2

NH2,e↵ (3.12)

is used. Here, ↵ul / nH2
is the line absorption coefficient and Ls is the Sobolev length

which is related to the effective H2 column density by NH2,e↵ ⌘ nH2
Ls

4. The Sobolev
length in one dimension is defined as ratio of the thermal velocity, vth, and the absolute
of radial velocity gradient dvr/dr:

Ls =
vth

|dvr/dr |
. (3.13)

For a three-dimensional flow, this can be generalized (Neufeld & Kaufman, 1993) to

Ls =
vth
|r · v| . (3.14)

For a small velocity dispersion in the gas, the Sobolev length can become very large.
In order to avoid artificially small values of the H2 cooling rate, one uses smallest
Sobolev length and the local Jeans length in the expression for the optical depth in Eq.
3.12. This is justified as for length scales above the local Jeans length strong density
gradients are present and we expect that the contribution to the molecular hydrogen
line absorption mostly stems from material within only a few local Jeans lengths (Clark
et al., 2011b).

4The ratio ↵ul/nH2 varies with temperature only. For the treatment of the Sobolev method in our simula-
tion, we can derive cooling rate values through interpolation of a pre-generated table of the cooling rate per
hydrogen molecule in the optically thick regime as function first of gas temperature and second of effective
molecular hydrogen column density (see also Clark et al., 2011a).



44 3.2. AREPO

Figure 3.1: Cell distribution for the relation between the adiabatic index � and the radius (left)
as well as � vs. number density (right) when using the option for variable � . This test was
performed with the Riemann HLLD solver.

For disk densities n > 1014 cm�3, we use the approximation for the reduction of
the CIE cooling rate by continuum absorption from Clark et al. (2011b) and apply the
cooling rate

⇤CIE,thick(T ) =⇤CIE,thin ⇥min
 
1� exp(�⌧CIE)

⌧CIE
,1

!
, (3.15)

with the CIE optical depth

⌧CIE =
✓ nH2

7⇥ 1015 cm�3
◆2.8

. (3.16)

This approximate rate agrees within a factor of a few to actual rate measured prior to
first protostar formation in Yoshida et al. (2008). Clark et al. (2011b) furthermore tested
the quality of this approximation in an accretion disk environment. They find that the
effects of the continuum opacity only become important once the gas undergoes run-
away gravitational collapse while for disk densities of n ⇠ 1013 �1015 cm�3 the gas is
still optically thin to CIE cooling. Since we set our sink creation density threshold to
nthresh ⇠ 1015 cm�3, it is unlikely that this approximation significantly influences our
results.

3.2.4 Variable adiabatic index
In numerical simulations that include primordial chemistry often only a fixed adiabatic
index � = 5/3 is employed. However, the adiabatic index actually varies between
� = 5/3 (atomic gas) and �  7/5 (warm, highly molecular gas)5. In Fig. 3.1, we plot

5For molecular hydrogen � = 7/5 when only the rotational energy levels are populated. With increasing
temperature, also H2 vibrational levels get populated which leads to values of � < 7/5.
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Figure 3.2: Comparison of the radial velocity profiles between the three test runs. The pink line
is given by the exact Riemann solver at a time of 1.38yr before the first sink forms (tSF). The
orange line of the Riemann HLLD with fixed adiabatic index is derived at a time tSF � 2.14yr
and the purple line for the variable � run at tSF � 1.47yr.

for all cells in our test simulation the relation between � and radius (left) as well as �
and number density (right).

AREPO supports the use of a variable adiabatic index within its Riemann HLLD
solver (Miyoshi & Kusano, 2005). Therefore, we added routines to compute � as
a function of chemical composition and temperature within our primordial chemistry
network.

We performed three test runs: first with the AREPO exact Riemann solver (Toro,
1997) and a fixed adiabatic index of � = 5/3, second with the HLLD Riemann solver
and � = 5/3, and third with the HLLD Riemann solver and the variable � . Our test
setup was a Bonnor-Ebert (BE) sphere collapse with a resolution of 8 cells per Jeans
length. Sink particles were included for which we chose an accretion radius of racc =
4AU and a threshold density of nthresh ⇡ 5⇥ 1014 cm�3.

We found that the run with variable � proceeded faster than the other two: the first
sink particle was formed at t = 1.21887Myr compared to t = 1.21911Myr (+240yr,
HLLD solver, fixed �) and t = 1.219Myr (+130yr, exact Riemann). In Fig. 3.2, we
plot the profiles of the radial velocity of the three different runs at times between one
and two years before the first sink formation. We see clearly that the gas infall proceeds
with larger velocities in case of the variable � run.

From Fig. 3.3 and 3.4, we can see that the overall temperature and density profiles
stay about the same for all three runs. The data were taken from snapshots at the same
times just before first sink formation as in Fig. 3.2. We plot again the distributions of
all cells and indicate the mass-weighted mean profiles of distributions by lines.



46 3.2. AREPO

Figure 3.3: Comparison of temperature-radius (left) and number density-radius profiles of the
cell distributions within our three test runs. Further indicated by lines are the mass-weighted
mean radial profiles.

Figure 3.4: Comparison of temperature-number density profile of the cell distributions within
our three test runs. Further indicated by lines is the mass-weighted mean.



CHAPTER 3. NUMERICAL METHODS 47

3.2.5 Generating the initial conditions
Setting up a Bonnor-Ebert sphere density distribution

For the study about the influence of turbulence and rotation on the formation of Popula-
tion III accretion disks and the creation of Pop III stellar clusters through disk fragmen-
tation presented in Chapter 5, we use an unstable gas cloud with a Bonnor-Ebert (BE)
sphere density distribution (Ebert, 1955; Bonnor, 1956) as our initial condition. A BE
sphere is a self-gravitating isothermal sphere in hydrostatic equilibrium. The density
profile is formally derived as a solution of the so-called dimensionless Lane-Emden
equation (Lane, 1870; Emden, 1907). Since the BE profile reproduces density distribu-
tions within real (present-day) molecular cloud cores found in observations (e.g. Alves
et al., 2001; André et al., 2004; Lada et al., 2007) and since it also well-represents den-
sity profiles of primordial gas clouds self-consistently derived in cosmological simula-
tions (e.g. Abel et al., 2002; Bromm et al., 2002; Yoshida et al., 2008), it is frequently
used as an initial condition in small-scale simulations of star formation in order to
perform studies within an controlled simulation setup. For examples of its use in sim-
ulations of present-day star formation see e.g. Banerjee et al. (2004) and Walch et al.
(2009) and for primordial star formation see e.g. Machida et al. (2008a), Sur et al.
(2010, 2012), and Clark et al. (2011a). For the derivation of the Lane-Emden equation,
we start with the equations of an isothermal, spherically symmetric, self-gravitating
gas sphere in hydrostatic equilibrium:

Equation of hydrostatic equilibrium: �1
⇢
rP �r� = 0 (3.17)

� 1
⇢(r)

P(r)
dr
� d�(r)

dr
= 0 (3.18)

Poisson equation: r2� = 4⇡G⇢ (3.19)

1
r2

d
dr

 
r2

d�(r)
dr

!
= 4⇡G⇢(r) (3.20)

Equation of state: P = ⇢ c2s (3.21)

P(r) = ⇢(r)c2s (3.22)

where in the second line of each equation the form in spherical coordinates is given. In
the equations above, r is the radius of the sphere and ⇢, P and � are the local density,
pressure and gravitational potential of the sphere and G is the gravitational constant.
The isothermal sound speed is cs =

q
kBT /(µmp) where kB is the Boltzmann constant,

T the temperature inside the sphere, µ is the mean molecular weight and mp the proton
mass. Combining equations (3.18) and (3.22) and rearranging leads to

� d ln⇢(r)
dr

=
d
dr

 
�(r)

c2s

!
(3.23)

of which the solution under condition �(r = 0) = 0 is

⇢(r) = ⇢0 exp
 
��(r)

c2s

!
. (3.24)

Using this solution with (3.20) leads

1
r2

d
dr

 
r2

d�(r)
dr

!
= 4⇡G⇢0 exp

 
��(r)

c2s

!
. (3.25)
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With the substitutions

 ⌘ �(r)
c2s

(3.26)

⇠ ⌘ r

 
4⇡G⇢0

c2s

!1/2
=

r
r0

(3.27)

we finally arrive the Lane-Emden equation

1
⇠2

d
d⇠

 
⇠2 d 

d⇠

!
= exp(� ) . (3.28)

Figure 3.5: Linear (left) and logarithmic (right) plots of Bonnor-Ebert sphere density profiles.
Here, the dimensionless parameters ⇠ and ⇢/⇢0 are plotted. The black dashed line indicates the
critical (dimensionless) radius ⇠crit ⇡ 6.451. The red dashed line in the right plot describes a
/ ⇠�2 slope which is typical for the BE sphere density profile, and because of its similarity, the
BE sphere is a popular description for real molecular clouds.

Under the assumption of the mixed boundary conditions (von Neumann & Cauchy)

 (⇠ = 0) = 0 and
d (⇠)
d⇠

�����
⇠=0

= 0 , (3.29)

the Lane-Emden equation can be integrated numerically. Figure 3.5 shows the result-
ing Bonnor-Ebert density profile in linear and logarithmic scaling. The dimensionless
coordinate ⇠ includes the characteristic radius r0 = cs/

p
4⇡G⇢0 and the central density

of the Bonnor-Ebert sphere ⇢0. When the central density, the internal temperature (via
the sound speed cs) and the radius of the Bonnor-Ebert sphere RBE = ⇠r0 is given, the
BE sphere is fully described.

The mass of a sphere with a given density profile can be expressed as

M =
Z r

0
4⇡r 02⇢(r 0)dr 0 . (3.30)

Together with (3.24), (3.27) and the Lane-Emden equation (3.28), the BE sphere mass
is derived as

MBE = 4⇡⇢0

 
c2s

4⇡G⇢0

!3/2
⇠2 d (⇠)

d⇠
. (3.31)
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By introducing the dimensionless mass

m =
1p
4⇡

 
⇢(r)
⇢0

!
⇠2 d (⇠)

d⇠
(3.32)

and together with Eq. 3.21, we arrive at the expression

MBE =
mc4s

P1/2G3/2
. (3.33)

Applying linear stability analysis, Ebert (1955) and Bonnor (1956) found a critical
value for the dimensionless radius ⇠crit = 6.451, which divides stable and unstable
solutions of BE sphere. The sphere is stable for ⇠ < ⇠crit, it is marginally stable at
⇠ = ⇠crit, and unstable for ⇠ > ⇠crit. Collapse of a Bonnor-Ebert sphere can be induced
by increasing its mass or the external pressure so that the mass of the given sphere be-
comes larger than the original BE mass. The BE sphere then collapses in the ’classical’
outside-in fashion.

Comparison to Jeans criterion

The Jeans length

�J =

s
⇡c2s
G⇢0

(3.34)

and the corresponding Jeans mass (a sphere with radius �J /2)

MJ =
4⇡
3

⇢0

 
�J

2

!2
=

⇡5/2

6G3/2

c3s
⇢1/20

(3.35)

give a first, simple approach to analyze the stability of self-gravitating gas clouds
(Jeans, 1902). These relations are derived through linear perturbation analysis of a
homogeneous, isothermal, non-viscous medium in hydrostatic equilibrium. The cloud
becomes unstable for � > �J or M > MJ . Thus, collapse sets in when the cloud self-
gravity overcomes the balancing support by thermal gas pressure.

When we compare the Jeans length with the critical Bonnor-Ebert sphere radius
(⇠crit = 6.451), we find

�J =

s
⇡c2s
G⇢0

⇡ 1.77

s
c2s
G⇢0

and rBE,crit =
 

c2s
4⇡G⇢0

!1/2
⇠crit ⇡ 1.82

s
c2s
G⇢0

.

(3.36)
Interestingly, both ansatzes lead to similar values regarding the critical size of a

gravitationally unstable sphere although the Jeans criterion was derived for a constant
density profile while the BE ansatz considered a non-uniform density distribution.

Collapse timescales

A homogeneously dense, isothermal sphere in hydrostatic equilibrium (no pressure
forces, zero initial velocities) collapses within the so-called free-fall time

t↵ =

r
3⇡

32G⇢0
(3.37)
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The free-fall time only depends on the initial density, not on the temperature. Hence,
all points of the sphere have the same density at a given time and arrive at the center
simultaneously. The collapse is called homologous.

The Bonnor-Ebert sphere is has a non-homogeneous density profile and collapses
outside-in, i.e. non-homologously. Therefore, a better expression of the collapse
timescale of a BE sphere is (Banerjee et al., 2004)

t0 =
1

p
4⇡G⇢0

⇡ 0.52 t↵ . (3.38)

Energy balance

The Bonnor-Ebert sphere collapses when its total energy

Etot = Etherm +Erot +Eturb +Emag +Egrav (3.39)

is negative.
Egrav is the gravitational potential energy of the sphere. While for a homogeneous

sphere it is

Egrav = �
3
5
GM2

R
, (3.40)

it is for a Bonnor-Ebert sphere

Egrav,BE = � 3
⇠B 

0
B

(
1� ⇠B exp(� B)

3 0B

)
GM2

R
, (3.41)

where  B ⌘  (⇠B) and  0B ⌘  0(⇠B) is the isothermal function as in (3.26) and its
derivative both evaluate at the specific dimensionless radius ⇠B (Ebert, 1955; Bonnor,
1956).

The thermal energy of a cloud of mass M at temperature T consisting of gas with
mean molecular weight µ is

Etherm =
3
2
kBT
µmp

M (3.42)

where kB is the Boltzmann constant and mp the proton mass. The term kBT /µmp is
the expression for the isothermal sound speed.

The rotational energy is

Erot =
1
2
I⌦2 (3.43)

with I being the moment of inertia and⌦ the rotational frequency. For a Bonnor-Ebert
sphere the moment of inertia reads I = 0.28MBER

2
BE with MBE and RBE being the

mass and radius of the BE sphere6.

The turbulent energy of the gas within cloud is given by

Eturb =
1
2

X

i

miv
2
rms . (3.44)

6We derive the pre-factor ’0.28’ by computing I =
P

i mi r?,i through summing up over all gas cells
within our BE sphere, where mi is the mass of gas cell i and r?,i its distance to the rotation axis of the
sphere. As a reference where this factor is also applied see Walch et al. (2009)
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where vrms root-mean square velocity and mi is the mass of gas cell i 7.
In our BE collapse studies, we scale the thermal, turbulent and rotational energies

in terms of the gravitational energy, and therefore describe the energy content with the
following parameters:

↵therm =
Etherm

|Egrav|
, (3.45)

↵ =
Eturb

|Egrav|
, (3.46)

� =
Erot

|Egrav|
. (3.47)

To quantify the importance of the magnetic field compared to gravity, we can use
the normalized mass-to-flux ratio

µ =
M
�

,✓M
�

◆

crit
. (3.48)

Here, � =
R
A
BdA is the flux of a magnetic field with initial field strength B0 through

the cross section of our cloud of mass M and radius R, and

✓M
�

◆

crit
=

c1
3⇡

r
5
G

(3.49)

is the critical mass-to-flux ratio with c1 = 0.53 (Strittmatter, 1966; Mouschovias &
Spitzer, 1976) for a uniform sphere, where G is the gravitational constant. For µ > 1
the gravitational force is strong enough to overcome magnetic forces and the cloud can
collapse. A cloud with µ > 1 is termed supercritical compared to the case where µ < 1
which is called subcritical. One can define a parameter as above with

� =
Emag

|Egrav|
(3.50)

which may be approximately estimated with � ⇡ µ�2. For equality a pre-factor of µ�2
has to be derived which depends on the exact gravitational and magnetic energy of the
cloud. Computing the energy of the magnetic field can become difficult as one has to
consider both the field inside and outside the cloud (see e.g. Lequeux, 2005). Since
such a detailed computation is beyond the scope of the studies presented in this thesis,
we will refrain from going into further detail here.

Initializing the Bonnor-Ebert sphere initial conditions within AREPO

For generating an AREPO initial condition file having a grid with a particular number
of cells, we first construct a file with a 3D uniform distribution of the desired number
of cells, e.g. in our case 1283. In order to gain the Voronoi cell structure, we use
the AREPO feature Mesh Relax, i.e. running only the mesh regularization procedure,
that allows us to evolve the initially uniform grid with AREPO for several time steps
without following any physics or grid refinement. When the relaxed Voronoi mesh

7The thermal, rotational and turbulent energy belong to the kinetic energy: Ekin = Etherm + Emacro
where the macroscopic motions of the gas, such as rotation or turbulent gas motions are summed up in the
energy term Emacro.
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structure is established in our initial condition file, we can set up the Bonnor-Ebert
sphere density profile. The analytical solution of the Lane-Emden equation gives a
table of dimensionless radii ⇠ and corresponding density distribution values ⇢/⇢0. We
choose a desired central density value ⇢0 together with temperature of the gas at this
density. The physical radius of the BE sphere can be derived via the characteristic
radius

r0 =
csp

4⇡G⇢0
(3.51)

an the relation
RBE = ⇠B r0 . (3.52)

For the BE sphere to be unstable, we take a value ⇠B > ⇠crit = 6.451. The choice of the
central density may be further influenced by the the energy balance within our sphere.
For collapse to happen, the total energy balance of our sphere must be negative, i.e.

0 > Etherm +Erot +Eturb +Egrav (3.53)

0 > (↵therm + � +↵ � 1) |Egrav| . (3.54)

Due to the high temperatures in the primordial gas, ↵therm is rather high of the order
⇠ 0.8, for a typical primordial Bonnor-Ebert sphere setup with ⇠B = 6.5. This might
cause trouble when choosing high turbulent ↵ and/or rotational � values of the order
of a few ten percent as they are motivated from observed star-forming environments
or self-consistent cosmological simulations (e.g. Bromm et al., 2002; Goodwin et al.,
2004a,b; Yoshida et al., 2006). Consequently, the total energy balance can become pos-
itive and possible collapse is very much slowed down or even suppressed completely.
To prevent such a scenario and still be able to study effects of different levels of tur-
bulence and rotation on the collapsing sphere, one may re-scale the central density and
thus the mass of the Bonnor-Ebert sphere to a higher value. Thereby |Egrav| increases,
↵therm takes on a smaller value, and the total energy balance can be kept negative when
all other property values stay the same. We will refer to this procedure again, if it is
applied, when we describe the specific initial conditions of our runs.

In order to apply the BE density profile to our prepared AREPO initial condition
file, we compute radius vectors, ri with i = 1, ...,1283, centered on the geometrical
center of our simulation box for all cells. We parametrize the radius vectors to achieve
a relation for the dimensionless radius ⇠ by ri/RBE = ⇠ . By interpolation from our
BE sphere solution table, we assign all cells with ri/RBE = ⇠ < ⇠B, a value ⇢/⇢0 of
the density profile and multiply this value with our chosen central density ⇢0 value to
receive the actual physical density. The cells outside the sphere get the same density
value as those cells at the edge of the sphere. Since we do not apply a density contrast
at the edge of the sphere, the temperature inside and outside of the sphere is the same.

After setting up the BE density profile in the simulation box of our initial condition
file, we can further assign to the cells within the BE sphere some velocity field, e.g. to
describe some rotation and/or turbulence. We consider BE spheres that rigidly rotate
around the z-axis and therefore assign the cells

vx,j =⌦ yj (3.55)

vy,j = �⌦ xj (3.56)

where the rotation frequency is derived from � = Erot/ |Egrav|with Eq. (3.41) and (3.43)
as

⌦ =

r
�GMBE

0.192RBE
, (3.57)
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and xj, yj, vx,j and vy,j are the x and y component of coordinate and velocity of a cell j
where index j refers to cells within the BE sphere only.

Since the final AREPO initial condition file only includes cell masses, internal en-
ergies, and velocities, cell densities and temperatures finally need to be transformed to
masses and internal energies8.

Initializing the turbulent velocity field

For the study about the influence of turbulence and rotation on the formation of Popu-
lation III accretion disks and the creation of Pop III stellar clusters through disk frag-
mentation presented in Chapter 5, we use as initial condition a Bonnor-Ebert sphere
for which we vary its initial level of rotational and turbulent energy. The rotation is
defined as rigid rotation around the geometrical z-axis. Turbulence is included by su-
perimposing a homogeneous, isotropic Gaussian random field onto our BE sphere. We
do not drive the turbulence but let it freely decay over the course of the simulation. The
Gaussian random field is constructed by a combination of randomly distributed phases
together with an amplitude following a Rayleigh distribution (Bardeen et al., 1986).
The power spectrum of the velocity field is chosen to be P(k) / k�4. The negative
exponent (the exponent is generally named spectral index here) illustrates that more
power lies at low frequencies k (also called a red spectrum compared to the blue spec-
trum with positive exponents and power at high frequencies and a white spectrum with
n=0 meaning that the power is equally distributed at all frequencies). The choice of
n = �4 is a standard choice The slope is motivated e.g. by the study of Clark et al.
(2011a). This power spectrum mimics that due to the compressibility of the gas, the
real power spectrum will be steeper than the standard Kolmogorov description (Kol-
mogorov, 1941) for incompressibile flows. We construct the field in Fourier space,
transform it into real space and only use its real parts. We use a mixed mode spectrum.
After deriving the root-mean square value of this field, we invert this value and use
it to rescale the velocity of our turbulent field as desired. We perform runs with two
different values of the turbulent ↵: a low turbulence case with ↵ = 0.05 and a high tur-
bulence case with ↵ = 0.25. Our choice of the values here is motivated by the studies
from Goodwin et al. (2004a,b).

Now, we give some more details about the motivation of a homogeneous, isotropic
Gaussian random field for the construction of the turbulent velocity field 9.

A random process is described by a collection of random variables. Random vari-
ables can be seen as functions which map the outcomes of the process. In general
definitions and definitions referring to random processes where the random variables
are indexed by integers or real numbers, one usually uses the symbol X. On the other
hand, when talking about random fields for which the random variables are indexed
by real-valued vectors of some dimension d, one often employs the expression f (r),
where r is some kind of ’"location" vector and is also vector-values of dimension d.
A (N, d) random field is spanned by a set of N random variables, f (r

1

), ..., f (r
N

), of
which each represents one of the points in N-dimensional real space10. According to

8Eint = kBT /((� � 1)µmp) where � = 5/3 and µ = 1.22 initially.
9The theoretical descriptions and the notations used in this section are motivated from Bardeen et al.

(1986), "Stats352 - Spatial Statistics", Prof. J. Taylor, 2009, Stanford University, USA, and "Astro 635 -
Elements of Astrophysics, Chapter 3: Random Fields", Nick Kaiser, Institute for Astronomy, University of
Hawaii.

10For general definitions of probability or cumulative distribution functions, we are going to use the ex-
pression X . For formulas directly referring to random fields we use f (r).

http://statweb.stanford.edu/~jtaylo/courses/stats352/notes/random_fields.pdf
https://www.ifa.hawaii.edu/~kaiser/lectures/chapters/chapter_03.ps
https://www.ifa.hawaii.edu/~kaiser/lectures/chapters/chapter_03.ps
https://www.ifa.hawaii.edu/~kaiser/lectures/chapters/chapter_03.ps
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the Kolmogorov Existence theorem the distributional properties of such a random field
are determined by its finite-dimensional distributions. For that we use

p(f (r
1

), ..., f (r
N

))df (r
1

)...df (r
N

) (3.58)

which give the probability to observe the field value, i.e. the value of the random vari-
able, f (r

1

) = f1, ..., f (r
N

) = fN at 1, ...,N positions r
1

, ...,r
N

; here p(f (r
1

), ..., f (r
N

))
are the probability distributions of the field at positions r

1

, ...,r
N

. If these probability
distributions are multivariate Gaussians, i.e. each random variable follows a Gaussian
(also normal) distribution with a probability density function11

p(x) =
1

2⇡�2 exp
 
�x �µ)

2

2�2

!
(3.59)

where µ is the mean value, � is the standard deviation and �2 the variance, the random
field is called a Gaussian random field12.

Gaussian fields are often used to describe random fields whose real distributions
are not known. This approach is valid as the Central Limit Theorem (CLM) states
that the sum of a large number of independent random variables tends to be normally
distributed, i.e. they follow a Gaussian distribution. Another advantage of Gaussian
random field is that their hierarchy of distribution functions can be reduced to joint 2-
point correlation functions, that is integrals over the distribution functions connecting
two points, e.g.

⇠(r
1

,r
2

) = hf (r
1

)f (r
2

)i =
Z

df (r
1

)
Z

df (r
2

) f (r
1

)f (r
2

) p(f (r
1

), f (r
1

)) . (3.60)

The Fourier transform of the 2-point correlation function is the power spectrum (Wiener-
Khinchin theorem):

P(k) =
Z

ddr ⇠(r0) exp(ikr0) (3.61)

where r

0 = r

1

� r
2

, and
P(k) / h|ef (k)|2i (3.62)

with
ef (k) =

Z
ddr f (r) exp(ikr) (3.63)

is the Fourier transform of the random field value, i.e. the value of the random variable
at position r. To ensure the reality of f (r), it is ef (k) = ef ⇤(�k).

In a homogeneous and isotropic Gaussian random field, the 2-point correlation
function is a function of the distance only, i.e. of modulus of the separation |r

1

� r
2

|,
and correspondingly P(k) = P(k).

To construct a homogeneous and isotropic Gaussian random field numerically, we
follow the CLT and represent it by a sum of independent random variables via a Fourier
synthesis

f (r) =
X

k

ef (k) exp(ikr) (3.64)

11Probability density functions describe the probability that the random variable X has the value x.
12� is called a scale parameter which determines the dispersion of a probability distribution while µ is a

location parameter that defines the shift or the location of the peak of the distribution.
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where the spatial Fourier modes ef (k) = efk = |efk | exp(i✓k). Due to the reality of f (r),
we focus on the upper half of k-space, and thus the phase angle obeys ✓�k = �✓k .
From Bardeen et al. (1986), we know that for such a field, the various spatial Fourier
modes, efk must have phases, which are randomly distributed in the interval [0,2⇡], and
amplitudes, |efk |, which follow a Rayleigh distribution.

The phases are then
exp(i✓k) ⇠ exp(2⇡i u) (3.65)

where u is a random number generated from the standard uniform distribution in the
interval [0,1].

A Rayleigh distribution is a continuous probability distribution for positive-valued
random variables x whose cumulative distribution function is

CDF(x;�) = 1� exp
 
� x2

2�2

!
(3.66)

with the scale parameter � . For our purpose, the scale parameter is � =
p
P(k).

For the amplitude, |efk | /
p
P(k), to follow a Rayleigh distribution, we apply the In-

verse Transform Sampling method. In this method, one first derives the inverse of the
cumulative distribution function (CDF)13 of the desired distribution. The scale vari-
able of the distribution is our amplitude. Then, one use the inverse CDF and computes
it for random number u which similarly to above is taken from the standard uniform
distribution in the interval [0,1]. The result of this computation is the newly generated
amplitude that follows the desired distribution:

|ef 0k | ⇠
p
�2 ln(u)P(k) (3.67)

where again u is a random number generated from the standard uniform distribution in
the interval [0,1].

The whole new expression of the Fourier synthesis then reads

f (r) =
X

k

p
�2 ln(u)P(k) exp(2⇡i u) exp(ikr) (3.68)

and describes a homogeneous, isotropic Gaussian random field.

13The CDF gives the probability that the random variable X takes a value less than or equal to x.





CHAPTER4How the first stars regulated star
formation: enrichment by nearby
supernovae

Parts of this Chapter were published in Chen et al. (2017). I performed the 2D ZEUS-MP
simulations of halo photoevaporation by nearby Population III stars and provided the
text of Section 2.1. and Figure 2 to the publication1. I was an active participant in the
discussions that lead to Section 3.1 and parts of the Discussion/Conclusion Section,
although the actual text of these sections in the publication were written by my co-
authors. In Sections 4.3.2, 4.4 and 4.5, some of the points mentioned in these parts of
the paper, are presented in my own words.

The focus in this Chapter generally lies at the analysis of my 2D ZEUS-MP runs.
Compared to what is presented in the publication, I present here more details on the
physics of halo photoevaporation and illustrate my findings with additional figures. I
took two figures from the paper which where produced by Ke-Jung Chen in order to
stress the importance and consequences of my 2D ZEUS-MP simulations for the rest of
the study presented Chen et al. (2017) 2

4.1 Introduction
Since the formation of the first stellar objects in the universe, stars have affected their
environment by radiative and supernova feedback and influenced the evolution of later
stellar generations (e.g. Ciardi & Ferrara, 2005; Greif et al., 2007; Yoshida et al., 2007;
Wise & Abel, 2008; Wise et al., 2012; Pawlik et al., 2013; Hirano et al., 2015). Of
particular interest is the transition between the metal-free first stars, the so-called Pop-
ulation III (Pop III) stars, and the metal-enriched second generation stars, the so-called
Population II (Pop II) stars (e.g. Bromm et al., 2001a; Yoshida et al., 2004). Exam-
ining this transition helps us to get a better understanding both of metal enrichment
of the early universe per se as well as of the role of radiative feedback in shaping the
early universe (e.g. Greif et al., 2007; Smith & Sigurdsson, 2007; Smith et al., 2009;
Ritter et al., 2012; Chiaki et al., 2013; Safranek-Shrader et al., 2014) and possible
observational signals in terms of supernovae (SNe) (e.g. Whalen et al., 2013b,a) or

1The mentioned "Section 2.1", "Figure 2", and "Section 3.1" do not refer to sections and a figure in this
Chapter but to the original numbers in the publication Chen et al. (2017)

2Note that the the name of the halos was changed for the paper. Below the most massive halo is denoted
as ’halo 2’ while in the paper it is ’halo 3’. I am going to point out the difference again below where needed.
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metal-enriched primordial, low-mass stars (e.g. Beers & Christlieb, 2005; Frebel et al.,
2005, 2008).

Numerical models of Population III star formation suggest that they formed in so-
called minihalos of mass ⇠ 105 � 107M� at redshift z ⇠ 20 � 30 (e.g. Haiman et al.,
1996; Tegmark et al., 1997). Depending on the formation scenario, Population III stars
might have had masses of up to several hundred M�, when forming in isolation (e.g.
Bromm et al., 2002; Abel et al., 2002; Yoshida et al., 2003), or mainly subsolar to
a few ten M� and only sporadically a few hundred M� when arising in protostellar
clusters through fragmentation of protostellar accretion disks (e.g. Greif et al., 2011;
Susa et al., 2014; Stacy et al., 2016). With surface temperatures of & 105K, they
produced significant ultraviolet (UV) radiation (Bromm et al., 2001b; Omukai & Palla,
2001; Schaerer, 2002; Hosokawa et al., 2011; Stacy et al., 2012). Next to ionizing UV
feedback, Lyman-Werner (LW) UV radiation in the energy range of 11.18 � 13.6eV
is of particular importance as such photons are able to dissociate molecular hydrogen,
H2, the main coolant in primordial gas. Thus, this feedback has direct influence on the
efficiency of gas collapse and new star formation both close and far from the Pop III
star. Indeed, according to numerical simulations, Pop III HII regions were up to several
kiloparsec large and due to the transparency of neutral H and He to the LW radiation,
LW photons were able to travel even beyond the edge of the Pop III HII regions. In
this way Pop III stars were able to strongly affect their host halos (Whalen et al., 2004;
Kitayama et al., 2004; Alvarez et al., 2006; Abel et al., 2007; Johnson et al., 2007) but
also neighboring halos by ionizing and photoevaporating them (Whalen et al., 2008,
2010; Smith et al., 2015). Studies have shown that ionizing UV radiation from nearby
Pop III stars can ablate the outer layers of the halo in supersonic flows and expose its
interior to the IGM (O’Shea et al., 2005; Susa & Umemura, 2006; Susa, 2007; Whalen
et al., 2008, 2010; Wise & Abel, 2008; Hasegawa et al., 2009; Susa et al., 2009).

The questions arising here are: what impact does photoevaporation of a halo by
a nearby Pop III star have for a subsequent metal-enrichment of that halo by the su-
pernova ejecta of the Pop III star? Can second generation stars promptly form in the
debris of the photoevaporated neighboring halo? The earlier study by Cen & Riquelme
(2008) simulated enrichment of a 106 � 107M� halo by a nearby Pop III star. They
did not consider halo photoevaporation prior to the supernova. They only find mild
mixing of metals with the halo gas in the outermost halo layers due to shear instabili-
ties. Metals were not able to penetrate in the halo interior. Some other studies (Gray
& Scannapieco, 2011; Richardson et al., 2013) propose that additional turbulent gas
motions within the halo might facilitate the taking-up of metals in the halo interior.
The study by Smith et al. (2015) then accounted for halo photoevaporation prior to the
core-collapse supernova of a 40M� Pop III star at 200pc distance and found that the
photoevaporation and its impact on the halo in stripping of some halo layers made it
possible for the supernova ejecta to penetrate into the halo interior.

In our study here, we extend this parameter space and examine the impact of pre-
supernova halo photoevaporation on the efficiency of mixing and metal enrichment
by the supernova ejecta by considering the effects of 25M� and 200M� stars at dis-
tances larger than Smith et al. (2015). The 25M� star dies in a core-collapse super-
nova (CCSN) whereas the 200M� star explodes as a pair-instability supernova (PISN)
(Heger & Woosley, 2002).

This chapter is structured as follows: in Section 4.2 we present our general numeri-
cal approach for the whole study and in particular for the 2D ZEUS-MP halo photoevap-
oration simulations together with the corresponding initial conditons. In Section 4.3.1
and 4.3.2, we describe the evolution of our halos during the photoevaporation by a
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nearby star and after the death of the star. While looking at the results from the subse-
quent modeling of chemical mixing and enrichment with the CASTRO done by Ke-Jung
Chen, we discuss the influence of the halo photoevaporation on the efficiency of metal
mixing in Section 4.3.3. We mention some shortcomings of our study in Section 4.4.
In Section 4.5, we conclude this chapter with a discussion of our results and the con-
clusions as well as with giving some prospects for future studies.

4.2 Method

4.2.1 Numerical approach
The numerical approach of entire project presented in Chen et al. (2017) consists of
three steps divided over two different numerical codes. The different stages are pre-
sented in Fig. 4.1. In the first step, a halo is photoevaporated by UV radiation from a
nearby Population III star for the whole lifetime of the star. After the star has died, the
simulation is continued for the time the supernova (SN) ejecta needs to reach the bor-
der of the simulation box to ensure that the subsequent mixing calculation starts from
a more realistic halo setup. The halo photoevaporation is simulated in 2D with the ra-
diation hydrodynamic code ZEUS-MP. In the second step, ZEUS-MP is again used, this
time in 1D, to simulate first the expansion of the stellar HII region within the host halo
during the lifetime of the star and then the supernova explosion and the consequent
propagation of the supernova ejecta to the box boundary. In the third step, the final
state of the photoevaporated halo together together with the inflowing SN ejecta from
the previous two steps are mapped onto a 3D Cartesian grid of the AMR radiation hy-
drodynamics code CASTRO (Almgren et al., 2010; Zhang et al., 2011) where now the
mixing of the SN ejecta with the photoevaporated halo is modeled. In contrast to de-
tailed primordial chemistry in the ZEUS-MP simulations, in CASTRO only three species
(hydrogen, helium, and metals - the individual species of H and He from the ZEUS-MP
calculations are summed for the use in CASTRO) are advected with the hydrodynamical
flow and only a simple cooling function (Gnedin & Hollon, 2012) is used. With the
help of nested grid a maximum resolution of 0.015pc = 3000AU is reached. In the
following descriptions, we concentrate on the results of the 2D halo photoevaporation
simulations. For more details about the numerical method and the result description of
the second and third step, please see Chen et al. (2017).

ZEUS-MP

ZEUS-MP is a massively-parallel radiation hydrodynamics code that evolves astrophysi-
cal fluid flows self-consistently with nonequilibrium nine-species primordial gas chem-
istry and multifrequency photon-conserving raytracing UV transport to evolve cos-
mological ionization fronts (I-fronts; Whalen & Norman, 2006; Whalen & Norman,
2008a,b). More details of the code are provided in Section 3.1.

4.2.2 Initial conditions

We consider 25 and 200M� stars at a distance of 250 pc to 6.9 ⇥ 105, 2.1 ⇥ 106, and
1.2 ⇥ 107M� halos. In addition, we run a setup with the 200M� star at a distance of
500 pc from the halo centers. These halos bracket the range in mass in which Pop III
stars form via H2 cooling and are extracted from cosmological simulations performed



60 4.2. METHOD

2D ZEUS-MP

Target DM HaloStar

UV Photons

 (a) Photo-evaporated Halo
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(b) SN Ejecta

1D ZEUS-MP

Host DM Halo
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(c) SN Enrichment
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Figure 4.1: Numerical approach of the Chen et al. (2017) project. (a) Photoevaporation of a halo
by a nearby Population III star until the end of the star’s lifetime, modeled in 2D with ZEUS-MP.
(b) 1D ZEUS-MP simulation to model the propagation of supernova (SN) ejecta before they reach
the boundary of the simulation box in CASTRO. (c) Multidimensional modeling of SN ejecta
mixing with the photoevaporated halo. Image credit: Ke-Jung Chen
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Table 4.1: Target halos, supernovae and distance between star from halo center. R200 = R(⇢ =
200⌦b,0 ⇢crit). Note the different labelling of halo 2 and 3 compared to Chen et al. (2017).
Furthermore, compared to publication, I have run an additional model of halo photoevaporation:
h*sn200-2, where the star stands for 1, 2 or 3. In this model, we consider the photoevaporation
of halo 1, 2 and 3 by the 200M� star at a distance of 500 pc. This setup was not continued with
the mixing calculations, but we present it here in the context our halo photoevaporation runs as
it shows some interesting features; see below.

Model Halo mass/ M� R200/pc SN type rsep/pc

h1sn25 6.9⇥ 105 249.6 CC 250
h1sn200 6.9⇥ 105 249.6 PI 250
h1sn200-2 6.9⇥ 105 249.6 PI 500
h3sn25 2.1⇥ 106 320.1 CC 250
h3sn200 2.1⇥ 106 320.1 PI 250
h3sn200-2 2.1⇥ 106 320.1 PI 500
h2sn25 1.2⇥ 107 483.1 CC 250
h2sn200 1.2⇥ 107 483.1 PI 250
h2sn200-2 1.2⇥ 107 483.1 PI 500
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Figure 4.2: Spherically averaged density profiles for the 6.9 ⇥ 105M� (halo 1), 2.1 ⇥ 106M�
(halo 3), and 1.2 ⇥ 107M� (halo 2) models.
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with the Enzo code (Bryan et al., 2014). We show spherically-averaged density profiles
of all three halos prior to illumination in Figure 4.2. As seen from the central densities,
they are at intermediate stages of collapse but have not yet formed stars. We present
a 2D overview of the halo density structures, the H2 mass fraction and temperatures
in Fig. 10.1 of the Appendix. The densities, gas energies, velocities and species mass
fractions of these halos are spherically averaged and mapped onto a two-dimensional
(2D) cylindrical coordinate grid in ZEUS-MP. The ionizing UV fluxes and lifetimes of
the two stars are taken from Schaerer (2002). Each halo is centered on the z-axis, with
only its upper hemisphere residing on the grid. The grid has 1000 zones in z and 500
zones in r for a spatial resolution of 0.25 pc. The boundaries are at -125 pc and 125
pc in z and 0.01 pc and 125 pc in r. Reflecting boundary conditions (BCs) are applied
to the inner r boundary and outflow BCs are set on the other three boundaries. All
simulations were performed at redshift z = 20.

The dark matter potentials of these halos are modeled through computation of a
separate potential that cancels out every pressure force on the grid. In this way, the
halos are held in hydrostatic equilibrium. The potential is kept fixed for the whole
simulation, which is a reasonable approximation as the stars and gas within the halo
evolve faster than the potential (tgas << tmerger, tHubble).

4.3 Results
In Section 4.3.1, we describe the evolution of halo photoevaporation by a nearby star in
general but give specific remarks on differences in the evolution of the three halos. We
explain the general evolution of a photoevaporated halo after the death of the nearby
star in Section 4.3.2. Finally, in Section 4.3.3, we compare the final structure of our
halos at the end of the 2D ZEUS-MP simulations with the levels of mixing observed in
the CASTRO simulations.

4.3.1 Halo photoevaporation
At t = 0yr, the ionization front (I-front) from the star enters the box from the left. In
the beginning, it is R-type and its shape is planar. The latter is a good approximation
for the radiation coming from some distant star as considered in our models (Whalen
& Norman, 2006; Whalen & Norman, 2008a,b). The density structure of the halo does
not change yet as the I-front is still supersonic (see second panel on the left, top row
in Fig. 4.3). On the other hand, the molecular hydrogen content of the box is already
affected strongly. This is because ahead of the I-front, Lyman-Werner (LW) photons
begin to photodissociate the H2 in the box. In the second picture from the left of the
middle row of Fig. 4.3 we can see how the initial high molecular hydrogen fraction,
indicated by the yellow color, suddenly decreases with the incoming I-front, shown by
the change to green and dark blue color. Some of these UV photons penetrate further
into the stratified layers of the halo and dissociate molecular hydrogen there (greenish,
reddish areas right of the I-front).

As the I-front slows down, it becomes a D-type front. It passes the halo, ablates gas
from its outer layers and shapes the halo into a parabolic, partially cometary appearance
because it preferentially advances in the more stratified densities above and below the
midplane of the halo (see the pictures in the right two columns of Fig. 4.3.

In the second picture from the left in the middle row in Fig. 4.3, we can see a
prominent arc of H2 emerging in the outer layers of the I-front. It forms there because
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Figure 4.4: Final density structures of the intermediate mass halo 3 and most massive halo 2
after being photoevaporated by a 200M� star at 500 pc distance.

the hard UV spectrum of the star broadens the I-front, creating temperatures of a few
thousand K and ionization fractions of ⇠ 0.1 in its outer layers that catalyze rapid
formation of H2 via the H� channel (Ricotti et al., 2001). The arc gets more prominent
with continued photoevaporation of the halo (see the next picture to the right). This H2
arc in the outer layers of the I-front partially shields the halo core from LW photons: the
H2 color scheme right of the front/arc stays reddish or even yellow instead of turning
blue. A continuous balance between LW H2 dissociation and re-formation through the
H� channel can be held here. The H2 content in the halo is further preserved due to
its own H2 self-shielding action. The denser the gas, the more H2 can be preserved.
In the two middle panels in the middle row of Fig. 4.3, we see nicely the transition
between highly affected low-density gas in the outer halo region (green colored) to the
less affected, denser gas in the inner regions of the halo (red to orange colored) and the
almost unaffected halo core (yellow).

At later times in the halo evolution - see the two panels on the right in the middle



CHAPTER 4. HOW THE FIRST STARS REGULATED STAR FORMATION:
ENRICHMENT BY NEARBY SUPERNOVAE 65

row of Fig. 4.3 - we observe serrated structures midway up the arc of the front. These
are remnants of dynamical instabilities that are driven by H2 cooling in the outer layers
of the front (see also Whalen & Norman, 2008a; Whalen et al., 2008, 2010). They
are more distinctive further out along the arc because of the larger angles of incidence
between the photons and the front there (Williams, 2002). These structures are of
interest because they are likely to enhance mixing between outflows from the halo and
the SN ejecta. We also find these instabilities in case of halo 2 and halo 3 and the
200M� star at 500 pc distance, see Fig 4.4. While here in case of the most massive
halo 2, the I-front does not come closer than ⇠ 60pc to the center of the halo, and thus
the arc with instabilities stays in the outer halo region, the medium mass halo 3 is again
shaped into cometary appearance and the arc with its instabilities is closer (. 50pc)
to the halo center. We generally find that more massive stars with higher UV fluxes
only create thin H2 arcs in their outer layers and thus less H2 cooling and growth of
instabilities occurs there. However, in a distance of 500 pc, the strong radiation of the
200M� star could already partially be diluted such that the flux of LW photons ahead
of the front was smaller when it encountered the halo and therefore a broader H2 arc
with more cooling and consequent I-front instabilities could evolve; see Fig. 4.5 3.

As the outer layers of the halo are blown off by the radiation front, supersonic flows
are also driven back towards the star, e.g. see the greenish veil-like structure above the
halo shadow in the second panel from the right in the middle row of Fig 4.3. These
flows will collide with and mix with ejecta from the SN that will enter the box from the
left border.

In all cases considered, we find that the molecular core is protected by both the
shielding from the arc and that of the core itself. By the end of the simulation, a pristine
halo core has survived in all our simulations. The most strongly strongly affected halo
is halo 1 in case of the 200M� star at 250 pc distance. The most massive halo, halo 2,
is the least affected one. Only when being photoevaporated by the 200M� star at
250 pc distance a distinctive comet-like shape is developed by this halo. In the other
two cases, the I-front begins to evaporate the outer halo layers but cannot reach the
halo closer than ⇠ 60pc. We find ionization front instabilities in three cases. Such
structures are regions where efficient mixing with the SN ejecta is likely happen. They
are prone to be strongly dynamically effected by the SN shock leading to extended
turbulent layers that mix violent with the incoming SN ejecta and are likely to collapse
fast due to cooling by the increase H2 fraction there and cooling from the SN metals.

We find that the strength of the shadow cast by the halo, while it is shaped into
a parabolic appearance during the photoevaporation, depends on the halo mass, the
stellar luminosity and the proximity of the star. For a less massive halo, a more lumi-
nous star or closer distance between halo and star, the shadow is narrow with almost
cometary appearance. On the other hand the shadow becomes broader for a more mas-
sive halo, a less luminous star or larger distance. See Fig. 10.2 to 10.4 in the Appendix
for an overview of the various halo structures at the end of lifetimes of the stars.

4.3.2 Halo evolution after the death of the star
The main-sequence lifetime of the 25M� star is 6.46 Myr and for the 200M� 2.2 Myr
(Schaerer, 2002). The 25M� star explodes in a core-collapse supernova (CCSN) with
an explosion energy of Eej = 1051 erg and metal yield of Mej = 20M� (leading to the
formation of a 5M� black hole), and the 200M� star in a pair-instability supernova

3For an overview between all halo-star combinations, see Fig. 10.2 to 10.4 in the Appendix.
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Figure 4.5: Halo 3: comparison of H2 mass fraction plots for different stars and distances
between star and halo center. From top to bottom: 25M� star at 250 pc distance and 200M�
star at 250 pc and 200 pc. We can clearly see the thinner H2 arc for 200M� star at 250 pc
distance in the middle panel compared to broader arcs in the other two panels. The plots show
roughly the time when the star dies.
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(PISN) with Eej = 42 ⇥ 1051 erg and Mej = 200M�4. We continue to run the 2D
ZEUS-MP simulations for another 2.16 Myr, 0.872 Myr and 4.757 Myr in the 25M�
and 200M� star at 250 pc and 500 pc respectively. This is the time required for metals
from the SN to reach the left boundary of the grid. The times are taken from the 1D
ZEUS-MP SN models. During this additional time radiation is switched off and the
photoevaporated, ionized halo environment, i.e. the H II region is allowed to cool and
recombine. The additional time ensures that the SN metals encounter a more realistic
circumhalo structure at time of collision.

After the death of the star, the halo evolves in the following way. The pressure
of the ionized gas continues to crush the shadow cast by the halo downward toward
its axis after the explosion and the supersonic backflows keep expanding towards the
direction from which the ejecta will come. In the absence of photoevaporating and
ionizing UV flux, the ionized gas in the box begins to recombine out of equilibrium,
cooling more quickly than it becomes neutral. Moreover, rapid H2 formation via the
H� channel is triggered in the ionized halo envelope reducing the ionized fractions to ⇠
0.1. In denser regions, even those where no ionization happened, additional molecular
hydrogen forms as H2 formation is a two-body process. Temperatures fall to a few
thousand Kelvin and may partially reach ⇠ 150K, especially in the H2 arc and the
halo core 5. See Fig. 10.5 to 10.7 in the Appendix for an overview of the state of the
halos at the end of the 2D ZEUS-MP simulations.

H2 cooling plays an important role in our entire study. Being the most important
coolant in the primordial environment, it drives cooling and gas condensation in our
relic HII regions. In this way local mixing of the pristine gas with the colliding SN
ejecta can be enhanced through local gas collapse motions.

4.3.3 Mixing within photoevaporated halos
In Fig. 4.6 & 4.7, we give an overview of the final density structures at the point when
the SN ejecta would reach the left border of the box. In combination with that, we show
an overview of the enrichment of these halos in Fig. 4.8. We see that in all cases save
one the SN ejecta affects mainly the outer layers of the halo. The ejecta mixes with the
backflows from the halo and the photoevaporated halo layers. The mixing driven by
turbulent gas motions induced from the SN shock wave is strongest and most efficient
for the 200M� star. Only in case of h1sn200, where the least massive halo, halo 1, gets
contaminated by the massive 200M� at a distance of 250 pc, the SN ejecta is able to
penetrate into the halo core. When we look at the bottom left panel in Fig. 4.6, we see
that compared to the other panels the halo in model h1sn200 is the most affected one.
The ionization front has compressed the halo strongly to < 20pc in the direction where
the SN ejecta comes in. Thus, the ejecta does not need to penetrate many halo layers.
In contrast to the other models where both metal-free Population III star formation in
the pristine halo core and metal-enriched Population II star formation in the narrow arc,
where there is mixing, may happen, in model h1sn200 only Pop II may occur within
the whole halo environment later on. From our analysis in Chen et al. (2017), we find
that mixing is weaker for less massive SNe and for more massive halos. PISN have
higher energies and larger metal yields compared to CCSN. For equal distance of both
SN types, PISN metals therefore can penetrate deeper into halos and enrich them to
higher metallicities.

4See Section 2.5.8 for more details.
5If we had included HD in our primordial chemistry network, temperatures down to the cosmic mi-

crowave background with TCMB ⇠ 57K would have been possible. See Section 2.5.5 for more information.
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Figure 4.7: Same as Fig 4.6 but for halo 2. Top (bottom) panel shows the halo state after
photoevaporation by the 25M� (200M�) star at 250 pc.
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Figure 4.8: Distribution of metals within our halos at a time of 10 Myr after the start of the
CASTRO simulations. The lower UV flux and lower SN explosion energy from the 25M� does
not affect the three halos strongly. The SN ejecta wave stalls at a distance of 60 - 100 pc from
the halo centers and mixing with the SN levels only occurs mildly in the outer halo layers. In
contrast to that, the photoevaporation by the 200M� star influenced the halos very strongly so
that together with the higher SN explosion energies, the SN metals mix more violently with the
halo layers and even intrude into the halo core in model h1sn200. Image credit: Ke-Jung Chen.

As we can see in the top left panel of Fig. 4.8, in case of model h1sn25, in which we
have found instabilities in the H2 arc above, the SN ejecta waves stalls before it reaches
this region. Thus we cannot draw any conclusion on whether dynamical instabilities in
the outer halo layers enhance mixing of the halo gas with SN metals.

4.4 Caveats

The halos considered in my simulations are idealized as they are isolated. In a realistic
environment, halos are part of complex 3D structures within the cosmic web. They
are threaded by cosmological filaments. Subsonic turbulent flows arise through accre-
tion from the filaments and through merger of substructures of the cosmic web in the
environment of the halos. These turbulent motions may facilitate the propagation of
the ionization front and supernova ejecta into deeper layers of the halo enriching the
otherwise pristine halo interior (Greif et al., 2008; Smith et al., 2015).

The penetration of ionizing radiation or SN ejecta into our halo may be affected
by another shortcoming in our simulations. We only consider a small density range of
105 � 106 cm�3 within our halos. At this point the gas is in an initial collapse phase
with t↵ < 0.2Myr. This means that during the course our runs, the gas in the central
parts of the halo continues to collapse to higher densities, which enable the gas to shield
even more against incoming ionizing and photodissociating radiation. The gas might
even collapse to form a Population III star. We assume that the impact of radiation and
SN ejecta from the external star will be reduced within the central parts of the halo in
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later stages of the halo collapse. On the other hand, the intermediate and outer layers
of the halo are largely unaffected by the collapse and thus still undergo ionization,
photodissociation and later mixing with the SN ejecta.

4.5 Discussion and conclusion
I have performed 2D simulations of halo photoevaporation by nearby Population III
stars. I have found that photoevaporation affects a halo more strongly, the less massive
the halo, the smaller the distance between the halo center and the star that illuminates it,
and the more luminous the star is. In all my simulations, the halo core stays unaffected
by the ionizing radiation. The halo interior and in particular the halo core is shielded on
the one hand through an emerging H2-rich arc at the outer layers of the ionization front,
and on the other hand through efficient H2 self-shielding within the denser layers of
the halo. In three of my simulations, I find that I-front instabilities appear along the H2
arc until the end of the runs. Such instabilities mark areas in which efficient turbulent
mixing can happen when the SN ejecta, after the nearby star has died, collides with the
gas of the photoevaporated halo and are as such promising sites for the occurrence of
metal-enriched star formation.

Together with the work of my collaborators, we find in Chen et al. (2017), that
pre-supernova (pre-SN) photoevaporation of a halo is a crucial step for simulations
of chemical enrichment. The pre-SN ionizing UV radiation ablates outer halo layers
and drives a backflow of halo material toward the direction of the star. This makes
it possible for SN ejecta to mix with the backflow material as well as the thinned out
outer halo layers and to reach greater depths in the halo which would otherwise not
have been possible. In one case, the ejecta can even penetrate into the halo core. We
suggest that Population III star formation may occur in the pristine halo core together
with metal-enriched Population II star formation in the efficiently mixed regions within
the halo. In order to achieve definite answers in this, we, however, need to include a
more advanced chemistry network in our CASTRO simulations, in particular with metal
and dust cooling as they play an important role in the formation process of Pop II stars
(e.g. Schneider et al., 2006; Klessen et al., 2012). The details of the subsequent star
formation history also depend on which stellar population emerges first and how it
influences its surrounding by radiation and SN feedback. In this way it could happen
that initially pristine halo cores might be enriched by SNe going off in the outer layers
of the halo. On the other hand, early star formation in the halo core could destroy
otherwise promising star-forming sites in the outer halo regions.

Unfortunately, we cannot draw any conclusion on whether the dynamical instabili-
ties observed in the H2-rich arc in the outer halo layers of model h1sn25 enhance mix-
ing of the halo gas with SN metals because the SN ejecta wave stalls before it reaches
this location. As I have observed such instabilities also in case of model h2sn200-2
and h3sn200-2 in my photoevaporation runs, it would be useful to run CASTRO mixing
simulations of these models in the future as well.

In the previous study by Cen & Riquelme (2008), SN ejecta did not penetrate into
the halo at all but only mixed with the outermost halo layers. They did not consider
halo photoevaporation before the enrichment through the supernova. Thus their outer
halo layers were not ablated and thinned out as we find it in our studies which made
it difficult for the SN ejecta to intrude into the halo interior. This comparison shows
directly the importance of our halo photoevaporation simulations for the enrichment
scenario of a halo by a nearby Pop III star. Smith et al. (2015) performed a study
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similar to ours. In their model, they considered a 3 ⇥ 105M� halo being partially
photoevaporated by a 40M� star at 200 pc and then contaminated by its SN ejecta.
They found that the SN metals penetrate into the halo core. This is consistent with our
models. Compared to our models, their halo was less massive, the star in between the
mass range of our stars, and the distance smaller than ours. Thus it is reasonable that
the SN ejecta from their less massive star (compared to our core-enrichement model
h1sn200) was able to intrude into the halo core.

The choice of our two stellar masses was motivated from results of previous nu-
merical simulations (e.g. Bromm et al., 2002; Abel et al., 2002; Greif et al., 2011; Susa
et al., 2014; Stacy et al., 2016). The two masses cover the two supernova scenarios,
CCSN and PISN, possible for Population III stars (Heger & Woosley, 2002). Within
the last decade, several numerical simulations of Population III star formation suggest
that Pop III stars form mainly in protostellar clusters in which the mass growth of indi-
vidual protostars is limited by competing accretion between all stars (e.g. Greif et al.,
2011; Smith et al., 2012) and finally by ionizing radiation from the stars that first reach
a few ten solar within a couple of thousand years (Hosokawa et al., 2011; Susa et al.,
2014; Stacy et al., 2016). The highest protostellar masses found in these simulations is
a few ten solar rather than several hundred solar as found in the first simulations where
Pop III stars formed in isolation (e.g. Bromm et al., 2002; Abel et al., 2002). Stel-
lar archaeological surveys support this numerical result as they have not conclusively
detected chemical signatures from PISN so far (Aoki et al., 2014). Comparisons of
numerical simulations of Pop III SN with chemical abundances observed in extremely
metal-poor stars suggest that they may have formed from gas that was metal-enriched
by CCSN supernovae of 15�40M� Pop III stars (e.g. Beers & Christlieb, 2005; Frebel
et al., 2005, 2008; Karlsson et al., 2008; Joggerst et al., 2010). Therefore, currently it
seems that very massive Pop III stars and consequently PISN were very rare. Our se-
tups including the 25M� are likely to be the more representative models to study the
real progress of first chemical enrichment. By further extending the parameter space of
our initial conditions together with an more advanced chemical network for the mix-
ing simulations, we will continue to examine the transition between Population III and
Population II star formation in more detail. Other implementations in futures studies
may also include modeling turbulence within the halo, e.g. through accretion from the
halo-permeating filaments, to test whether such turbulent motion facilitate the penetra-
tion of radiation and SN ejecta in our halos and to see whether they enhance the level
of mixing. This will be in particular interesting and relevant for our models with the
25M� star as there mixing was only able to occur in the outer layers of the halo. In
addition, halo evolution and mixing within a global LW background may be studied
to examine how the H2 mass fraction content and consequently the cooling condition
within the halo are influenced by this radiative background.



CHAPTER5 The fragmentation behavior of
Population III protostellar disks

The content of this chapter, except Section 5.3.1 and 5.3.2, will published in Wollen-
berg, K. M. J., Glover, S. C. O., Clark, P. C., Klessen, R. S., "The Fragmentation Be-
havior of Population III Protostellar Disks - Part I", MNRAS 2019 (in prep.) and Wol-
lenberg, K. M. J., Glover, S. C. O., Clark, P. C., Klessen, R. S., "The Fragmentation
Behavior of Population III Protostellar Disks - Part II: Protostellar Ejections", MN-
RAS 2019 (in prep.). The simulations presented in this chapter were performed and
analyzed by me. I created all the figures and wrote the text. Simon C. O. Glover
provided useful comments on the structure of the whole chapter. Ralf S. Klessen and
Paul C. Clark contributed ideas and useful comments to the sections that will be part
of the publications.

5.1 Introduction
The different steps in the formation of Population III (Pop III) stars have been studied
for almost two decades. At redshifts z ⇠ 20 � 50, primordial gas, consisting mainly
of hydrogen and helium, falls into the potential wells of so-called minihalos of mass
⇠ 106M� and with virial temperatures Tvir ⇠ 1000K (Tegmark et al., 1997; Bromm
& Larson, 2004; Glover, 2005; Bromm, 2013). During this process, the gas is heated
to temperatures close to Tvir, but is able to cool down afterwards via H2 ro-vibrational
line cooling. As the gas continues to cool and condense within the minihalos, it can
reach a minimum temperature of T ⇠ 200K at a number density of n ⇠ 104 cm�3.
This is comparable to the critical density of molecular hydrogen at which its rotational
level populations reach local thermodynamical equilibrium (LTE). At this point of min-
imum temperature, the gas within a minihalo tends to break up into separate clumps of
mass of the order of the local Jeans mass, MJ ⇠ 1000M�. These clumps become the
birthplaces of Population III stars.

A higher level of ionization in the gas may lead to a further elevated molecular
hydrogen fraction due to which the gas is able to cool to temperatures T < 200K. In
this regime, formation of deuterated hydrogen molecules, HD, is facilitated. When
enough HD is created, the gas is able to cool down to even the temperature of the
cosmic microwave background (⇠ 57K at z = 20). An increased ionization fraction
can for example arise when the gas in the minihalo is exposed to ionizing radiation of a
nearby or progenitor Pop III star (e.g. Oh & Haiman, 2002; Nagakura & Omukai, 2005;
Yoshida et al., 2008), to X-rays from Pop III supernova remnants, X-ray binaries or
quasars (e.g. Glover & Brand, 2003; Hummel et al., 2015), or to cosmic rays (Hummel
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et al., 2016). The critical density in this case is n ⇠ 106 cm�3. The Jeans-unstable,
star-forming clumps are less massive, MJ < 100M�, due to the smaller minimum
temperature. Star formation dominated by HD chemistry is termed Population III.2 in
contrast to that dominated by H2 described above which is defined as Population III.1
star formation (McKee & Tan, 2008). In this study we concentrate on Population III.1
stars to which we will generally refer to as Population III stars.

The evolution of the star-forming cloud continues as follows. The clumps con-
tinue to gravitationally collapse. At densities of n ⇠ 108–109 cm�3, three-body H2
formation dramatically increases the amount of molecular hydrogen available in the
gas and consequently increases the cooling rate. However, this rapid formation of H2
also converts significant amounts of chemical energy into heat, causing the temper-
ature of the gas to increase to around 1000 – 2000K. At n ⇠ 1010 cm�3, the gas
becomes optically thick to molecular hydrogen line cooling (Ripamonti & Abel, 2004;
Yoshida et al., 2006), but further cooling due to collision-induced emission (CIE) sets
in for n & 1014 cm�3 (Ripamonti & Abel, 2004). When the gas reaches densities of
n & 1016 cm�3, the gas also becomes optically thick to CIE cooling. At this stage, the
only way in which it can dissipate the energy released during the collapse is by colli-
sionally dissociating H2. This remains effective until all of the H2 at the center of the
collapsing core has been depleted. From there, the collapse proceeds fully adiabatically
until a protostar with mass M . 0.01M� is born (Yoshida et al., 2008).

The newly-born Pop III protostar is embedded within a dense, massive gas enve-
lope, and continues to grow in mass via accretion from its surrounding gas. Since
the accretion rate scales with the gas temperature as Ṁacc / T 3/2, typically values of
Ṁacc & 10�3M� yr�1 are encountered. Through stellar-evolution codes, it has been
found that, due to these high accretion rates, pre-main sequence Population III stars are
puffed-up objects with large stellar radii, with values of up to a few hundred solar radii
being common (Stahler et al., 1986; Omukai & Palla, 2003; Hosokawa & Omukai,
2009; Hosokawa et al., 2010; Smith et al., 2012; Woods et al., 2017; Haemmerlé et al.,
2018).

The earliest numerical studies suggested that Pop III stars form in isolation and
can become very massive (& 100M�) (see e.g. Abel et al., 2002; Bromm et al., 2002;
Bromm & Larson, 2004). Within the last decade, however, simulations have extended
the study of Pop III star formation beyond the formation of the first protostar and have
shown that the non-zero angular momentum within the collapsing gas cloud leads to
the formation of a self-gravitating protostellar disk that is prone to fragmentation (Clark
et al., 2008; Turk et al., 2009; Stacy et al., 2010; Clark et al., 2011b). Instead of a single
object, a protostellar cluster arises (Greif et al., 2011; Clark et al., 2011a; Smith et al.,
2011; Stacy & Bromm, 2013).

The evolution of an individual protostar depends on its interactions with the sur-
rounding gas and the other objects in the cluster. The protostars compete for fur-
ther mass growth from their common mass reservoir, yielding highly variable accre-
tion rates (Greif et al., 2011; Greif et al., 2012; Girichidis et al., 2012; Smith et al.,
2012; Hosokawa et al., 2016). Some protostars might even stop accreting completely
if their gas supply is removed by fragmentation or accretion onto neighboring proto-
stellar companions, a process termed fragmentation-induced starvation in the context
of present-day star formation (Peters et al., 2010). Furthermore, during close encoun-
ters protostars may be disrupted or may merge (Greif et al., 2011; Greif et al., 2012;
Stacy et al., 2016). In addition, the complicated multiple-body dynamics during close
interactions can lead to ejection of individual protostars from the protostellar disk or
even from the halo. Indeed, previous simulations have found an ejection rate of ⇠ 30%
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(Greif et al., 2011; Stacy & Bromm, 2013; Stacy et al., 2016).
Within the last couple of years simulations have tried to estimate the initial mass

function (IMF) of stars in Pop III protostellar clusters and found a top-heavy distribu-
tion in which the masses range from subsolar values to over a hundred solar masses
(Greif et al., 2011; Clark et al., 2011a; Stacy & Bromm, 2013; Susa, 2013; Hirano
et al., 2014; Stacy et al., 2016). From the observational side, stellar archaeology can
provide indirect constraints on the Pop III IMF through the search for metal-free stars
and for nucleosynthetic signatures of Population III stars in extremely metal-poor stars
(EMP) (Beers & Christlieb, 2005; Frebel & Norris, 2015) or ultra metal-poor stars
(UMP) (Karlsson et al., 2013). Regarding the search for Pop III survivors, the above-
mentioned ejected protostars with M . 0.8M� are of particular interest. They could
have survived until present-day under the premise that they did not continue to ac-
crete significantly more mass (Greif et al., 2011). Unfortunately, no observational ev-
idence for such stars has been found in the Milky Way to-date. The search for them
is made difficult by their rarity, low brightness and possible pollution through accreted
metal-enriched interstellar material that could mask their genuine Population III nature
(Frebel et al., 2009; Komiya et al., 2015; Shen et al., 2017). Semi-analytical models
suggest that current surveys need to consider a larger number of objects to increase
the chance of finding a Pop III survivor (Hartwig et al., 2015a; Ishiyama et al., 2016).
Furthermore, low mass satellites of the Milky Way might be a promising region to look
for survivors as they are estimated to host a higher fraction of them compared to the
Milky Way itself (Magg et al., 2018).

To gain reliable estimates of the Pop III IMF from numerical simulations, the evolu-
tion of the protostellar system needs to be followed through the whole accretion period.
Accretion is ultimately terminated when some of the protostars have grown massive
enough to produce radiative feedback that photoevaporates the accretion disk. This
happens after a few 103 to 105 years (e.g. Stacy et al., 2012; Susa, 2013; Stacy et al.,
2016). But before we consider how a protostellar system evolves over such a long time,
how massive individual stars become, and how many might be left in the end, we may
ask how many protostellar objects form in the first place and how their number de-
pends on the properties of their star-forming cloud. From earlier cosmological studies
we know that the degree of fragmentation of the protostellar disk varies strongly from
halo to halo (e.g. Greif et al., 2011; Hartwig et al., 2015b; Stacy & Bromm, 2013). This
is to be expected if turbulence within the cloud plays a role in determining when and
where fragmentation actually occurs (Greif et al., 2008; Greif et al., 2011). It is also
reasonable to expect that the amount of angular momentum present at small-scales will
have a large impact on protostellar disk formation and evolution (e.g. de Souza et al.,
2013; Stacy et al., 2016). However, previous studies have only examined a very limited
set of initial conditions, often drawn directly from cosmological simulation. Compared
to cosmological simulation, the use of controlled initial conditions which examine the
collapse of a gas cloud with pre-defined levels of turbulence or rotation within a small
computational box, is first numerically less expensive so that a larger sample can be
considered. Second, it allows one to draw conclusions on the specific role, strength
and importance of the particular physical parameters applied here. Previous systematic
studies of the effects of varying initial level of turbulence (Clark et al., 2011a), rotation
(Machida et al., 2008b) or of varying mixtures of those (Riaz et al., 2018) are limited
because they only consider one realization per setup. From present-day star formation
(Goodwin et al., 2004a,b), however, we know that results from simulations including
turbulence may vary strongly. This is due to the randomness of the seed with which
the initial turbulent velocity field of the cloud is generated. Thus, in order to be able
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to derive some general trends regarding the influence of rotation and turbulence, one
should consider a sample of several realization per setup.

This is what we attempt to do. In our study, we are interested to see how different
levels of initial subsonic turbulence and rotation within the star-forming cloud affect
the outcome of Pop III star formation in terms of the total number of objects formed,
the overall mass spectrum and the individual accretion history. We pursue this exam-
ination under controlled initial conditions starting from a critical Bonnor-Ebert (BE)
sphere and apply 10 setups of different combinations of rotation and turbulence with 5
realizations each, that means a total of 50 simulations.

This chapter is structured as follows. In Section 5.2, our numerical approach with
the moving mesh code AREPO (Springel, 2010) is explained. Section 5.2.2 outlines the
initial conditions of our different setups. In Section 5.3, we present the outcome of our
study on the fragmentation behavior of Population III protostellar disks under the influ-
ence of different levels of rotation and turbulence. We describe the results in terms of
the evolution of sink particle properties and sink dynamical behavior, including num-
ber of sinks and mass functions, accretion behavior, mergers and ejections. We discuss
some shortcomings of our present study in Section 5.4 before we state our conclusions
in Section 5.5.

5.2 Method

5.2.1 Numerical approach
The studies of primordial gas cloud collapse presented in this paper are performed with
an updated version of the Voronoi moving-mesh code AREPO (Springel, 2010) includ-
ing recent improvements to the time integration scheme, spatial gradient reconstruction
and grid regularization (Pakmor et al., 2016; Mocz et al., 2015). We model gas hydro-
dynamics using the HLLD Riemann solver (Miyoshi & Kusano, 2005; Pakmor et al.,
2011). We apply the Jeans refinement criterion to make sure that the local Jeans length
is always resolved by a minimum number of cells, i.e. in our case 16 cells, in order to
avoid artificial fragmentation (Truelove et al., 1997; Bate & Burkert, 1997; Federrath
et al., 2011b). The Voronoi mesh-generating points follow a quasi-Lagrangian behav-
ior by being advected with the underlying gas flow. This allows the mesh to follow the
growth of density fluctuations under their own self-gravity while continuously adjust-
ing the resolution of the grid. In this way, AREPO is an ideal code to study gas collapse
(Springel, 2010; Greif et al., 2011; Greif et al., 2012). Further details of our use of
AREPO, including the sink particle module and the treatment of primordial chemistry,
can be found in Section 3.2.

5.2.2 Initial conditions

Our simulations are performed in a box with sidelength 13pc. We start with 1283 cells
and let the code evolve with Jeans (de-)refinement making sure that the Jeans length is
always resolved by at least 16 cells.

We use the density profile of a Bonnor-Ebert (BE) sphere (Ebert, 1955; Bonnor,
1956) as the initial condition for our cloud. This density profile is similar to the density
profile of the cold, dense cores formed at the center of the gravitationally collapsing
gas in cosmological simulations of Pop. III star formation (Abel et al., 2002; Bromm
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et al., 2002; Yoshida et al., 2008). The density profile follows

⇢(r) =

8>><>>:
f ⇥ ⇢BE(r) for r < RBE

f ⇥ ⇢BE(RBE) for r � RBE
(5.1)

where ⇢BE(r) is the density distribution of a critical BE sphere (i.e. one on the bound-
ary between stability and instability). The parameter f denotes a density enhancement
factor which we use here in order to promote the collapse of our sphere. We use
f = 1.83 which gives a central particle number density of nc = 1.83⇥ 104 cm�3, and
a central mass density of ⇢c = f ⇥ ⇢BE(0) = 3.7 ⇥ 10�20 gcm�3. We set the radius
of the sphere to be RBE = 1.87pc which corresponds to a BE sphere with nondimen-
sional radius of ⇠BE = 6.5. The mass within this radius is then MBE = 2671M�. The
temperature inside the sphere is initially T = 200K which gives an adiabatic sound
speed of cs = 1.93kms�1 with an initial adiabatic index of � = 5/3 (isothermal sound
speed: cs,iso = 1.16kms�1). The sphere is located within an environment of uniformly
dense gas with next = nBE(RBE) = 1.31 ⇥ 103 cm�3 (⇢ext = 2.7 ⇥ 10�21 gcm�3) and
Text = TBE = 200K.

We run simulations with four different setups for the BE sphere, differing in the
amount of rotational and turbulent kinetic energy present initially in the gas. Our first
set of runs have zero rotation and no turbulence – we term these pure infall models.
We also carry out runs with rotation but no turbulence, turbulence with no rotation,
and a set of mixed models with four different combinations of rotation and turbulence.
We also ran one of our models with both rotation and turbulence with a more stringent
Jeans refinement criterion, namely 32 cells per Jeans length, in order to see how much
this affects the outcome. The results of this higher resolution run are discussed in
Section 6.4.3. An overview of the models is given in Table 5.1.

We include rotation by letting our initial cloud rotate around the z-axis at a uniform
angular velocity ⌦0. By changing ⌦0, we can adjust the ratio of rotational kinetic
energy to gravitational potential energy for the cloud, �rot = Erot/ |Egrav|. We choose
� = 0.01 and � = 0.1 as guide values to span a reasonable range from small to high
levels of rotation. Due to the lack of direct observations of primordial star-forming
clouds, our choice of values is on the one side motivated from observations of nearby
molecular cloud cores, where one finds typical values of � ⇠ 0.02 (Goodman et al.,
1993; Caselli et al., 2002), and on the other side by results from cosmological simula-
tions of Pop. III star formation, which find � . 0.1 (Bromm et al., 2002; Yoshida et al.,
2006). Our choice also agrees with the values found in the more recent numerical study
by Hirano et al. (2014).

In runs with turbulence, we add a homogeneous, isotropic Gaussian random ve-
locity component onto our BE sphere. We do not drive the turbulence but let it freely
decay over the course of the simulation. The Gaussian random field is constructed by
a combination of randomly distributed phases together with an amplitude following
a Rayleigh distribution (Bardeen et al., 1986). The power spectrum of the velocity
field is chosen to be P(k) / k�4, so that most of the power is contained in large-scale
modes. We construct the field in Fourier space, transform it into real space and only
use its real parts. We use a mixed mode spectrum, i.e. a spectrum consisting of both
solenoidal and compressive modes. After deriving the root-mean square value of this
field, we invert this value and use it to rescale the velocity of our turbulent field as
desired. We carry out runs with two different values of the turbulent ↵ parameter,
↵turb = Eturb/ |Egrav|: a low turbulence case with ↵turb = 0.05 and a high turbulence
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Table 5.1: Overview of simulation setups.

Setup ↵turb �rot vrms ⌦0
[kms�1] [s�1]

pure infall - - - -
�01 - 0.1 - 3.1⇥ 10�14
�001 - 0.01 - 9.8⇥ 10�15
↵025 0.25 - 1.1 -
↵005 0.05 - 0.5 -
↵025�01 0.25 0.1 1.1 3.1⇥ 10�14
↵025�001 0.25 0.01 1.1 9.8⇥ 10�15
↵005�01 0.05 0.1 0.5 3.1⇥ 10�14
↵005�001 0.05 0.01 0.5 9.8⇥ 10�15

case with ↵turb = 0.25. Our choice of the values here is motivated by the studies from
Goodwin et al. (2004a,b). Further numerical details of how we set up the turbulent
velocity field are given in Section 3.2.5.

For our chosen initial temperature of 200 K, the ratio between thermal and gravi-
tational energy of our sphere, ↵therm = Etherm/ |Egrav| ' 0.451.1 One can estimate the
number of Jeans masses within the sphere by (Etherm/ |Egrav|)�3/2 which gives us here
roughly 3 Jeans masses.

We carry out 5 realizations per setup. Ideally we would like to conduct as many
realizations as possible. But since this would become computationally unfeasible, we
comprise on 5 realizations per setup. For setups including turbulence each realization
has its own random seed. We model the 5 different realizations for setups without
turbulence by first choosing 5 uniformly dense boxes which only differ in their random
mesh cell positions and then initializing our BE density distribution on them.

We assume a redshift of z = 20 for our simulations. However, as the gas in our
simulations is always much warmer than the cosmic microwave background and the
effects of Compton cooling are negligible, the results we obtain should be largely in-
dependent of redshift. For our initial elemental abundances we use xHe = 0.079 and
xD = 2.6 ⇥ 10�5 (Glover & Abel, 2008). The values of the fractional abundances of
H2, H+, HD and D+ are motivated by cosmological simulations of Population III.1
star formation, i.e. Pop. III star formation occurring in minihalos that have not been af-
fected by stellar feedback2 (e.g. Greif et al., 2008): xH2

= 1.0⇥10�3, xH+ = 1.0⇥10�7,
xHD = 3.0 ⇥ 10�7 and xD+ = 2.6 ⇥ 10�12. All hydrogen and deuterium not included
in one of these forms is assumed to be present in the form of neutral atomic hydrogen
or deuterium, as appropriate, while all of the helium is assumed to be in neutral atomic
form. We also assume that the gas is in charge balance, with a free electron abundance
given by xe� = xH+ + xD+ . We summarize our initial conditions in Table 5.2.

1One of the reasons to increase the density by some factor f was to make sure that our sphere would still
collapse when we introduced strong rotation (�rot = 0.1) and turbulence (↵turb = 0.25), i.e. to ensure that
the total energy of the system is still negative, Etot = Egrav +Etherm +Erot +Eturb < 0.

2In contrast to Population III.2 star formation, which takes place in metal-free minihalos that were previ-
ously ionized by a nearby population of Pop. III.1 stars (McKee & Tan, 2008).
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Table 5.2: Summary of the initial conditions for our simulations.

Parameter Value

⇢c 3.7⇥ 10�20 gcm�3
MBE 2671M�
RBE 1.87pc
Tin 200 K
xH2

1.0⇥ 10�3
xH+ 1.0⇥ 10�7
xHD 3.0⇥ 10�7
xD+ 2.6⇥ 10�12

5.3 Results

5.3.1 Cloud state prior to the formation of the first sink
We have described in detail the different stages of primordial cloud collapse and the
role of primordial chemistry in regulating this process in Section 2.5.1. Now we present
and discuss specific results on the cloud structure just prior to the formation of the first
sink for our 50 runs with different degrees of initial cloud rotation and turbulence.

In Fig. 5.1 to 5.4, we plot radial profiles of number density, n, temperature, T ,
mass enclosed within a radius R, Menc(R), and H2 fraction, nH2

/nH. The profiles are
derived with mass-weighted averages within spherical shells centered on the densest
gas cell just before first sink formation 3. We use logarithmic binning with 40 bins.
Each subplot depicts a different setup with the five differently colored lines describing
the five realizations per setup. Our profiles are similar to those found in previous studies
(e.g. Abel et al., 2002; Yoshida et al., 2006; Stacy et al., 2010; Clark et al., 2011b,a;
Greif et al., 2011; Greif et al., 2012). Except for some irregularities and sudden peaks
in a few of the lines, we see that the lines of the different realizations per setup show
a very similar trend in each property. The best agreement is found for the pure infall
models in Fig. 5.4 and for the purely rotational runs. Setups including turbulence show
a small scatter in their five different realizations.

We now go through some details found for the individual properties. In all our real-
izations, we reproduce the standard ⇢ / R�2.2 density profile (the relation is indicated
by the black dashed line) as found in previous studies (e.g. Abel et al., 2002; Yoshida
et al., 2006; Stacy et al., 2010; Clark et al., 2011b,a; Greif et al., 2011). This having
been tested by both self-consistent cosmological simulations (e.g. Abel et al., 2002;
Yoshida et al., 2006; Clark et al., 2011b) and more artificial parameter studies (e.g,
Clark et al., 2011a), it seems that the radial density profile is insensitive to the initial
cloud profile.

In some of the runs including turbulence, we observe local peaks at same equal
radii in the density and H2 fraction profiles. The peaks appear at distances of ⇠
10 � 1000AU from the densest gas cell. They indicate some region other than the
immediate surrounding of the densest gas cell where local gas collapse happens almost
simultaneously. The locally increased density, usually between n = 1010 cm�3 to a few

3In Table 10.1 in the Appendix we list the exact times at which we have taken the data from each of
the realization. Due to our data output scheme, the times differ slightly. However, this does not affect our
description of the overall trends.
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Figure 5.1: Radial profiles of the gas cloud properties number density, n, temperature, T , mass
enclosed within radius R, Menc(R), and H2 fraction, nH2 /nH. The profiles are derived from
mass-weighted averages taken within spherical shells centered on the densest gas cells just be-
fore first sink formation. The title above each plot indicates the name of the setup, while the
differently colored lines correspond to the different realizations. The black, dashed line de-
scribes the typical R / n�2.2 density profile as observed in previous studies (e.g. Abel et al.,
2002; Yoshida et al., 2006; Clark et al., 2011b; Greif et al., 2011).
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Figure 5.2: As Fig. 5.1, showing the results for more setups.
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Figure 5.3: As Fig. 5.1, but for the purely rotational setups.
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Figure 5.4: Gas property profiles of the pure infall models. Left subplot: same mass-weighted
profiles of gas properties as in Fig. 5.1. Right subplot: profiles of the specific total angular
momentum, L, and the radial velocity, vrad, versus the enclosed mass Menc(R). Although no
initial angular momentum is added to the Bonnor-Ebert sphere in the pure infall runs, some
non-zero angular momentum is induced by turbulent gas motions that arise during gravitational
collapse. The properties in both subplots are derived from mass-weighted averages taken within
spherical shells centered on the densest gas cells just before first sink formation.

n = 1012 cm�3, boosts three-body H2 formation. In the temperature profiles, however,
we do not see a local drop due to a higher fraction of H2, but rather small local peaks.
This is because the formation of each H2 molecule releases energy into the gas and
there is a battle between this H2 formation heating and H2 line cooling that ends in
favor of the heating, leading to a small local temperature increase. This whole inter-
play can be seen best in the subplots for ↵025�001 and ↵005�001. Such behavior
has also been observed in some previous studies (e.g. Turk et al., 2009; Greif et al.,
2012; Greif et al., 2011; Stacy et al., 2016). Since we do not observe this in the runs
without turbulence, it is likely that these local density peaks can be attributed to effects
of turbulence within the initial cloud.

At radii . 10AU, there is a drop in the H2 fraction. This feature is due to the high
temperatures of T & 1500K reached at this point in the collapse. This feature has been
observed in previous studies as well (e.g, Clark et al., 2011b; Greif et al., 2012).

The profiles of enclosed mass, Menc(R), are very similar in all our setups. The
black crosses are a comparison to the results shown in Abel et al. (2002) (see also
Fig. 8 in Clark et al. 2011b). We find slightly higher values than in Clark et al. (2011b),
which themselves were already higher than the approximate data points taken from
Abel et al. (2002). The deviation from Abel et al. (2002) can be attributed to small
differences in the density distributions (higher values) near the densest gas cell.

In Fig. 5.5, 5.6 - and in Fig. 5.4 for the pure infall models - we display profiles of the
total specific angular momentum, L, and the radial velocity, vrad versus the enclosed
mass, Menc(R). The data is again derived from mass-weighted averages within spher-
ical shells centered on the densest gas cells just before first sink formation. As for the
Menc(R) profile above, we have included data points for L from Abel et al. (2002). The
general trend we find is similar to previous studies (e.g. Abel et al., 2002; Stacy et al.,
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Figure 5.5: Profiles of the specific total angular momentum, L, and the radial velocity, vrad,
versus the enclosed mass Menc(R). The properties in both subplots are derived from mass-
weighted averages taken within spherical shells centered on the densest gas cells just before first
sink formation. Overview of most of our setups and their individual realizations. The color
scheme is the same as in Fig. 5.1.
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Figure 5.6: Same profiles as in Fig. 5.5, but for the purely rotational runs.

2010; Clark et al., 2011b; Greif et al., 2012; Stacy & Bromm, 2014). The very low L
values in the pure infall setup are due to the lack of initial angular momentum within
the collapsing cloud. The total angular momentum, however, is not zero as turbulent
gas motions that arise during gravitational collapse (see e.g. Clark et al., 2011a; Turk
et al., 2012) induce some angular momentum in the cloud. We will see the increase
in turbulence more clearly later when we compare different velocity profiles and Mach
numbers in Section 5.3.2.

Regarding the data from Abel et al. (2002), we find the best overall agreement in
setup � = 0.1, the worst in the pure infall models. The general difference in our setups
indicates that the angular momentum found in the cosmological simulations by Abel
et al. (2002) likely translates into a � > 0.1. We note that due to our limited resolution
of 16 cells per Jeans length, we are not able to resolve turbulent motions arising during
gravitational collapse. For this at least 32 cells per Jeans length are needed (see e.g.
Greif et al., 2011; Greif et al., 2012). As turbulent gas motions also induce some
angular momentum, it might be that we therefore underestimate the true values of L.

The radial velocity profile describes the gas infall velocity. The peak of the profile is
usually at around an enclosed mass of ⇠ 1M�. It tends to shift to slightly higher masses
for the runs including turbulence. Compared the the other profiles, we immediately see
a large scatter and chaotic behavior of the runs including turbulence. Although the
overall trend per setup is still visible, the lines of individual realizations show strong
fluctuations. This significant variability demonstrates the continuing influence of the
initial turbulence within the collapsing cloud in yielding not only a main collapse region
but promoting gas instabilities and possible simultaneous collapse at other locations.
We have seen such patterns already above in the profiles of density, molecular hydrogen
and temperature that can be related to particular striking features in the vrad profile. For
example, we see a spike in the bright blue line of setup ↵005�001. This happens at
Menc ⇠ 10M�. Looking into Fig. 5.1, we find a corresponding peak in n and nH2

/nH
at R ⇠ 1000AU. On the other hand, the least scatter is found in the pure infall models
and the purely rotational runs indicating that there is (so far) only a single collapsing
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Figure 5.7: Behavior of the Lx, Ly and Lz component of the specific angular momentum vector
computed with respect to the densest gas cell versus radius (top panels) and enclosed mass (bot-
tom panels). The values are mass-weighted averages in spherical shells centered on the densest
cell just before first sink formation using logarithmic binning with 40 bins.

region.
The largest infall velocities are generally between ⇠ �3 to �6kms�1, but in a few

of the mixed runs, e.g. ↵005�001 and ↵025�001, values of . �7kms�1 are ob-
served. Previous studies found comparable profiles, albeit with fewer fluctuations than
our turbulent runs. Clark et al. (2011a) find magnitudes similar to us while Abel et al.
(2002) and Clark et al. (2011b) report magnitudes of �2.5kms�1. The exact values
depend crucially on the evolutionary time within the collapsing cloud at which they
are measured and so the large scatter in vrad does not necessarily indicate important
differences in the overall trend of the gas collapse.

In Fig. 5.7, we show profiles of the vector components Lx, Ly and Lz of the specific
angular momentum versus radius and enclosed mass at a time just before first sink
formation. We show here results for the runs ↵005�01-1 and �01-1 as they give a
representative guide to the behavior of L in all of our runs. Similar plots for the rest of
our runs can be found in Appendix 10.2.1.

The initial rotation axis of our cloud was the geometric z-axis of our box. When
comparing all runs including rotation, it is only the purely rotational runs, here repre-
sented by realization �01-1, for which we observe that Lz is still the dominant com-
ponent for the plotted radius and mass range. As the relative magnitude between
the individual components stays roughly constant, the mass shells of the collapsing
cloud rotate around a common axis which is still the initial z-axis. For R . 10AU or
Menc . 10�1M� however, we observe that the Lx and Ly approach Lz demonstrating
that in the immediate surrounding of the densest gas cell, where the first sink will form,
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Figure 5.8: Phase plots of temperature and H2 fraction versus number density of all gas cells.
Three different stages of the gas cloud evolution are shown: just prior to sink formation (yellow),
just after first sink formation (red), and 1000yr later (blue).

the gas motions tend to be slightly irregular.
Compared to the purely rotational runs, in the mixed runs, here illustrated by

↵005�01-1, Lz is dominant only for R & 103AU or Menc & 10M�. The gap between
Lz and Lx, Ly here is found to be more pronounced for higher level of rotation. Below
these values, Lx, Ly and Lz get closer to each other when approaching the densest cell
and become intertwined indicating that the direction of the specific angular momentum
vector is thus in 45° to all three spatial axes which is the direction of the new common
rotation axis.

In the purely turbulent runs, the lines of the three different components lie even
more closely on top of each other. Thus, again 45° to all three spatial axes is the di-
rection of the new common rotation axis. The variation in the relative magnitudes of
the components are very small for ↵005 but for ↵025 may become large for some
radius/enclosed mass range. This indicates that at some radii (or enclosed masses) the
dominant direction of the specific angular momentum changes in favor of one or two
combined components.

In Fig. 5.8, we plot the temperature and the H2 fraction as a function of the num-
ber density for all cells in two representative simulations, �001-1 and ↵025�001-4.
Similar plots for the other runs can be found in Appendix 10.2.1. The different colors
indicate different times: yellow and red stand for the time just before and just after first
sink formation respectively, while blue is ⇠ 1000yr later.

The yellow and red cell distributions are similar to one another. They are smoothest
for the low level of rotation �001 (see also Riaz et al., 2018). The show the strongest
difference for number densities n & 1015 cm�3. Here, the red points, which describe
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a temperature increase and a decrease in H2 fraction, indicate the direct gas infall/ ac-
cretion region onto the first sink that has formed. A small group of cells is even heated
up to a few thousand Kelvin through accretion luminosity heating in the immediate
surrounding of the sink.

In addition, we find an interesting feature of the yellow and red cell distribution in
the panels of ↵025�001-4. Here, we observe a peak in temperature and a clear drop
in the H2 fraction. This is related to the discussions about Fig. 5.1 to 5.3 as well as 5.5
and 5.6 above: this special behavior indicates locations of gas collapse different from
the location of the densest cell.

For the blue cell distribution describing the gas at t ⇠ 1000yr, we directly see that
it strongly diverges for n & 109 cm�3. One group of cells heats up to T ⇠ 10000K.
This arises through gas that falls in later on to the protostellar system. As the enclosed
mass at that time is larger, its free-fall velocity is higher as well. The infalling gas
therefore shocks more vigorously and can become hot enough to destroy molecular
hydrogen through collisional dissociation. The decrease in the H2 fraction at this point
is clear in the bottom panels of each subplot. On the other hand at this later stage, the
previously rather thin curve of the H2 fraction is now wider (see the broad distribution
of blue points with fH2

& 10�1 at n ⇠ 109�1012 cm�3). This elevated H2 fraction still
allows the gas in the post-shock region to cool which is indicated in the non-continuous
cell distribution for T > 1000K in the corresponding top panels. The higher H2 frac-
tion originates from gas collapsing slowly in rotating structures within the protostellar
disk environment that has formed through the influence of rotation and turbulence in
the initial collapsing cloud core. In those substructures the gas does not experience
enough compression to collisionally dissociate H2. At even higher densities, the H2
fraction is increased by three-body H2 formation leading to almost fully molecular gas
at n & 1010 � 1015 cm�3. Here, another significant group of particles diverges toward
temperatures T < 1000K and some may even cool to below 100K. The high molecu-
lar hydrogen fraction here makes it possible for the gas to cool while collapsing until
our sink criterion may be fulfilled and new sinks form. This overall behavior has also
been described in previous studies (see e.g. Stacy et al., 2010; Clark et al., 2011a).

5.3.2 Disk evolution
In Fig. 5.9, we show column density projections of all realizations of setup ↵025�01
just after first sink formation. They are representative examples for runs including tur-
bulence. The column density projections in 5.10 representatively demonstrate the com-
mon behavior for either purely rotational runs (top, described by �01-1) or pure infall
models without any initial rotation or turbulence (bottom, describe by pure infall-2).
Instead of an axisymmetric disk as we observe in purely rotational models, mixed mod-
els or purely turbulent models form irregularly-shaped disks that can have filament-like
features, see e.g. realization ↵025�01-4 in Fig. 5.9. Pure infall models, on the other
hand, just indicate purely radial infall, from all directions and without a preferred di-
rection, onto the sink particle. These models started from a gas cloud without initial
angular momentum. In Fig. 5.4, we saw that during gas collapse some angular mo-
mentum builds up. It is, however, too small to promote the formation of a protostellar
disk.

In Fig. 5.11, 5.12 and 5.13 we display radial profile of number density, n, sound
speed, cs, radial velocity, vrad, and rotational velocity, vrot, together with the ratios
vrad/vrot and vrot/vKep, where vKep =

p
GMenc(R)/R is the Kepler velocity, and the

radial and turbulent Mach number, Mrad and Mturb. In Section 5.3.1 above, we have
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Figure 5.9: Column density projections of the realizations of setup ↵025�01 just after the
formation of the first sink. The arrows indicate the velocity field in the immediate environment
of a X-Y (left column) or X-Z slice (right column) through the position of the first sink. The
velocities are projected into the respective plane. The projection is 100 AU thick and centered
on the position of the first sink.
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pure infall-2 

Figure 5.10: Same as in Fig. 5.9, but for the purely rotational run �01-1 and run pure infall-
2. While in �01-1 a disk forms due to the initial rotation and hence the initial non-negligible
amount of angular momentum, the pure infall model with no initial rotation or turbulence shows
simple radial infall onto the sink from all directions.
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Figure 5.11: Overview of density and velocity structure in the collapsing cloud just before first
sink formation. Here, we present the profiles of the mixed setups. From top left to bottom right
(in each subplot): number density, n, sound speed, cs, radial velocity, vrad, rotational velocity,
vrot, the ratios vrad/vrot and vrot/vKep, where vKep =

p
GMenc(R)/R is the Kepler velocity,

and the radial and turbulent Mach number, Mrad and Mturb. The profiles are centered on the
densest cell.
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Figure 5.12: Overview of density and velocity structure in the collapsing cloud just before first
sink formation. The properties are the same as in Fig. 5.11. Here, we present the profiles of the
purely turbulent (top subplots) and the purely rotational setups (bottom subplots).
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Figure 5.13: Overview of density and velocity structure in the collapsing cloud just before first
sink formation. The properties are the same as in Fig. 5.11. Here, we present the profiles of the
pure infall models.

already describe how we derive n, cs, and vrad. The radial Mach number is defined as
Mrad = vrad/cs. For vrot and Mturb, we follow the procedures described in Greif et al.
(2012). The rotational velocity per radial bin is computed by summing up the angular
momentum of all cells within this bin and by dividing this by the total mass within the
bin and the radius of the bin. The turbulent Mach number is derived from

M2
turb c

2
s =

1
M

X

i

mi(vi � vrad � vrot)2 . (5.2)

Here, M is the total mass within the bin and mi and vi are the mass and the velocity of
a cell i within the bin.

We immediately see that there is a large scatter between the different realizations
in the setups including turbulence in Fig. 5.11 and 5.12. The scatter is smallest for the
number density and the sound speed where the lines usually lie well on top of each
other save some some local irregularities and peaks or dips 4.

The lines of the other properties fluctuate more strongly. We have already encoun-
tered such behavior in Fig. 5.5 where the radial velocity was plotted versus the enclosed
mass. The fluctuations originate from the choice of the different random seeds that
were employed to set up the subsonic turbulent velocity field for our cloud. The latter
introduces local variations in the behavior of the velocity field. In spite of such local
variations, we are still able to identify common trends per setup.

The rotational and radial velocity have similar sizes for R < 1000AU with 0 .
vrad/vrot . 1.5. The rotational velocity is slightly larger. Toward larger radii, vrot
decreases while vrad increases. In some setups, e.g. ↵025 and ↵005, we observe that
vrad rises suddenly at R & 1000AU. This location marks the transition between the

4We have discussed such features already above explaining that they originate from gravitational collapse
of gas at locations different from that of the densest cell.
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rotationally supported protostellar disk region and the infalling gas envelope. We see
that the sudden rise of vrad shifts toward larger radii for higher ↵ and �. Thereby,
the influence of � is stronger, in particular for � = 0.1. This can be seen best in
Fig. 5.12 where we show results from the purely turbulent and purely rotational runs.
Both rotation and turbulence induce some angular momentum in the gas. This angular
momentum leads to the formation of a rotationally support disk. The higher the angular
momentum is, the larger the disk grows.

The ratio between the rotational velocity and the Kepler velocity remains at vrot/vKep ⇠
0.5 for all setups at most of the radii. It increases below a few AU toward the densest
cell. Such values indicate a high degree of rotational support in all our runs. vrot/vKep
decreases toward larger radii and drops below 0.5 at those radii where we observe the
sudden rise of vrad/vrot marking the edge of the protostellar disk.

In most of our setups, the turbulent Mach number is comparable to or higher than
the radial Mach number. This means that turbulence is the main mechanism that trans-
ports angular momentum during the initial collapse and that leads to the formation of
a rotationally support of structure. The radial Mach numbers are usually of order unity
and only become mildly supersonic at small radii ⇠ 10AU. The turbulent Mach num-
bers are overall slightly supersonic and also have an increase at small radii ⇠ 10AU.

However, the behavior of the pure infall models is different. In these models, we
see from Fig. 5.13, that no rotationally supported disk forms (vrad/vrot < 0.5) and
Mrad ⇠Mturb suggesting that turbulence is solely induced by radial infall compared to
the other cases were some contribution from the rotational velocity adds to the turbulent
motions.

In Fig. 5.14, we show the same properties in a few selected runs at a time ⇠ 50 �
68yr after first sink formation 5. The profiles are derived as described above but this
time they are centered on the first sink that forms and the masses and velocities of the
sink are taken into consideration in the derivation of the properties. The peaks we see in
the density profiles indicate where additional sinks might form or have already formed
(see also Greif et al., 2012). We see that they appear up to a distance of ⇠ 1000AU
from the first sink.

Within 1000 AU the gas is mostly rotationally supported in all three setups. With
an increasing initial degree of turbulence included, setups tend to become dominated
by radial infall already at smaller distances from the first sink. Overall, Mturb > Mrad
within 1000 AU. The strong fluctuations of the Mach numbers near the first sink are
due to the dynamical evolution of the gas under its self-gravity and accretion onto the
created sink.

Our values of vrot/vKep are comparable to Greif et al. (2012) although they con-
sidered later times where densest region has collapse to n ' 1019 cm�3. They find
0.2 . vrot/vKep . 0.7 while we find 0.1 . vrot/vKep . 1.5 with higher values in
runs with higher influence of turbulence and decreasing influence of rotation. Most
of our setups lead higher values for this ratio than Abel et al. (2002) who found
vrot/vKep ⇠ 0.3. Since this is more similar to our pure infall models, which overall
had a smaller sub- to transonic turbulent Mach number, this likely stems from smaller
turbulence and/or a higher � parameter. We have already discussed this likely possibil-
ity above.

5Most of the plotted data is taken at around 50yr. However, for some of the realizations of �01 the
output data closest to this time was printed out at ⇠ 60�68yr. See Table 10.2 in the Appendix for the exact
times.
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Figure 5.14: Density and velocity profiles of setups ↵025�01, ↵005 and �01 at a time of
⇠ 50 � 70yr after first sink formation. The structure of the panels and the derivation of the
properties are the same as for Fig. 5.11, 5.12 and 5.13, except that now the profiles are centered
on the first sink and sink masses and velocities are included in the derivation of the properties.
See Table 10.2 in the Appendix for the exact times at which the date for each realization was
extracted.
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Figure 5.15: Radially, mass-weighted averages of disk properties centered on the first sink.
From top left to bottom right: disk surface density ⌃, temperature, T , H2 fraction, nH2 /nH, and
Toomre parameter, Q.
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The stability of the rotationally supported disk that forms around the first sink can
be estimated by the Toomre parameter

Q =
 cs
⇡G⌃

. (5.3)

This parameter compares disk self-gravity, described by the surface density ⌃, to ther-
mal pressure and rotation within the disk. The latter two are indicated by the sound
speed cs and the epicyclic frequency  respectively, and act to stabilize the disk against
gravitational instability. In case of a Keplerian disk, the epicyclic frequency equals the
angular velocity,  = ⌦ =

p
GM(r)/r3. For simplicity, we assume that our disks are

Keplerian. The Toomre-Q varies with the radius of the disk as its defining parameters
do. Perturbations within in the disk can grow when Q . 1, making this a necessary
condition for disk fragmentation.

In Fig. 5.15, we plot the surface density, ⌃, temperature, T , H2 fraction, nH2
/nH,

and the Toomre parameter, Q, within the disk. The properties are derived using mass-
weighted averages within spherical bins around the position of the first sink particle. To
study the gas within the disk specifically, we only consider cells with a number density
of n > 109 cm�3 (see also e.g. Stacy et al., 2010; Stacy & Bromm, 2014).

As we have already seen in the other profiles above, runs including turbulence show
a scatter between the results of their individual realizations, while purely rotational or
pure infall models have almost none. The largest fluctuations are visible in the Toomre
Q parameter.

Our ⌃, T , and nH2
/nH profiles and values are comparable to those found in pre-

vious studies by Clark et al. (2011b), Greif et al. (2012), and Stacy & Bromm (2014).
In particular, we find the characteristic temperature range between ⇠ 1000 � 2000K
within 100AU as was described in Clark et al. (2011b). The efficiency of H2 line
cooling together with the cycle of H2 formation and destruction depending on the ther-
modynamical behavior of the disk gas, makes it possible that a thermal balance within
the disk is kept, similar to the functionality of a thermostat.

Regarding the stability of the protostellar disks, we observe that all our runs have
at some point within the 200AU around the first sink a Toomre parameter with Q < 1
indicating disk instabilities. Runs including turbulence show a highly fluctuating Q.
The purely rotational runs are most of the time quasi-stable with Q ⇠ 1 but tend to
become unstable towards the immediate surrounding of the sink.

In Fig. 5.16, we show for the example of realization ↵005�001-4 how the proto-
stellar disk system evolves in time. The top panels describe the velocity field in the
immediate surrounding of a X-Y plane through the position of the first sink that forms.
The bottom panels indicate the position of the various sink particles. Both the veloc-
ity and the sink positions are projected into the plane. Furthermore, we give profiles
of disk properties in ↵005�001-4 at the same times as in Fig. 5.16. The profiles are
centered on the first sink. We see that as time goes on, all profiles fluctuate strongly.
The disk dynamic is ruled by the interplay of sinks, their accretion and heating and the
continuous arising of further gravitational instabilities. As we can see from the Toomre
parameter, the disk is highly self-gravitating. At times later than ⇠ 66yr, Q fluctuates
strongly between values indicating highly unstable regions and those describing sta-
ble ones. The red line which describes a time of ⇠ 4yr after first sink formation can
be a reference line as its Toomre parameter is roughly Q ⇠ 1 at all radii, indicating a
quasi-stable state. Comparing the ups and downs in Q of the other lines, we directly
see how an increase in the surface density above the red reference line, leads to a drop
of that line to Q < 1 indicating an unstable disk. Similarly one may easily track the
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Figure 5.16: Density projection plots (X-Y) of the evolution of realization ↵005�001-4. The
projections are made for the same times as those of the disk profiles presented in Fig. 5.17.
The projection thickness is about half a boxsize (⇠ 6.5pc), the distance between the position
of the first sink and the edge of the simulation box. Top row: density projection plots with
arrows indicating the velocity field in the immediate environment of a X-Y plane/slice through
the position of the first sink. The velocities are projected into that plane. Bottom row: density
profile with sink particles. Some the sinks that have been ejected of the protostellar disk system
are already outside of the region presented in the plot.

Figure 5.17: Evolution of radially averaged disk properties in realization ↵005�001-4. The
properties are derived as in Fig. 5.15 above. For the five different times displayed, each profile
is centered on the first sink particle.
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evolution of the molecular hydrogen fraction by its dependence on changes in the disk
temperature: with a pronounced temperature peak, there is a clearly visible dip in the
H2 fraction.

5.3.3 Formation time of the first sink
We start our survey of the results of our large set of simulations by looking at the simple
question of how long it takes to form the first sink particle in each of our simulations.
The results are listed in Table 5.3 and summarized in Figure 5.18. We see immedi-
ately that both a higher initial level of rotation and a higher initial level of turbulence
within the collapsing gas cloud delays the onset of star formation. Similar trends were
observed in previous studies (see e.g Clark et al., 2011a; Riaz et al., 2018).

In the runs without any turbulence (↵ = 0), the formation time of the first sink is
almost identical in each realizations of a given setup, with the largest difference being
⇠ 200yr between the formation times of the first sinks in runs �01-1 and �01-2. This
suggests that the small amount of numerical noise introduced by the variations in the
initial cell distribution in the zero turbulence runs does not have a significant effect on
the collapse timescale. On the other hand, the runs with turbulence show a significant
spread in the sink formation times, amounting to ⇠ 0.1 Myr in most cases. This is
also clear in Table 5.3, where we list the time at which the first sink forms (tSF) for
each run. The dashed blue line in Fig. 5.18 shows the free-fall time of the cloud,
t↵ =

p
3⇡/(32G⇢c) ' 0.34Myr, i.e. the time that it would take for a spherical cloud

with a density equal to the initial central density of our Bonnor-Ebert sphere to collapse
to a point in the absence of thermal pressure. We see that even in the pure infall runs,
the time that elapses before the first sink forms is ⇠ 2t↵, demonstrating that pressure
forces play a significant role in slowing the collapse of the gas. Including additional
support in the form of non-zero turbulence or rotation further slows the collapse, but
overall is less important than the support provided by the thermal pressure.

5.3.4 Number and mass of sinks formed

We compare most of our runs at a time of ⇠ 1000yr after first sink formation.6 At
this time, many of the runs contain sinks that are massive enough to start producing
ionizing photons once the stars that they represent reach the main sequence. Since
our simulations do not currently account for this form of feedback, we therefore stop
at this point before the lack of this feedback becomes crucial in changing our results.
However, we stop our pure infall models earlier than 1000yr, as these runs proceed
much more slowly than our standard runs. Nevertheless, even at that earlier stage they
allow us to draw conclusions regarding their general outcome or trend or regarding the
comparison of trends between different resolutions.

In the pure infall realizations only one sink forms and grows rapidly via accretion,
reaching a mass of over 30M� in only ⇠ 100 yr. In contrast, all of the other runs
show considerable fragmentation within the first 1000 yr, forming anywhere between
15 and ⇠ 120 sinks. The total number of sinks (Ntot) and the total mass in sinks (Mtot)
in each realization at the final output time is listed in Table 5.3. This difference in
behavior occurs because the pure infall runs are the only ones in which no disk forms

6For technical reasons, the different AREPO simulations do not produce their final output dumps after
precisely 1000 yr, but rather in the interval t = 1000 ± 10yr. In some runs, additional sinks were created
shortly after t = 1000yr but before the final output dump. For these runs, we perform our comparisons using
data from the previous output dump, produced shortly before t = 1000 yr.
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Table 5.3: Overview of the detailed results of all our simulations regarding the time at which the
first sink forms, tSF, the final year considered for our analysis, tfinal, the total number of sink
particles formed by that time, Ntot, and the corresponding total mass in sinks, Mtot.

Realization ↵turb �rot tSF/Myr tfinal/yr Ntot Mtot/M�
pure infall-1 - - 0.631 973 1 69.1
pure infall-2 - - 0.631 932 1 67.0
pure infall-3 - - 0.631 683 1 52.2
pure infall-4 - - 0.631 426 1 35.1
pure infall-5 - - 0.631 719 1 54.5
�01� 1 - 0.1 0.742 1002 49 36.8
�01� 2 - 0.1 0.743 1001 31 37.9
�01� 3 - 0.1 0.743 1003 42 32.6
�01� 4 - 0.1 0.743 1003 27 36.0
�01� 5 - 0.1 0.743 1005 45 36.8
�001� 1 - 0.01 0.641 1002 28 57.9
�001� 2 - 0.01 0.642 1003 26 50.9
�001� 3 - 0.01 0.641 1003 37 58.8
�001� 4 - 0.01 0.642 1003 43 54.6
�001� 5 - 0.01 0.641 1004 35 56.6
↵025� 1 0.25 - 0.698 995 72 67.0
↵025� 2 0.25 - 0.757 992 40 53.9
↵025� 3 0.25 - 0.766 1008 45 63.7
↵025� 4 0.25 - 0.697 1011 19 51.4
↵025� 5 0.25 - 0.745 1008 118 74.3
↵005� 1 0.05 - 0.670 1003 61 86.3
↵005� 2 0.05 - 0.617 1002 57 66.7
↵005� 3 0.05 - 0.633 1005 63 59.8
↵005� 4 0.05 - 0.657 1002 51 73.7
↵005� 5 0.05 - 0.628 1007 39 60.6
↵025�01� 1 0.25 0.1 0.796 1007 41 53.1
↵025�01� 2 0.25 0.1 0.857 1012 32 25.0
↵025�01� 3 0.25 0.1 0.822 1008 21 33.8
↵025�01� 4 0.25 0.1 0.793 1000 53 53.9
↵025�01� 5 0.25 0.1 0.900 1002 41 49.7
↵025�001� 1 0.25 0.01 0.769 1000 34 50.0
↵025�001� 2 0.25 0.01 0.695 1000 55 76.1
↵025�001� 3 0.25 0.01 0.742 1031 52 65.8
↵025�001� 4 0.25 0.01 0.770 1008 61 83.5
↵025�001� 5 0.25 0.01 0.740 1010 44 63.5
↵005�01� 1 0.05 0.1 0.714 1007 34 41.7
↵005�01� 2 0.05 0.1 0.797 1013 30 35.3
↵005�01� 3 0.05 0.1 0.731 1004 39 38.6
↵005�01� 4 0.05 0.1 0.816 1009 15 22.6
↵005�01� 5 0.05 0.1 0.767 1007 32 33.3
↵005�001� 1 0.05 0.01 0.688 1010 40 47.5
↵005�001� 2 0.05 0.01 0.655 1006 53 64.0
↵005�001� 3 0.05 0.01 0.675 1013 45 63.3
↵005�001� 4 0.05 0.01 0.675 1005 81 80.8
↵005�001� 5 0.05 0.01 0.686 1007 32 48.1
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Figure 5.18: Formation time of the first sink particle in each simulation, plotted as a function
of ↵turb. The left-hand panel shows the results for several different values of the rotational
� parameter. The right-hand panel shows a comparison of the results of setup ↵005�001 for
simulations using our standard Jeans refinement criterion, for which the Jeans length is always
resolved by at least 16 cells (red crosses) and simulations using a more stringent refinement
criterion of 32 cells per Jeans length (orange squares). The blue dashed line in the left-hand
panel indicates the free-fall time of the cloud at its initial central density.

over the course of the simulations. Some non-zero angular momentum arises during
the gravitational collapse but is too small to trigger the formation of a disk. See also
Fig. 10.18 in the Appendix as an illustration of the velocity field in the surrounding
of the sink at a times several hundred years after the formation of the sink. In all
of the other runs7 a dense, gravitationally unstable accretion disk forms which soon
fragments.

In Fig. 5.19 and 5.20 we plot the evolution of the total mass in sinks, and the total
number of sinks respectively. Each panel illustrates one setup, with the five realizations
being described by different colors. We immediately see in almost all panels of both
figures that there is a considerable scatter in the results of each setup.

In terms of the total mass accreted, we find that the scatter is smallest for the purely
rotational and the pure infall runs, consistent with the small spread in initial sink for-
mation times in these runs, and largest for the runs with the highest level of turbulence,
particularly in the cases where we also have � > 0.

In terms of the total number of sinks formed, we find that there is a significant scat-
ter for every setup (except for the pure infall case), but that this scatter is clearly larger
for the runs with a high level of turbulence. Interestingly, the runs with rotation but no
initial turbulence show clear differences in the number of sinks formed from realization
to realization. In this case, the only difference between is the initial positioning of the
mesh cells. By changing the initial positioning, we change the details of the numerical
noise, and this small difference is sufficient to very different fragmentation outcomes,
even though the mass going into the fragments varies little from run to run. This high
sensitivity to small changes in the initial conditions suggests that the fragmentation

7The initial angular momentum of the gas in the runs with ↵ > 0 and � = 0 is small and varies from
realization to realization. In principle, the angular momentum for a particular realization could be zero, but
this is vanishingly unlikely.
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Figure 5.19: Total mass in sinks as a function of time after the first sink is created. Each panel
shows the results for the five different realizations of each setup.
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Figure 5.20: Total number of sinks as a function of the time elapsed after the formation of the
first sink. The color scheme is the same as in Fig. 5.19.

Table 5.4: Average total number of sinks per setup, hNtoti, and average total mass in sinks,
hMtoti, at t ⇠ 1000 yr, along with the corresponding standard deviations.

Setup hNtoti �Ntot hMtoti[M�] �Mtot

pure infall 1 0 35.7 2.1
�01 38.8 8.4 36.0 1.8
�001 33.8 6.2 55.8 2.8
↵025 58.8 34.1 62.1 8.5
↵005 54.2 8.6 69.4 9.8
↵025�01 34.8 11.2 43.1 11.6
↵025�001 49.2 9.4 67.8 11.5
↵005�01 30.0 8.1 34.3 6.5
↵005�001 50.2 16.8 60.7 12.3

of the disk is a chaotic process, a conclusion which is also consistent with the large
amounts of scatter we see in the turbulent runs. If so, then this means that in order to
study and derive general trends about the effects of turbulence or rotation on Population
III star formation, one needs to consider the statistics of a sample of runs with varying
initial conditions (initial mesh cell positioning, random seed used for the turbulence,
etc.), rather than just comparing single realizations (see also Goodwin et al., 2004a,b,
who find a similar result in the context of present-day star formation).

In Fig. 5.21, we plot the average total mass in sinks, hMtoti, and the average total
number of sinks, hNtoti, per setup versus � (left subplot) or ↵ (right subplot). The
different color-coding of the markers denotes different levels of either constant ↵ or �
depending on which other one is varied on the x-axis. The error bars show the standard
deviation in each quantity. We also list the means and standard deviations in Table
5.4. We see directly from this that the scatter in Ntot and Mtot is smaller in the purely
rotational runs than in the runs containing initial turbulence. In addition, the mean
values of these quantities are also smaller in these runs than in most of the turbulent
runs.

In panel c) and f), the purely rotational data is illustrated while in i) and l) the purely
turbulent runs are displayed. We see directly that the purely rotational runs (together
with the pure infall models) have the smallest error bars of all data points indicating
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Figure 5.21: Overview of average final total mass in sinks hMtoti (top panels) and average final
total number of sinks hNtoti (bottom panels) per setup versus the rotational � (left panels) or
the turbulent ↵ (right panels) parameter. Each column corresponds to runs with a fixed value of
either ↵ or �: this is stated in the bottom panel in each column and also indicated by the different
colors.

the smallest scatter in results as we have already discussed above. Furthermore, we
find that both hNtoti and hMtoti, are smaller for the purely rotational runs than for the
purely turbulent runs. Regarding hMtoti we find a larger value for a lower level of
either rotation or turbulence, while for hNtoti the values are similar for both levels.

In the mixed runs, a couple of other trends are obvious. For fixed but non-zero ↵,
adding a small amount of initial rotational energy has little effect – there is no signifi-
cant difference between hNtoti and hMtoti in the turbulent runs with � = 0 and in those
with � = 0.01. On the other hand, adding a much larger amount of rotational energy
does lead to a clear difference in outcome: both hNtoti and hMtoti are significantly
smaller in the runs with � = 0.1 than in the lower � runs, suggesting that in this case
the disk is more stable due to a larger differential rotation, i.e. stronger shear motions
that allow accumulated gas to be redistributed efficiently thereby keeping the surface
density of the disk roughly constant.

Compared to the effect of rotation, a change in the degree of turbulence does not
yield very different results in terms of hNtoti. There is, however, a small difference
between low and high ↵ parameter for hMtoti which can be seen best in panels g) and
h).

Comparison to previous studies

Studies by Clark et al. (2011a) and Riaz et al. (2018) have also examined the effect
of varying the initial turbulent energy in simulations of the collapse of metal-free gas
clouds. Since these studies were carried out with different hydrodynamical codes from
our own study8, it is interesting to compare their results with ours.

Clark et al. (2011a) consider two different scenarios: the collapse of Bonnor-Ebert
sphere with mass 1000M� and initial temperature 300 K, taken to be representative
of Pop. III.1 star formation, and a Bonnor-Ebert sphere with mass 150 M� and initial

8Clark et al. (2011a) used the GAGDET code of Springel (2005), while Riaz et al. (2018) used the GRAD-
SPH code of Vanaverbeke et al. (2009).
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temperature 75 K, taken to represent Pop. III.2 star formation. The first of these setups
is clearly much closer to our own and is the one with which we will compare our results.
Riaz et al. (2018) consider a single setup, a uniform sphere with mass 1.3041⇥104M�
and initial temperature 300 K. Both studies quantified the initial turbulent energy of the
gas in terms of the ratio between the rms turbulent velocity vrms and the sound speed cs.
Clark et al. (2011a) studied cases with vrms/cs = 0.1, 0.2, 0.4 and 0.8, while Riaz et al.
(2018) studied cases with vrms/cs = 0.5,1.0 and 2.0. In terms of the ↵turb parameter
used in our study, these equate to ↵turb ⇠ 2⇥10�3, 6⇥10�3, 0.03, and 0.1 for the Clark
et al. (2011a) study and ↵turb ⇠ 0.02, 0.07, and 0.28 for the Riaz et al. (2018) study.

Direct comparison of the numbers and masses of the sinks formed in these studies
with the values from our own studies is not informative, owing to the large differences
in mass resolution and sink accretion radius (Mres = 0.05M�, racc = 20 AU for the
Clark et al. 2011a study and Mres = 1.133M�, racc = 26 AU for the Riaz et al. (2018)
study, versus an effective mass resolution Mres < 0.01M� and racc = 2 AU in the
simulations presented here). However, it is still useful to compare overall trends.

Clark et al. (2011a) find that in their lowest ↵turb run, the gas does not fragment
and the final outcome is very similar to our pure infall runs. On the other hand, in
their other runs, even the relatively small amount of turbulence is enough to lead to
significant fragmentation of the gas. Specifically, in these runs the non-zero angular
momentum associated with the initial turbulence leads to the formation of a dense,
disk-like structure which readily fragments. The relation of the number of fragments
formed to the initial turbulent energy is unclear, consistent with our finding that there is
considerable scatter from run to run, which can easily overwhelm any weak underlying
trend.

On the other hand, Riaz et al. (2018) find that the gas in their runs with ↵turb ⇠ 0.02
and 0.07 does not fragment, with fragmentation only occurring for their highest ↵turb
run. This stands in stark contrast to our results and those of Clark et al. (2011a).
Interestingly, Riaz et al. (2018) report that disk formation does not occur in their low
↵turb runs, suggesting that the primary reason for the lack of fragmentation in these
runs is that their purely turbulent initial conditions start with a much lower level of
angular momentum than those in our study or in Clark et al. (2011a). This may be
related to the different way in which the turbulent velocity fields are initialized: in
Clark et al. (2011a) and in our simulations, the turbulent velocity field contains a mix
of compressive and solenoidal modes and has most of the power concentrated on large
scales, while in Riaz et al. (2018) the initial turbulent velocity field is purely solenoidal
and has power distributed over a wider range of scales. Further investigation of this
point would prove worthwhile but is out of the scope of our present study.

Riaz et al. (2018) also consider runs with both turbulence and rotation, similar to
our mixed runs. In this case, they find that disk formation and fragmentation occurs
even when ↵turb is small. Their results suggest that increasing � leads to a more
stable disk and hence less fragmentation, in agreement with our findings, although as
they only consider one realisation of each of their setups, it is impossible to assess the
statistical significance of their results.
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Figure 5.22: Overview of the mass accretion histories of the mixed runs. The left column in each
subplot displays the increase of the total mass in sink (blue dashed line), the mass growth of the
first (red) and the most massive sink (orange) together with all other sinks (black). The right
column in each subplot shows the cumulative accretion rate (blue dashed line) and the accretion
rate of the first (red) and most massive sink (orange). The most massive sink is defined to be the
sink with the highest mass at t ⇠ 1000yr. As can be seen clearly, the accretion rates are highly
time-variable.
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Figure 5.23: Overview of the mass accretion histories of the purely turbulent (top subplots) and
the purely rotational (bottom subplots) runs. The color and line scheme is the same as in Fig.
5.22 above.
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5.3.5 Mass evolution and accretion behavior
In all of our protostellar systems, we find high cumulative9 accretion rates 10�2 <
Ṁacc < 1M� yr�1. Usually, in the first few years after the first sink has formed
Ṁacc ⇠ 10�1M�yr�1, dropping off slowly with time thereafter, although there are a
few realizations in which it increases slowly with time. It rarely falls below values of
a few times 10�2M�yr�1 over the period of time studied in our simulations. Only in
one realization, ↵005�01-2, does it drop below 10�2M�yr�1 before t ⇠ 1000yr.

In Figures 5.22 and 5.23, we show the evolution of the individual and total sink
masses (left columns) and individual and cumulative accretion rates (right columns) for
all realizations and setups. The evolution of the total mass in sinks and the cumulative
accretion rate is given by the blue dashed line. Red lines indicate the behavior of the
sink which formed first in each simulation, while orange lines indicate the behavior of
the most massive sink (defined as the sink with the highest mass at t = 1000yr). If no
red line is visible, this implies that the sink which formed first is also the most massive
one.

For all of our runs, the cumulative accretion rate generally remains between 10�2�
10�1M� yr�1 throughout the period we study. There is some scatter between the rate
in different realizations of a given setup, with stronger and more irregular variations
being visible in the runs including turbulence compared to the purely rotational runs.
However, overall the difference between different realizations is relatively small, as is
also clear from the fact that the total amount of mass accreted by the sinks after 1000
years, Mtot, varies by at most a factor of two between the different realizations of a
given setup. We find a weak trend indicating that runs with higher levels of rotation
have lower cumulative accretion rates. This trend can be seen best when comparing the
two purely rotational setups with each other. We have already seen the consequences
of this behavior in Section 5.3.4 where we find an obvious gap in the range of values
of hMtoti between setups including high level of rotation and the rest of the setups.
However, the overall difference between the various setups is still small, consistent
with the idea that it is the temperature and density structure of the infalling gas, rather
than its level of turbulence or rotation, that is primarily responsible for determining the
overall accretion rate.

In the left columns of the subplots of Figures 5.22 and 5.23, we show how the
mass of each individual sink evolves in each simulation. We find that many sinks stop
accreting shortly after their formation, while some continue to accrete over a longer
period. However, we do not see a clear relationship between when a sink forms and
how long it continues to accrete.

In the following we concentrate on describing the evolution of the most massive
sink particle and the first sink particle to form. We find that in all realizations and
setups, the most massive sink forms before t = 200yr. The most massive sink after
1000 yr is always one of the first sinks to form, but often not the very first to form
(although there are many cases where it is). Initially, the accretion rate onto the first
protostar is very large, but as more protostars form it decreases significantly, ending up
with a value anywhere between ⇠ 10�4M�yr�1 and ⇠ 10�2M�yr�1 after t = 1000yr.
Something similar is true for accretion onto the most massive sink, although in this case
the fall-off in the accretion rate is generally less pronounced. Both rates show much
stronger time variability than the cumulative accretion rate, and in some cases short
bursts of very rapid accretion are seen (see e.g. run �01-1). Both rates also show con-

9We define cumulative accretion rates as the sum of the accretion rates of all sink particles within a
simulation.
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siderable variability between the different realizations of a given setup, suggesting that
while the turbulence and rotation have only a weak influence on the overall accretion
rate, they have a strong influence on which sinks accrete the gas.

The values and variability that we find in the accretion rates are in agreement with
results from previous numerical studies (e.g. Clark et al., 2011b,a; Greif et al., 2011;
Smith et al., 2012; Stacy & Bromm, 2014; Susa et al., 2014; Stacy et al., 2016; Riaz
et al., 2018). Directly after its formation, the first sink particle can be expected to have
an accretion rate as high as & 10�1M�yr�1 (Yoshida et al., 2006). Within the high
density environment around the first sinks, new fragments soon form. From Fig. 5.20,
we see that in most realizations, secondary protostars form rapidly after the first. The
variability of the accretion rates and their eventual continuous decline stems from the
gas dynamics within the protostellar accretion disk where strong gravitational torques
redistribute angular momentum and allow more mass to flow to some protostars. Fur-
thermore, it originates from the interactions between the sinks as they compete for ac-
creting material which reduces the accretion onto some of the sinks (e.g. Peters et al.,
2010; Smith et al., 2011; Greif et al., 2011). Susa (2013) find that the majority of the
high mass stars (> 30M�) forming in their simulations are the first protostars to form
in their halos. We do not see such a trend, although there is usually at least one real-
ization per setup in which the first sink becomes the most massive sink at t ⇠ 1000yr.
However, we caution that we cannot yet draw final conclusions about this as we only
cover a short period within the accretion history of a primordial protostellar cluster.

5.3.6 Mass function
In Fig. 5.24, we show the mass function of the sinks present at t ⇠ 1000 yr in each
realization of each setup. In the diagrams here, we omit the pure infall models, in which
only one sink forms over the course of the simulations. Each row represents a different
setup with its individual realizations 1� 5 displayed from left to right in panels one to
five. The sixth panel on the right shows the combined mass function for that setup (i.e.
the sum of the other five mass functions). The color scheme is the same as in Figures
5.19 and 5.20.

We see immediately that there are considerable differences between the mass func-
tions in the different realizations corresponding to a given setup. Nevertheless, some
features of the mass functions remain the same from realization to realization. In most
cases, the mass functions are fairly flat, with a large deficit of low mass stars compared
to what one would expect from a Salpeter (1955) or Kroupa (2001) mass function. The
maximum sink mass is typically ⇠ 10M�, although as we have already seen, this sink
is generally still accreting at a rate of 10�3M� yr�1 or more (see Figures 5.22 and 5.23)
and so we would expect to recover larger maximum masses if we were to continue the
simulation for longer. The minimum sink mass in each case generally ranges from a
few times 10�3 M� to 10�2 M�. This minimum mass is set by the local Jeans mass in
the fragmenting disk, which ranges from 0.004 .MJ . 0.01M� at time of first sink
formation. For comparison, the minimum cell mass at the same time is . 10�6M�
in every simulation, making us confident that the low mass cutoff we see in the mass
functions is real and not a numerical artefact.

Comparing the combined mass functions, we see that although the distributions are
fairly flat overall, they are not completely flat. In particular, the runs with a high level
of turbulence appear to peak at a mass of around 0.1M�, while those with pure rotation
peak instead at a mass of a few solar masses. We have checked the similarity of all the
combined mass functions with the Kolmogorov-Smirnov (KS) test. This confirms the
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Figure 5.24: The protostellar mass functions produced in the simulations. Each row represents
a different setup. The first five columns show the mass function for each of the individual real-
izations. The last column shows the combined mass function for each setup, which is derived by
summing up the contributions of all individual realizations per setup. The choice of color for the
realizations is the same as in Figures 5.19 and 5.20.
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visual impression that the combined mass functions from the purely rotational runs are
in general not consistent with those in the purely turbulent runs. For reference, we
list the KS statistic and corresponding p-value for each comparison between setups in
Table 10.4 in the Appendix.

Our finding of a flat protostellar mass function is in good agreement with previous
studies of fragmentation in Pop. III accretion disks that adopted a sink particle-based
approach (e.g. Clark et al., 2011a; Greif et al., 2011; Smith et al., 2011; Stacy et al.,
2016). However, the significant differences we see between the mass functions pro-
duced by different realizations of the same setup demonstrates the danger involved
when drawing conclusions based on only a small number of simulations of fragmenta-
tion, particularly in runs where the gas is highly turbulent.

It is also important to emphasize that the mass functions shown here are not pre-
dictions of the final protostellar IMF. Our simulations only probe a short period in the
history of the accretion disk, they do not account for mergers between sinks (see Sec-
tion 5.3.7 below), and also they do not account for the effects of radiative feedback,
which we expect to play an important role in regulating the high mass portion of the
IMF (see e.g. Susa et al., 2014; Stacy et al., 2016).

5.3.7 Stellar encounter and merging
In view of the large number of fragments that form in the gas, and the small size of the
region in which they form, close interactions between protostellar fragments are likely.
Previous studies have shown that encounters between protostars are indeed a common
feature within Pop III protostellar systems and affect the trajectories of the protostars in
question, which might lead to dynamical ejections (e.g. Greif et al., 2011; Smith et al.,
2011; Susa, 2013; Stacy et al., 2016), formation of binaries or multiple systems (e.g.
Stacy et al., 2010, 2013; Riaz et al., 2018), and mergers (e.g. Stacy et al., 2010; Greif
et al., 2012; Hosokawa et al., 2016; Stacy et al., 2016). We analyze ejections in the next
section. We refrain from exploring the properties of binaries or multiple systems since
it is likely that they continue to change over the course of the simulation and since we
cover only a short time in our runs is small compared to other studies that have tackled
this question (e.g. Smith et al., 2012; Stacy et al., 2013). Our current implementation
of sink particles within AREPO does not allow for the possibility of sink merging, so
we cannot simulate this self-consistently. Nevertheless, by examining the trajectories
of the sink particles, we can study how likely mergers are in our different setups and
whether there is any systematic trend with increasing turbulent or rotational energy.

We consider two kinds of close encounters: ones where the protostellar radii actu-
ally touch or overlap (referred to later as the touching-radii scenario) and ones where
the lower mass (secondary) protostar approaches to within the tidal radius of the more
massive (primary) one (referred to later as the tidal-radius scenario). Numerically,
therefore, we compare the distance between the protostars to either the sum of the
protostellar radii, R1 +R2, or the tidal radius

rt ⇡ 2.44R1

 
⇢1
⇢2

!1/3
, (5.4)

where R1 is the radius of the primary protostar, and ⇢1 and ⇢2 are the densities of the
primary and secondary protostars, respectively. In practice, during the period simu-
lated the protostars will be ‘fluffy’ objects with extended, puffed-up radii (Hosokawa
& Omukai, 2009; Hosokawa et al., 2010; Smith et al., 2012; Hirano et al., 2014;
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Table 5.5: Overview of the number of encounters in comparison to total number of sinks at the
end of the simulation for each realization. Ntot is the number of sinks after t ⇠ 1000yr.

Setup Ntot Touching Radii Within rt
Nmerge Nmerge/(Ntot � 1) Nmerge Nmerge/(Ntot � 1)

�01� 1 49 15 0.3125 29 0.6042
�01� 2 31 5 0.1667 13 0.4333
�01� 3 42 5 0.1220 16 0.3902
�01� 4 27 4 0.1538 12 0.4615
�01� 5 45 4 0.0909 10 0.2273
�001� 1 28 10 0.3704 17 0.6296
�001� 2 26 6 0.2400 12 0.4800
�001� 3 37 8 0.2222 16 0.4444
�001� 4 43 10 0.2381 21 0.5000
�001� 5 35 9 0.2647 18 0.5294
↵005� 1 61 10 0.1667 24 0.4000
↵005� 2 57 9 0.1607 23 0.4107
↵005� 3 63 5 0.0806 19 0.3065
↵005� 4 51 6 0.1200 17 0.3400
↵005� 5 39 8 0.2105 17 0.4474
↵025� 1 72 8 0.1127 24 0.3380
↵025� 2 40 5 0.1282 16 0.4103
↵025� 3 45 14 0.3182 26 0.5909
↵025� 4 19 5 0.2778 11 0.6111
↵025� 5 118 10 0.0855 31 0.2650
↵025�01� 1 41 13 0.3250 23 0.5750
↵025�01� 2 32 2 0.0645 5 0.1613
↵025�01� 3 21 1 0.0500 6 0.3000
↵025�01� 4 53 8 0.1538 16 0.3077
↵025�01� 5 41 4 0.1000 20 0.5000
↵025�001� 1 34 7 0.2121 17 0.5151
↵025�001� 2 55 12 0.2222 31 0.5741
↵025�001� 3 52 4 0.0784 20 0.3922
↵025�001� 4 61 9 0.1500 21 0.3500
↵025�001� 5 44 6 0.1395 21 0.4884
↵005�01� 1 34 7 0.2121 14 0.4242
↵005�01� 2 30 4 0.1379 10 0.3448
↵005�01� 3 39 8 0.2105 11 0.2895
↵005�01� 4 15 2 0.1429 5 0.3571
↵005�01� 5 32 5 0.1613 11 0.3548
↵005�001� 1 40 4 0.1026 12 0.3077
↵005�001� 2 53 6 0.1154 15 0.2885
↵005�001� 3 45 11 0.2500 21 0.4773
↵005�001� 4 81 11 0.1375 23 0.2875
↵005�001� 5 32 5 0.1613 13 0.4194
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Figure 5.25: Comparison of the sum of the protostellar radii, R1 + R2, versus the minimum
protostellar separation, �r, for all close encounters in each simulation. The black dashed line
indicates where R1 +R2 = �r. Points above and to the left of this line indicate encounters likely
to lead to mergers. Downward triangles describe encounters of low-mass protostars ( 0.8M�)
with other low-mass protostars (red), with medium-mass protostars (0.8 < M  5M�; bright
violet) and with high-mass protostars (> 5M�; yellow colored). Filled circles are encounters of
two medium-mass protostars (dark blue) or of a medium-mass and a high-mass protostar (bright
blue). Black stars indicate encounters of two high-mass protostars.
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Figure 5.26: Comparison of the tidal radius rt with the minimum protostellar separation, �r,
for all close encounters in each simulation. The black dashed line indicates where rt = �r. The
symbols and the color scheme are the same as in Fig. 5.25.



CHAPTER 5. THE FRAGMENTATION BEHAVIOR OF POPULATION III
PROTOSTELLAR DISKS 115

Hosokawa et al., 2016), whose densities likely do not vary enormously from proto-
star to protostar. We therefore follow Smith et al. (2012) and approximate the tidal
radius as rt ⇠ 3R1. Finally, we estimate the evolution of the protostellar radii, R1 and
R2, by using Eq. (3.3) to (3.6) in Section 3.2.2 of our discussion of the accretion lu-
minosity (see also Smith et al., 2011). Motivated by results from Greif et al. (2012) in
which Population III protostar formation was studied without sink particles, we set the
initial radius of a newly formed sink to 10R�. We use an accretion rate that is derived
by averaging the mass growth over 10 to 20 years. In this way, we smooth out the
effects of any rapid increases or decreases in the accretion rate, since more sophisti-
cated protostellar evolution models show that the protostellar radius is more sensitive to
the long-term trend of the accretion rate than to its short-term variability (Smith et al.,
2012).

We follow the trajectories of the sinks using the information included in the snap-
shot files from the simulations. Although these are produced with a high cadence, we
nevertheless may miss some close encounters that occur in between snapshots. Our re-
sults should therefore be considered as lower limits on the number of close encounters.

In Fig. 5.25 and 5.26, we present an overview of the two encounter scenarios for
all our setups and realizations. The different symbols and colors indicate which mass
range the encountering protostars populate. Downward triangles describe encounters
including low-mass protostars ( 0.8M�). Red triangles are encounters of two low-
mass protostars, bright violet triangles stand for an encounter between a low-mass and
a medium-mass (0.8 < M  5M�) protostar, and yellow triangles are encounters be-
tween a low-mass and a high-mass (> 5M�) protostar. Filled circles are encounters of
two medium-mass protostars (dark blue) or of a medium-mass and a high-mass proto-
star (bright blue). Black stars indicate encounters of two large-mass protostars. The
black dashed line describes where the distance between the protostars equals either the
sum of their protostellar radii (Fig. 5.25) or the tidal radius of the primary protostar
(Fig. 5.26). Encounters above and to the left of this line are likely to lead to mergers.
We can see immediately that close encounters happen in all realizations for both sce-
narios, with more encounters occurring in the case of the tidal-radius scenario. This
becomes even clearer when we compare columns 3 and 5 in Table 5.5, where we list the
number of merging candidates, Nmerge for the two scenarios. The number of merger
candidates is always larger in the tidal radius scenario, by anywhere from a factor of
two to a factor of several.

Figures 5.25 & 5.26 also show that although close encounters take place between
stars with a wide range of masses, the minimum separation �r tends to decrease with
increasing protostellar mass. Therefore, mergers are far more likely to occur between
pairs of protostars that include at least one medium-mass star than between pairs of
low-mass protostars. However, mergers between high-mass stars are rare in our simu-
lations, simply because few of these stars form within the period studied here.

In Figure 5.27 we show how the number of mergers and fraction of sinks involved
in mergers vary as a function of ↵ and � in both the touching radii and the tidal radius
scenarios. The exact number values are listed in Table 5.6 & 5.7. We see that although
the number of mergers varies as we vary ↵ and �, this is largely driven by the vari-
ation in the number of sinks that form: obviously, if one has more sinks, then more
mergers are possible. The fraction of sinks that are involved in mergers does not vary
strongly with ↵ or � in most cases, remaining constant at around 15% in the touching
radii scenario and around 40% in the tidal radius scenario. The main exception is the
�001 setup: the sinks produced in this setup undergo encounters close enough to lead
to mergers at a higher rate than in any of the other setups. However, given the signif-
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Figure 5.27: Subplot a): number of mergers per realization in the touching-radii scenario,
Ntouch, and ratio between number of such mergers per realization and maximum number of
merger per realization, Ntouch/(Ntot � 1) together with their averages. Subplot b) number of
mergers in the tidal-radius scenario, Ntidal, and ratio between number of such mergers per re-
alization and maximum number of merger per realization, Ntidal/(Ntot � 1) together with their
averages. Color-coding in the top diagrams for both a) and b) indicates different values of con-
stant turbulent ↵ parameter, while in the bottom diagrams for both a) and b) the color-coding
relates to different levels of constant rotational � parameter.
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Table 5.6: Overview of the setup averages for the touching radii scenario. From left to right:
name of the setup, average number of close encounters per setup, hNtouchi, and setup average
of the ratio between total number of close encounters per realization and maximum number of
merger per realization, hNtouch/(Ntot � 1)i. The standard deviations in both quantities are also
listed.

Setup Touching Radii
hNtouchi hNtouch/(Ntot � 1)i

�01 6.6 ± 4.2 0.1692 ± 0.0763
�001 8.6 ± 1.5 0.2671 ± 0.0534
↵025 8.4 ± 3.4 0.1845 ± 0.0946
↵005 7.6 ± 1.9 0.1477 ± 0.0441
↵025�01 5.6 ± 4.4 0.1387 ± 0.0998
↵025�001 7.6 ± 2.7 0.1604 ± 0.0525
↵005�01 5.2 ± 2.1 0.1729 ± 0.0323
↵005�001 7.4 ± 3.0 0.1534 ± 0.0523

Table 5.7: Overview of the setup averages for the tidal-radius scenario. From left to right: name
of the setup, average number of close encounters per setup, hNtidali, and setup average of the
ratio between total number of close encounters per realization and maximum number of merger
per realization, hNtidal/(Ntot � 1)i. The standard deviations in both quantities are also listed.

Setup Within rt
hNtidali hNtidal/(Ntot � 1)i

�01 16.0 ± 6.8 0.4233 ± 0.1215
�001 16.8 ± 3.0 0.5167 ± 0.0629
↵025 21.6 ± 7.2 0.4431 ± 0.1370
↵005 20.0 ± 3.0 0.3809 ± 0.0508
↵025�01 14.0 ± 7.3 0.3688 ± 0.1492
↵025�001 22.0 ± 4.7 0.4640 ± 0.0818
↵005�01 10.2 ± 3.0 0.3541 ± 0.0429
↵005�001 16.8 ± 4.4 0.3561 ± 0.0779
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Figure 5.28: Trajectories of the 72 sinks of realization ↵025-1. The figure is centered on the
creation point of the first sink. The color scheme from dark to bright shades starting from black
to violet to yellow indicates the formation order of the sinks with the darkest as the first sinks
that formed. The arrows indicate the direction, in which the sink particle move.

icant variance in the values for each setup, it is unclear whether this represents a real
difference or is merely a coincidence.

In summary, we find that close encounters that might lead to mergers occur in all
realizations. Depending on what criterion we use for deciding whether two protostars
will merge, we find that anywhere between ⇠ 10% and ⇠ 50% of protostars may
merge, emphasising that mergers are common in the dense environment in which the
protostars form. This result is consistent with other studies that find a high level of
mergers between Pop. III protostars (e.g. Greif et al., 2012; Stacy et al., 2016).

5.3.8 Stellar ejections
Population III protostars that are ejected from their system of origin have been found
in several previous simulations (e.g, Greif et al., 2011; Smith et al., 2011; Stacy &
Bromm, 2013; Susa, 2013; Stacy et al., 2016). Of particular interest are those with
masses of M . 0.8M�, as these stars will have lifetimes longer than the Hubble time
and hence will survive until the present day, provided that they do not continue to
accrete significantly more mass following their ejection (Greif et al., 2011).
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Figure 5.29: Ratio of the radial velocity to the escape velocity of all protostars as a function
of distance to the center of mass at t ⇠ 1000yr. Protostars with positive radial velocity are
denoted by red symbols, whereas the blue symbols indicate protostars with negative radial ve-
locity which move toward the center of mass. The black dashed line corresponds to vrad = vesc;
protostars above this line are likely to escape from the system. Crosses, filled circles and stars de-
note protostars with masses less than 0.8M�, between 0.8M� and 5M� and larger than 5M�,
respectively.
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Figure 5.30: Radial velocities of all protostars as a function of distance to the center of mass at
t ⇠ 1000yr. Color scheme and symbols are the same as in Fig. 5.29.
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Figure 5.31: Panel a), d) and b), e): number of ejections, Nejec, and number of ejections per
number of sinks formed, Nejec/Ntot, together with their averages. Panel c) and f): as b) and e),
but only for low-mass ejections (M  0.8M�). The color-coding in panels a), b) and c) indicates
the value of ↵, while in panels d), e), and f) it indicates the value of �.
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Figure 5.32: Average of the ratio between the number of low-mass sinks ejected and the total
number of ejections, hNejec,s/Nejec,toti, versus the rotational � parameter (top panels) and the
turbulent ↵ parameter (bottom panels).

In all realizations of our setups10, even in those where only a few protostars form
within the time considered, several protostars attain high enough velocities to escape
from the system. In most cases, these protostars are primarily of low mass (M 
0.8M�).

In Fig. 5.28, we display the trajectories of all the 72 protostars of realization ↵025-
1 relative to the position where the first sink was formed. As we see, during the ⇠ 1000
years covered by the simulation, some of the sinks move several thousand AU away
from this location, i.e. are ejected.

Figure 5.29 gives an overview of all our realizations showing the ratio of the radial
velocity of each sink to the escape velocity as a function of the distance from the center
of mass (COM) of the halo. We compute the escape velocity using the expression

vesc =

r
2GMenc

r
, (5.5)

where r is the distance between the COM and the location of the sink particle in ques-
tion, and Menc(r) is the total mass in gas and sinks enclosed within this distance. Sim-
ilar to Stacy & Bromm (2013) and Stacy et al. (2016), we derive the center of mass for
all gas particles with n > 1012 cm�3 together with all sinks. We choose this density
threshold as we want to consider the escape velocity from the gas within the proto-
stellar disk environment only. We performed the computation for output snapshots at
t ⇠ 1000yr. The black dashed line indicates where vrad = vesc. Protostars above this
line have velocities high enough to allow them to escape from the system.

The red symbols indicate protostars with positive radial velocities. Protostars with

10Since in the pure infall models only one object forms, no ejection through multiple-body interaction
occurs.
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Table 5.8: Overview of setup averages regarding the number of ejections. From left to right:
name of the setup, total number of ejections, hNejeci, number of low-mass ejections, hNejec,si,
the ratio between the total number of ejections and the total number of sinks, hNejec/Ntoti, the
ratio between the total number of low-mass sinks and the total number of sinks, hNejec,s/Ntoti,
and the ratio between the total number of low-mass sinks and the total number of ejected sinks,
hNejec,s/Nejec,toti.

Setup hNejeci hNejec,si hNejec/Ntoti hNejec,s/Ntoti hNejec,s/Nejec,toti
�01 11.4 ± 2.7 6.8 ± 2.6 0.306 ± 0.092 0.180 ± 0.069 0.577 ± 0.101
�001 11.0 ± 3.0 7.4 ± 3.0 0.322 ± 0.050 0.214 ± 0.059 0.657 ± 0.111
↵025 30.4 ± 24.2 27.6 ± 24.8 0.464 ± 0.145 0.397 ± 0.170 0.816 ± 0.134
↵005 19.6 ± 6.9 15.8 ± 6.6 0.353 ± 0.095 0.282 ± 0.102 0.780 ± 0.129
↵025�01 15.4 ± 8.3 13.0 ± 8.7 0.381 ± 0.128 0.317 ± 0.143 0.803 ± 0.109
↵025�001 19.8 ± 7.7 16.6 ± 8.0 0.411 ± 0.165 0.345 ± 0.176 0.805 ± 0.102
↵005�01 9.0 ± 3.3 6.8 ± 2.3 0.287 ± 0.059 0.232 ± 0.056 0.785 ± 0.147
↵005�001 18.6 ± 6.1 15.6 ± 5.5 0.375 ± 0.041 0.311 ± 0.027 0.833 ± 0.027

positive radial velocities and vrad > vesc will generally not undergo any close encoun-
ters with other protostars as they move away from the dense central region and we can
therefore be confident that they will indeed escape from the system. On the other hand,
protostars with negative radial velocities (indicated by the blue symbols in Figure 5.29)
have a much higher probability of undergoing further close encounters and so it is un-
clear whether inward moving protostars with vrad > vesc will successfully escape from
the system. In addition, we show in Fig. 5.30 an overview of the radial velocities of
the sinks versus the distance of the sink from the center of mass at t ⇠ 1000yr. Some
sinks have radial velocities of up to ⇠ 100kms�1.

We first discuss individual realizations and consider both outward and inward mov-
ing protostars. In all simulations, there are low-mass protostars ( 0.8M�) with |vrad/vesc| >
1. For several of the runs this also holds for medium-mass protostars (0.8M� <
M  5M�). In 21 realizations, this condition is also fulfilled for high-mass objects
(> 5M�). While the total number of individual objects that are likely to get ejected de-
creases when we only consider those with positive radial velocity, it remains the case
that all of our runs have some low-mass ejections.

For our further analysis, we now solely concentrate on those protostars that have
positive radial velocity and move outward from the center of mass as these are the
ones most likely to escape the protostellar system. The average number of ejections
per setup, hNejeci, follows a trend similar to that of the average total number of sinks
formed. hNejeci is higher for increasing turbulence and decreasing rotation. The differ-
ence between the effects of low and high rotation is slightly stronger than that for low
and high turbulence. The average number of low-mass ejections per setup, hNejec,si,
resembles the behavior of hNejeci.

In Fig. 5.31, we plot Nejec and Nejec/Ntot together with their average versus the
↵ and � parameter (for the runs with positive radial velocity). The error bars again
indicate the standard deviation from the average value. From the top and bottom panels
of b) and e), we see that hNejeci and hNejec/Ntoti describe the same trend. First, in b),
the values are larger for non-zero turbulence. Second in e), the value are larger for low
or zero rotation.

Looking right to left in the top/bottom panels of b) shows that, for constant turbu-
lence, the values mostly decline from zero rotation to high rotation. For both properties
the values for the purely rotational runs are about the same. When we look from left
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to right in the top/bottom panels of e), we see, for constant rotation, that there is an in-
crease from zero turbulence to high turbulence. This trend is even clearer in the purely
turbulent runs. This indicates that turbulence defines the outcome in mixed runs: the
higher the level of turbulence and the lower the level of rotation, the more ejections
occur. However, we also see that the scatter from run to run is much higher in the runs
with high levels of turbulence than in the runs with low levels of turbulence.

In general, we find that between ⇠ 30 � 45% of the protostars formed per setup
realization can leave their systems of origin, their protostellar disk. The detailed values
are given in Table 5.8. Ejection rates of⇠ 30% have also been found in previous studies
of primordial star formation (e.g. Greif et al., 2011; Stacy & Bromm, 2013; Stacy et al.,
2016) or in studies of present-day, low-mass star formation (e.g. Bate et al., 2003)

Fig. 5.31 also shows the average number of ejections and the average number of
ejections per total number of sinks for only the low-mass ejected sinks, i.e. those with
M  0.8M�. As we have already discussed above, these low-mass sinks make up the
largest fraction of all ejected sinks. It is therefore not surprising that we find essentially
the same trends here as for the full sample: ejections become more common with
increasing ↵ and decreasing �, and the scatter between realizations also increases with
increasing ↵.

In Fig. 5.33, we show the mass functions of the ejected protostars. We focus here
on those with positive radial velocity. Once again, we see a large variety of mass func-
tion shapes when looking at the individual realizations. The combined mass functions
per setup again have a top-heavy distribution. Interestingly, they still resemble their
corresponding total mass functions in Fig. 5.24. As before, we note that these IMFs are
only preliminary as we do not include merging sinks in our simulations. Still it is an
interesting result that the IMF of the ejected protostars seems to resemble the total IMF.
Such behavior could imply that not only low-mass Pop III survivors might be found in
the outskirts of a halo or outside of it but that these regions might also harbor more
massive Pop. III stars, potentially even ones massive enough to explode as supernovae.

We have also investigated whether the ejected protostars with M . 0.8M� remain
in this mass regime if they continue to accrete via Bondi-Hoyle accretion (Bondi &
Hoyle, 1944; Bondi, 1952) on their way out of the protostellar system. The Bondi-
Hoyle accretion rate can be written as

ṀBH = 4⇡
(GM)2⇢

(c2s + v2)3/2
, (5.6)

where G is the gravitational constant, M is the mass of the protostar, ⇢ is the local gas
density, cs is the corresponding local sound speed and v is the speed of the accreting
protostar with respect to the surrounding gas.

To estimate ṀBH for each ejected protostar, we need to quantify how ⇢ and cs vary
as a function of position within the minihalo during the time it takes for the protostar to
completely escape from the system. Since the time required for the protostar to escape
is longer than the ⇠ 1000 yr modelled in our simulation, we assume that the state of the
gas at the end of the simulation provides a reasonable guide to its state at t� 1000 yr.
This is a poor assumption for the very dense gas in the disk, which has a short dynam-
ical timescale, but is a much better approximation for the gas at distances� 1000 AU
from the center of the halo, at least prior to the onset of strong stellar feedback.11

11Feedback in the form of ionizing radiation or supernova explosions will generally increase cs and de-
crease ⇢, thereby significantly reducing ṀBH. Our estimates should therefore properly be regarded as upper
limits.
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Figure 5.33: Mass functions for ejected sinks with positive radial velocities, shown for each
realization of each setup. The final column shows the combined mass function for each setup.
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Table 5.9: Number of ejected protostars that still have a mass  0.8M� after our Bondi-Hoyle
accretion study: surviving sinks Nsurv. Further given are total number of sinks found per real-
ization, Ntot, number of ejected sinks that fulfill both |vrad/vesc > 1| and vrad > 0, Nejec, and
the ratio of these two quantities with Nsurv.

Realization Ntot Nejec Nsurv Nsurv/Ntot Nsurv/Nejec
�01� 1 49 11 5 0.1020 0.4545
�01� 2 31 14 7 0.2258 0.5000
�01� 3 42 15 11 0.2619 0.7333
�01� 4 27 8 4 0.1481 0.5000
�01� 5 45 9 3 0.0667 0.3333
�001� 1 28 9 4 0.1429 0.4444
�001� 2 26 7 4 0.1538 0.5714
�001� 3 37 10 5 0.1351 0.5000
�001� 4 43 15 11 0.2558 0.7333
�001� 5 35 14 9 0.2571 0.6429
↵025� 1 72 45 41 0.5694 0.9111
↵025� 2 40 18 15 0.3750 0.8333
↵025� 3 45 10 5 0.1111 0.5000
↵025� 4 19 8 6 0.3158 0.7500
↵025� 5 118 71 70 0.5932 0.9859
↵005� 1 61 25 18 0.2951 0.7200
↵005� 2 57 14 12 0.2105 0.8571
↵005� 3 63 27 23 0.3651 0.8519
↵005� 4 51 23 21 0.4118 0.9130
↵005� 5 39 9 5 0.1282 0.5556
↵025�01� 1 41 14 11 0.2683 0.7857
↵025�01� 2 32 15 13 0.4063 0.8667
↵025�01� 3 21 4 3 0.1429 0.7500
↵025�01� 4 53 30 29 0.5472 0.9667
↵025�01� 5 41 14 9 0.2195 0.6429
↵025�001� 1 34 13 10 0.2941 0.7692
↵025�001� 2 55 25 19 0.3455 0.7600
↵025�001� 3 52 9 6 0.1154 0.6667
↵025�001� 4 61 22 19 0.3115 0.8636
↵025�001� 5 44 30 29 0.6591 0.9667
↵005�01� 1 34 8 5 0.1471 0.6250
↵005�01� 2 30 14 9 0.3000 0.6429
↵005�01� 3 39 11 10 0.2564 0.9091
↵005�01� 4 15 4 3 0.2000 0.7500
↵005�01� 5 32 8 6 0.1875 0.7500
↵005�001� 1 40 13 11 0.2750 0.8462
↵005�001� 2 53 18 15 0.2830 0.8333
↵005�001� 3 45 18 15 0.3333 0.8333
↵005�001� 4 81 30 26 0.3210 0.8667
↵005�001� 5 32 14 11 0.3438 0.7857
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Figure 5.34: Average number of survivors both per total number of ejections, hNsurv/Nejec,toti
(top plots) and average number of survivors per total number of created sinks (bottom plot)
versus rotational � and turbulent ↵ parameter. The colors and corresponding text at the bottom
of each panel indicate different values of the parameter other than the one varied on the x-axis.
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Table 5.10: Overview of setup averages of the survivor study. From left to right: name
of the setup, number of survivors hNsurvi, the ratio between survivors and total number
of sinks hNsurv/Ntoti, and the ratio between survivors and total number of ejected sinks
hNsurv/Nejec,toti.

Setup hNsurvi hNsurv/Ntoti hNsurv/Nejec,toti
�01 6.0 ± 2.8 0.1609 ± 0.0734 0.5042 ± 0.1298
�001 6.6 ± 2.9 0.1889 ± 0.0554 0.5784 ± 0.1023
↵025 27.4 ± 25.0 0.3929 ± 0.1772 0.7961 ± 0.1676
↵005 15.8 ± 6.6 0.2821 ± 0.1027 0.7795 ± 0.1287
↵025�01 13.0 ± 8.7 0.3290 ± 0.1583 0.8024 ± 0.1092
↵025�001 16.6 ± 8.0 0.3451 ± 0.1761 0.8052 ± 0.1020
↵005�01 6.6 ± 2.6 0.2360 ± 0.0452 0.7354 ± 0.1013
↵005�001 15.6 ± 5.5 0.3112 ± 0.0274 0.8330 ± 0.0266

We therefore take data from the final snapshot in each simulation, define a spherical
coordinate system centered on the center of mass of the system and consisting of 39
logarithmically-spaced bins, and determine the mass-weighted average values of ⇢ and
cs in each bin. We typically find average sound speeds ranging between 1 to 4kms�1

and average densities covering a wide range between 10�21 gcm�3 and 10�9 gcm�3.
Furthermore, we take into account that the velocity of the protostar changes as it moves
further outward. We derive an expression of the velocity as a function of bin i by as-
suming that the total energy of the protostar remains constant and that the protostellar
mass does not change significantly as the protostar moves out of the halo:

vi =

s
2
⇣
Einit +

GMenc(ri)M
ri

⌘

M
. (5.7)

Here, M is again the protostellar mass, Menc(ri) is the mass enclosed within distance
ri of the outer edge of bin i from the center of mass. Einit is the total energy of the
protostar at t ⇠ 1000yr:

Einit =
1
2
Mv2init �

GMenc(rinit)M
rinit

. (5.8)

Here, vinit is the total velocity of the protostar at t ⇠ 1000yr, rinit is the distance
between the position of the protostar at that time and the center of mass, and Menc(rinit)
is the mass enclosed within this distance. Knowing the protostellar velocity in bin
i together with the range �ri within the bin that the protostar has to cross, we can
compute the time �ti the protostar stays within a particular bin and thus the time over
which the protostar accretes mass with the Bondi-Hoyle accretion MBH,i (⇢i, cs,i, vi).
We compute the mass growth until the protostar has reached a distance of rfinal = 1pc
from the center of mass.

Our results are given in Fig. 5.34 and Table 5.9 & 5.10. In this Figure and Table,
we examine how many of the ejected stars with initial masses M < 0.8M� remain in
this mass regime after accounting for Bondi-Hoyle accretion during their escape from
the dense star-forming region. We term these stars “survivors”, as stars in this mass
regime have lifetimes longer than the current age of the Universe and hence may have
survived until the present day.

The results summarized in Fig. 5.34 and Table 5.10 demonstrate that a substantial
number of the low mass ejected stars continue to have low masses even after accounting
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for ongoing accretion. We find that between 50 and 80% of the ejected sinks have
masses below 0.8M� after accounting for accretion, corresponding to between 15 and
30% of the total number of sinks formed. The number of survivors shows a clear
correlation with the turbulent ↵ parameter, but this seems largely to reflect the fact that
more low-mass sinks are injected in runs with high ↵ than in the runs with ↵ = 0 (c.f.
Figure 5.32) rather than indicating any difference in the effectiveness of accretion as a
function of ↵.

We note also that the scatter from realization to realization is large in most cases.
Nevertheless, in every case some low-mass survivors result (and more might be pro-
duced if we were to follow the evolution of the system for a longer period). Neverthe-
less, we stress that the results from this analysis should be treated with some degree
of caution. Uncertainties arise due to our choice to represent the density and sound
speed using radially averaged values and to neglect any further evolution of the gas
distribution. A much more significant caveat is our lack of a sink merging method, as
we discuss further in Section 5.4 below.

Finally, when computing the velocity of the ejected protostars at later times, we
have assumed that the masses of the protostars do not change. Obviously, this assump-
tion is violated to some extent, since all of the protostars continue to accrete at least a
little gas. However, if the mass accreted is small, the change in vi due to the change
in mass of the protostar will also be small and hence our estimate of the mass growth
should remain approximately valid. As a test of the assumption, we have therefore
compared the mass growth during the Bondi-Hoyle accretion period to the original
protostellar mass at t ⇠ 1000yr. If the additional mass is more than half of the original
mass, we say that the protostar has undergone significant mass growth, in which case
our estimate of its final (post-accretion) mass will be a lower limit. We find that in
two realizations of setups �01 and ↵005�01, as well as in one realization of setups
↵025 and ↵005, one of the surviving protostars shows significant mass growth. In the
rest of the realizations of these and all other setups, significant mass growth is only
found for those protostars whose final mass is in any case > 0.8M�. We therefore
can conclude that the numbers of surviving protostars we find, i.e. those protostars that
have M . 0.8M� even after continued Bondi-Hoyle accretion, give overall reasonably
accurate estimates for our halos within the limits of our calculation.

So far, no single Pop III survivor has been observed in the Milky Way. The clos-
est candidates are the most metal-poor stars found to-date by Keller et al. (2014) and
Caffau et al. (2012). The observational search for low-mass Pop III survivors is diffi-
cult because of their low brightness. Interesting regions for this search are the Milky
Way halo (e.g. Caffau et al., 2013; Keller et al., 2014) and nearby dwarf galaxies (e.g.
Kirby et al., 2011; Frebel et al., 2014). A recent study by Magg et al. (2018) sug-
gests that in particular the low-mass satellites of the Milky Way could be promising
regions for the search for Pop III survivors as they are estimated to have a higher frac-
tion compared to the Milky Way. Furthermore, semi-analytical models suggest that
current surveys should be further extended to increase the probability of finding Pop
III survivors (Hartwig et al., 2015a; Ishiyama et al., 2016).

5.4 Caveats
In the sections above, we have already mentioned a few of the caveats with our study.
Here, we discuss some general limitations of our approach that should be addressed in
future work.
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A major uncertainty in our simulations arises due to lack of a sink merging method.
Several previous studies have demonstrated that up to ⇠ 60% of the sinks undergo
encounters that are close enough to plausibly lead to mergers (Greif et al., 2011; Greif
et al., 2012; Stacy & Bromm, 2013; Stacy et al., 2016). In our study in Section 5.3.7, we
also have found that close encounters between two sink particles happen sufficiently
often that at least some of these encounters will likely lead to mergers. However,
the number of sinks involved in mergers is highly sensitive to the criterion we use
to determine whether two sink particles should merge. The two criteria we examine in
Section 5.3.7 – direct physical collision and tidal capture – are both over-simplifications
compared to the complicated and messy physics of real protostellar mergers. Therefore,
although our results help to emphasize the importance of treating protostellar mergers
in future studies of Pop. III star formation, doing so in a physically realistic fashion
will not be easy.

With frequent mergers, the total number of sinks will be reduced, which will subse-
quently affect the overall dynamical interaction between the remaining sinks in a way
which cannot be reliably accounted for by post-processing. Sinks may grow faster in
mass, either directly due to mergers, or indirectly due to unimpeded accretion with
high accretion rates as fewer sinks compete for the common mass reservoir. This may
lead to a change in the shape of the mass function. Since the number of ejected proto-
stars follows the behavior of the total number of sinks, it is likely that the number of
ejections will decline as well.

Another shortcoming of our studies is our standard resolution of 16 cells per Jeans
length. It has been shown in previous studies that the turbulent gas motions that arise
during gravitational collapse of the gas cloud are only resolved with resolutions of 32
cells per Jeans length or higher (e.g. Greif et al., 2011; Greif et al., 2012). The actual
amount of turbulence is therefore underestimated in our runs. We have performed a
resolution study in which we re-ran the whole setup ↵005�001 again with a resolu-
tion of 32 cells per Jeans length. As these simulations proceeded significantly more
slowly than their low resolution counterparts, we stopped them earlier at ⇠ 460yr and
compared the two samples at that time. The total mass in sinks is larger in all runs
with the higher resolution. In four out of five realizations, we furthermore find a larger
number of fragments. As disk fragmentation is a chaotic process and is additionally
complicated when turbulent velocity fields are included, it is thus unpredictable when
fragmentation happens and how many sinks exactly form. It can very well be that
by the end of the simulation, all run of the higher resolution sample will have a higher
total number of sinks compared to their low resolution counterparts. This again demon-
strates the importance of considering a sample of realizations instead of just a single
run in order to be able to derive general trends in simulations that include turbulence. It
also emphasizes that the number of sinks formed in these simulations should be treated
with a great degree of caution: it is far more sensitive to small changes in the physi-
cal or numerical setup of the simulations than quantities such as the total mass of gas
accreted or the fraction of sinks that are ejected.

Finally, all of the simulations carried out in this study assume purely hydrodynam-
ical flow and neglect the effects of magnetic fields. This is a common approximation
in the study of Pop. III star formation, but the accuracy of this approximation is un-
certain. Primordial magnetic seed fields can be generated early in the history of the
Universe, e.g. by early Universe phase transitions (Sigl et al., 1997) or the Biermann
battery mechanism (Biermann, 1950; Xu et al., 2008). These seed fields are extremely
weak (B = 10�30–10�18G), but can be efficiently amplified to B ⇠ 10�5G or more
through the action of the small-scale turbulent dynamo (Kazantsev, 1968; Schleicher
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et al., 2010; Sur et al., 2010; Schober et al., 2012) that is driven through turbulent
motions arising during the initial collapse of the gas. The impact of this field on the
physics of the Pop. III accretion disk remains largely unexplored. Ordered magnetic
fields could provide efficient magnetic braking, enabling faster inflow of gas from the
accretion disk onto the central protostar, and reducing or completely suppressing frag-
mentation (Hennebelle & Ciardi, 2009; Seifried et al., 2011; Machida & Doi, 2013;
Peters et al., 2014). However, the field produced by the turbulent dynamo is initially
highly disordered, and hence may have much less impact initially. Although our simu-
lations are unable to address this, they do provide a context for assessing whether the
fragmentation behaviour found in future simulations that do include the magnetic field
differs from the hydrodynamical case in a statistically significant fashion, or whether it
falls within the range of outcomes found in purely hydrodynamical runs.

5.5 Conclusion
We have presented a statistical analysis of an ensemble of 3D simulations of Popula-
tion III.1. star formation under the influence of different levels of rotation (� = 0.01,
� = 0.1) and subsonic turbulence (↵ = 0.05, ↵ = 0.25). The simulations have been
performed with the Voronoi moving-mesh code AREPO whose quasi-Lagrangian na-
ture makes it an ideal code to study gas collapse. Our version of AREPO includes an
updated and self-consistent primordial chemistry network together with a treatment for
a variable adiabatic index and accretion luminosity heating. We follow the collapse
of a primordial Bonnor-Ebert sphere until the formation of the first protostar and the
creation of highly gravitationally unstable protostellar disk system that subsequently
fragments and evolves into a Population III protostellar cluster. Individual protostars
that collapse beyond our resolution limit are represented using sink particles. In order
to examine the evolution of this cluster, we continue to follow the interactions between
the protostars for 1000yr after the formation of the first protostar. For each combina-
tion of initial conditions, we have run five realizations which vary either in the random
number seed used to initialize the turbulent velocity field or the cell configuration of
the Voronoi mesh in runs without turbulence.

We find very significant scatter in the results of the individual realizations of setups
including turbulence. Our results demonstrate that in order to find general trends in
simulations including turbulence, one should always consider a sample of realizations
instead of only a single run. The scatter is generally much smaller for the simulations
without turbulence but the numerical noise which is introduced by the variations in
the initial cell configuration onto which the Bonnor-Ebert profile is initialized, is still
enough to produce different fragmentation outcomes.

The main results of the various quantities of our analysis can be summarized as
follows.

1. Fragmentation of the protostellar disk occurs in all our setups except the pure
infall runs, i.e. those with no initial rotation or turbulence. There, only one pro-
tostar forms over the whole course of the simulation. On average, the amount of
fragmentation is larger in runs including turbulence. In mixed runs that include
both bulk rotation and turbulence, the higher the level of rotation is, the more
stable the protostellar disk system becomes against fragmentation.

2. Within the 1000yr, the cumulative accretion rate generally remains high of the
order of Ṁ ⇠ 10�2�10�1M� yr�1. There is only a small scatter in the accretion
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histories of the different setups. Runs including turbulence show a more strongly
variable cumulative accretion rate. The overall small difference between the se-
tups is in agreement with the idea that the density and temperature of the infalling
material are primarily responsible for the size of the accretion rate rather than the
level of turbulence and rotation.

3. The mass function covers a large range of masses from a few 10�3M� to several
tens of solar masses for all runs. Its shape is fairly flat for simulations including
turbulence, i.e. overall indicating top-heavy distributions as already observed in
previous studies of Population III star formation (e.g. Greif et al., 2011; Clark
et al., 2011a; Susa et al., 2014; Stacy et al., 2016). In contrast, the purely rota-
tional runs lead to a completely different distribution with fewer fragments in the
low-mass regime and much more towards the high-mass end.

4. Between ⇠ 30�45% of all protostars that form in each run get ejected from their
system of origin over the course of the simulation. This number is similar to what
has been found in previous simulations of Population III star formation (Greif
et al., 2011; Stacy & Bromm, 2013; Stacy et al., 2016). The mass functions
of the ejected protostars still resemble the total mass functions. The average
number of ejections follows the trend of the average total number of protostars:
it is higher for increasing level of turbulence and decreasing level of rotation.

5. Most of the ejected protostars, namely on average between ⇠ 20 � 40% of the
total number per setup, have a mass of M < 0.8M�. We find that even un-
der assumption of continued accretion via the Bondi-Hoyle modus, between
⇠ 50� 80% of all ejected protostars, that is ⇠ 15� 40% of the total number per
setup, still remain in this small-mass regime. This means that they are promising
candidates of Population III stars that could have survived until today (Yoshida
et al., 2006; Greif et al., 2011).

We note that the exact shape of the mass function and the corresponding quantities,
such as absolute number of ejections, would possibly change if we were to account for
protostellar mergers, which are likely to be common in these dense clusters. We intend
to address this issue in future work. It would also be interesting to explore how the
system continues to evolve at times much greater than 1000 yr, but to do this it will
be necessary to include a treatment of ionizing and photodissociating radiation from
massive Pop. III stars, which will star to become important at these times (see e.g. Susa
et al., 2014; Stacy et al., 2016).



CHAPTER6 The fragmentation behavior of
Population III protostellar disks:
resolution study

The content in Section 6.4.3 will be partially included in the publication Wollenberg,
K. M. J., Glover, S. C. O., Clark, P. C., Klessen, R. S., "The Fragmentation Behavior of
Population III Protostellar Disks - Part I", MNRAS 2019 (in prep.). I performed and
analyzed the simulations described in this chapter and wrote the text. All figures below
were also created by me. Simon C. O. Glover contributed useful ideas and comments
on the structure of this chapter.

6.1 Motivation

The simulations in this chapter have been conducted to test the robustness of the results
presented in Chapter 5 against variations in the two main conditions that introduce re-
strictions in the numerical resolution: the Jeans resolution criterion and the sink particle
method, more precisely the sink particle accretion radius. For the runs in Chapter 5 we
employed a resolution of 16 cells per Jeans length and a sink particle accretion radius
of racc = 2AU. We used this combination as it allowed a numerically feasible, time-
efficient yet physically and numerically accurately enough study of our large ensemble
of simulations.

The Jeans resolution criterion by Truelove et al. (1997) ensures that the local Jeans
length is always resolved by a certain number of cells to avoid ’artificial fragmen-
tation’. As a consequence of the discretization of the equations of self-gravitational
hydrodynamics in multi-grid codes, small perturbations in the gas can occur during gas
collapse that may become larger than the local Jeans length within a few cells. Those
cells may separate each other from the behavior of the rest of the gas structure resulting
in unphysical fragmentation of it. In order to prevent this scenario from happening, the
Jeans length should be resolved by a minimum number of cells which is four cells in
the original case of isothermal gas (Truelove et al., 1997) and at least eight cells for
a variable equation of state (e.g. Turk et al., 2012). Moreover, it has been found that
turbulent gas motions arising during gravitational collapse are only resolved for � 32
cells per Jeans length (e.g. Federrath et al., 2011b; Greif et al., 2012). Since we use
only 16 cells per Jeans length for our simulations, we need to check how our findings
may be affected by a higher number of cells.

The second restriction in our numerical resolution that we are going to examine in
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this chapter is the size of the sink particle accretion radius. Sink particles have been
introduced to avoid the problem that numerical computations become infeasible when
the hydrodynamical time steps become extremely small (of the order of seconds and
below) as the code follows the evolution of gas collapse to protostellar densities. This
problem can be circumvented by replacing gravitationally bound, collapsing gas frag-
ments with collisionless, non-gaseous particles of the same mass (Bate et al., 1995).
These sink particles or sinks can continue to grow in mass via accretion and inter-
act with their environment gravitationally. In this way, a collapsing gas cloud can be
followed beyond the formation of protostellar fragments without too much numerical
cost, and both its large-scale evolution as well as the small-scale interaction of indi-
vidual sinks can be studied. A sink has an accretion radius that regulates the region of
influence around it from which it takes up material for its mass growth. The behavior
of the gas itself, e.g. possible fragmentation within this region is not resolved. In sim-
ulations of Population III star formation without the use of sink particles, it has been
found by Greif et al. (2012) that fragmentation of the protostellar disk occurs down to
the surface of the protostar. With a newly formed Pop III protostar having a radius of
⇠ 10R� ⇠ 0.05AU and with us employing a sink accretion radius of racc = 2AU, we
are very likely to underestimate fragmentation within our runs. Because of this, we
need to test the influence a smaller sink accretion radius may have on the outcomes of
the study in Chapter 5.

In the following sections, we therefore analyze and discuss whether, where and
how strongly these two conditions affect the results presented in Chapter 5. The tests
we consider are

1. Varying the accretion radius of the sink particle, i.e. 0.5, 1, and 2 AU (at constant
8 cells per Jeans length), and

2. Varying the Jeans resolution, i.e. 8, 16, and 32 cells per Jeans length (at constant
sink accretion radius of 2 AU).

We perform three test series. In the first and second one, we examine 1. and 2. with
simulations of the collapse a rigidly rotating Bonnor-Ebert sphere. In addition, we
conduct a third test series by increasing the Jeans resolution of one of our mixed setups
of Chapter 5 to 32 cells per Jeans length. We include this third test because we try to
understand whether the additional turbulent motions, which arise during gravitational
collapse and which are only resolved for a resolution of � 32 cells per Jeans length,
influence the initial, pre-defined turbulence and how this might affect the outcome and
conclusion we have found in Chapter 5.

In our tests, we examine effects on the gas cloud structure just before sink forma-
tion, the disk properties directly after sink formation, the time of first sink formation,
the evolution of total number of sinks and total mass in sinks, the mass function and the
accretion histories. As we have already described and discussed details of the physics
of these aforementioned stages in the Population III star formation procedure in Chap-
ter 5 and Section 2.5.1, we refrain from repeating this here and only mention and dis-
cuss physical details in special cases and where appropriate for the understanding of
our analysis.

This chapter is structured as follows: the numerical method and the initial condi-
tions are explained in Section 6.2.2. In Section 6.3, we present our results on the study
with varying accretion radius. After this, in Section 6.4, we go through the results for
varying the Jeans resolutions in purely rotational and mixed runs.
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Table 6.1: Overview of the test setups.

Setup Nreal cells / racc nthresh ↵ � vrms ⌦0
�J [AU] [cm�3] [kms�1] [s�1]

05AUracc 1 8 0.5 2⇥ 1016 - 0.04 - 1.4⇥ 10�14
1AUracc 1 8 1 4⇥ 1015 - 0.04 - 1.4⇥ 10�14
2AUracc 1 8 2 1⇥ 1015 - 0.04 - 1.4⇥ 10�14
8Jeans 1 8 2 1⇥ 1015 - 0.04 - 1.4⇥ 10�14
16Jeans 1 16 2 1⇥ 1015 - 0.04 - 1.4⇥ 10�14
32Jeans 1 32 2 1⇥ 1015 - 0.04 - 1.4⇥ 10�14
↵005�001 5 16 2 1⇥ 1015 0.05 0.01 0.5 9.8⇥ 10�15
↵005�001 5 32 2 1⇥ 1015 0.05 0.01 0.5 9.8⇥ 10�15

6.2 Method

6.2.1 Numerical approach
For our simulations here, we employ the same AREPO setup as in Chapter 5. We use a
variety of threshold densities for sink creation and accretion radii. The specific details
for each setup are listed in Table 6.1.

The studies are simulated in a box with sidelength of 13pc and reflective boundary
conditions. In the beginning, the mesh within the box consists of 1283 cells and is
evolved under the Jeans (de-)refinement criterion that ensures that the Jeans length is
resolved by a specific number of cells. For our test runs we employ several different
numbers of cells for the Jeans criterion. The individual choice per setup is listed in the
third column of Table 6.1.

6.2.2 Initial conditions
We assume a redshift of z = 20 for our studies. The exact value should not be par-
ticularly important as the gas in our simulations is always warmer than the cosmic
microwave background and is not strongly affected by Compton cooling. The initial
conditions here are the same as in Chapter 5. Deviations from that are described in the
following two subsections.

Bonnor-Ebert sphere setup for purely rotational runs

For the runs discussed in Section 6.3 and 6.4.1, we use a BE sphere of mass MBE =
1418M� and radius RBE = 1.87pc which corresponds to a nondimensional radius
of ⇠BE = 6.5. The density is not enhanced, so f = 1 and the initial central den-
sity of the sphere is ⇢c = ⇢BE(0) ' 2.0 ⇥ 10�20 gcm�3 (n ⇠ 104 cm�3). The sur-
rounding of the sphere is filled with a uniformly dense gas with ⇢ext = ⇢BE(RBE) '
1.4⇥10�21 gcm�3 (next ⇠ 7⇥102 cm�3). The initial temperature is inside and outside
the BE sphere the same: TBE = Text = 200K. This yields an adiabatic sound speed of
cs = 1.93kms�1 with an initial adiabatic index of � = 5/3 (isothermal sound speed:
cs,iso = 1.16kms�1). In these two test setups, the sphere is given a rigid rotation
around the z-axis. The rotation is defined by � = 0.04 which corresponds to an angular
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Table 6.2: Impact of varying the sink accretion radius.

Setup tSF/Myr tfinal/yr Ntot Mtot/M�
05AUracc 1.441435 1009 102 43.1
1AUracc 1.441435 1010 32 48.6
2AUracc 1.441435 1003 41 44.3

frequency of ⌦0 = 1.4 ⇥ 10�14 s�1. For our chosen parameter set, the ratio between
thermal and gravitational energy of our sphere is ↵therm = Etherm/ |Egrav| ' 0.85.

In the first test series with these physical parameters presented in Section 6.3, we
conduct three simulations with a constant Jeans resolution of 8 cell per Jeans length
and a sink accretion radius of racc = 0.5, 1, and2AU respectively.

In the three runs of the second test series described in Section 6.4.1, the sink accre-
tion radius is held constant racc = 2AU, while the Jeans resolution is either 8, 16 or 32
cells per Jeans length respectively.

Table 6.1 contains a summary of the properties specific for each test run together
with the choice of accretion radius and Jeans resolution.

Bonnor-Ebert sphere setup for mixed runs

The properties for the third test series with the runs including both rotation and turbu-
lence (mixed runs) in Section 6.4.3 are the same as already described in Section 5.2.2
above. For completeness, we recap the most relevant points here. We consider a BE
sphere of mass MBE = 2671M� and radius RBE = 1.87pc. The density of the BE
sphere is enhanced by a factor f = 1.83 here. This yields a central mass density of
⇢c = f ⇥ ⇢BE(0) ' 3.7 ⇥ 10�20 gcm�3 (nc ' 1.83 ⇥ 104 cm�3). In the mixed runs,
the sphere is located within in a uniformly dense environment, of which the density
is ⇢ext = ⇢BE(RBE) ' 2.7 ⇥ 10�21 gcm�3 (next ' 1.31 ⇥ 103 cm�3). The internal and
external temperatures are again the same and set to TBE = Text = 200K. The rigid rota-
tion in the mixed runs is described by � = 0.01 and⌦0 = 9.8⇥10�15 s�1. In addition,
we add a non-driven, subsonic turbulent velocity component with a power spectrum of
P(k) / k�4 to the BE sphere. The field is described by the turbulent ↵ parameter where
↵ = Eturb/ |Egrav|. For our test, we use ↵ = 0.05. Since we have enhanced the central
density here, we find that ↵therm = Etherm/ |Egrav| ' 0.451 is smaller than for the other
two test runs. This choice was made in the first place to ensure that our BE sphere
would still collapse in the presence of both a high degree of rotation and turbulence
(see also Section 5.2.2). We consider two different resolutions: 16 and 32 cells per
Jeans length. For each, we carry out 5 realizations. The realizations differ in the initial
random seed used to model the turbulent velocity field. In all 10 realization, a sink
accretion radius of racc = 2AU is used. See Table 6.1 for a summary of the parameters.

6.3 Effects of varying sink particle accretion radius

In Section 6.3.1, the results of the comparison of the three test runs with different sink
particle accretion radii are presented. A short summary is given in Section 6.3.2.
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Figure 6.1: Column density projections just after the first sink particles have formed. In the
two plots on the left which display the column density for setup 05AUracc, already 4 sinks have
formed. The projections are centered on the first sink.

6.3.1 Results
Effects of different accretion radii only start to become relevant once the first sink
particle has formed. We therefore begin the presentation of our analysis at the time of
first sink formation. For completeness, we add a plot of radially averaged profiles of
gas cloud properties prior to first sink formation in Fig. 10.19 in Appendix 10.3.

Time of first sink formation

In all three test runs the first sink forms at exactly the same time, tSF = 1.441435Myr.
The small differences in their sink formation threshold densities do not affect the mo-
ment of sink formation much as the free-fall time at n & 1015 cm�3 is t↵ . 1.1yr.

Compared to the free-fall time of the initial central density of the BE sphere which
is ⇢c = 2.0 ⇥ 10�20 gcm�3 yielding t↵ ⇡ 0.47Myr, the time of first sink formation
is delayed substantially. This is due to the non-negligible thermal pressure support in
the BE sphere as can be seen from the ratio between thermal and gravitational energy
which is ↵therm = Etherm/ |Egrav| ⇡ 0.854.

Disk structure

The initial rigid rotation of the BE sphere with � = 0.04 induces a non-zero angular
momentum in the collapsing cloud which is roughly conserved during the collapse
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Figure 6.2: The differences between the test runs with different sink accretion radii appear
mostly close to the first sink. From top left to bottom right: disk surface density ⌃, temperature,
T , H2 fraction, nH2 /nH, and Toomre parameter, Q. The values are derived from mass-weighted
averages within spherical shells centered on the first sink. In order to track the gas at disk
densities, only gas cells with n > 109 cm�3 have been considered here.
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Figure 6.3: Left panel: evolution of total number of sinks. Right panel: evolution of total mass
in sinks.

leading to the formation of a protostellar disk within which the gas angular momentum
is redistributed.

The radially averaged profiles of disk surface density, ⌃, temperature, T , and
molecular H2 fraction, nH2

/nH in Fig. 6.2 are very similar between the three different
realizations. The main differences appear within a few AU close to the first sink. The
largest local variations are in the Toomre parameter which still shows a overall similar
trend for all three runs: the disk is highly self-gravitating until ⇠ 2AU distance from
the accretion radius of the first sink. Closer than that the Toomre-Q suddenly drops
to Q < 1 indicating an unstable disk region in the immediate surrounding of the sink.
Indeed in setup 05AUracc, 4 sink particle have already formed within ⇠ 3yr after first
sink formation.

We note here the first difference between runs with different accretion radii: the
smaller the accretion radius, the more likely it is that a larger number of protostellar
fragments, here sinks, is created within the same time. Previously, the study by Greif
et al. (2012) which simulated the first years of Population III star formation without the
help of sink particles showed fragmentation of the protostellar disk even down to the
surface of the protostar. Thus it is reasonable that more sinks form in at least one of
our tests with an accretion radius smaller than our standard value of racc = 2AU.

Number of sinks and mass in sinks

In the left panel of Fig. 6.3, we see that the total number of sinks, Ntot, is significantly
higher for 05AUracc than for 1AUracc and 2AUracc both of which have roughly the
same number of sinks after t ⇠ 1000yr. The divergence between the runs already
begins within 100 yr after the first sink has formed. For almost 900 yr, 1AUracc has a
higher number sinks than 2AUracc. However, for t > 500yr, 1AUracc stagnates in the
formation of new sinks while 2AUracc increases Ntot strongly over the final 100 yr.
From the exact values listed in Table 6.2, we see that 05AUracc has more than twice as
much sinks as 2AUracc and even more than three times as much as 1AUracc.

In spite of the partially very large differences in Ntot, we find that the evolution of
total mass in sink, Mtot, is not significantly affected. Indeed, when we look at the right
panel of Fig. 6.3, we see that 05AUracc and 2AUracc evolve identically for t & 600yr
while 1AUracc rises slightly above these two. This is also apparent when we look



140 6.3. EFFECTS OF VARYING SINK PARTICLE ACCRETION RADIUS

Figure 6.4: Comparison of mass accretion histories for runs with different sink accretion radii.
Left column: evolution of the total mass in sinks (blue dashed line), mass growth of the first
(red) and the most massive sink (orange) together with all other sinks (black). Right column:
cumulative accretion rate (blue dashed line) together with the accretion rate of the first (red) and
most massive sink (orange). The most massive sink is defined as the sink with the highest mass
at t ⇠ 1000yr.

at the exact values as given in Table 6.2. The largest difference between the runs is
�Mtot < 6M�.

We further note that, as expected from � = 0.04, the final values of Ntot and Mtot
lie between the average values we found for �001 and �01 in the previous Chapter;
for comparison see Section 5.3.4.

Accretion history

From comparing the right panels of Fig. 6.4, we observe that both the cumulative accre-
tion rate1 as well as the accretion rates of the first and most massive sink become more
variable for decreasing accretion radius. A reason for this may be the rising number of
sink particles which compete for the common accretion reservoir. This is for example
visible in Fig. 6.5 of run 05AUracc. Apart from this trend, there are no significant dif-
ferences between the runs. For all three, new sink formation continues over the whole
time period. Often a whole bunch of sinks (best visible the graphs of for racc = 0.5AU)
is created within a short time period. This may happen when a highly self-gravitating
substructure of the disk such as a spiral arm fragments. Some sinks only accrete for
a short time while other continue to accrete until the end of the simulation. The cu-
mulative accretion rate remains roughly between 2⇥ 10�2 � 4⇥ 10�2M� yr�1. It lies
between the values for �001 and �01 in Section 5.3.5. Accretion rates for the first and
most massive sinks are mainly below 10�2M� yr�1. All rates decrease steadily.

1This is the sum of the accretion rates of all sinks.
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Figure 6.5: Column density projections of the evolution of the run with racc = 0.5AU. Over
the course of the simulation the protostellar disk tilts. Until the end of the simulations 102 sink
have formed in this setup. They agglomerate in small sub-clusters and compete heavily for their
common mass reservoir leading to highly variable accretion rates. Some sinks get ejected from
the disk as can be seen best in the middle and right panel of the x-z-projections. The figures are
centered on the first sink and have a thickness of 250 AU.
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Figure 6.6: Comparison of the sink mass functions.

Mass function

The mass function is top-heavy in all three runs. Interestingly, the mass function of
05AUracc does not appear as wedge-shaped as the other purely rotational runs in Chap-
ter 5 but resembles more the distributions of the setups including turbulence in Sec-
tion 5.3.6. A possible reason for that behavior could be its significantly higher number
of sink particles compared to each of the individual purely rotational realizations in
Chapter 5. The mass functions of 1AUracc and 2AUracc, for example, which have less
than half of the number of sinks as 05AUracc, are more similar to those realization.

The range of the sink masses here is 10�3 � 10M�. The upper-mass cut-off of the
mass function is identical to what we have found in Section 5.3.6 for �001 and �01.
Setup 1AUracc and 2AUracc seem to have the highest peak at a few solar masses while
for 05AUracc the main peak is clearly at lower masses between 10�2 � 10�1M�.

6.3.2 Summary I
We find that varying the sink particle accretion radius changes the total number of sinks
considerably within the time period of ⇠ 1000yr considered here. The setup with the
smallest accretion radius, racc = 0.5AU, yields almost three times as much sinks as
the other two. This divergence establishes itself already within 100 yr after first sink
formation. This will likely have an impact in quantities such as the number of ejections.
As we have already seen in Chapter 5, the number of sinks is highly sensitive to small
changes in the setup of the simulation. Hence, single number values cannot be trusted
but instead the total number of sinks and corresponding quantities must be statistically
examined through the analysis of an ensemble of simulations.

The variance in the number of sink particles has none or only minor influence in
the total mass in sinks, the mass growth and accretion history, and the general shape of
the sink mass function.

This said, we conclude that choosing a smaller sink accretion radius than the in
Chapter 5 employed 2AU changes quantitative results such as the total number of sinks
but qualitative findings like the shape of the mass function are less affected.

6.4 Effects of varying number of cells per Jeans length
The following sections contain the results of the two test series on varying Jeans reso-
lution at constant sink accretion radius (racc = 2AU). In Section 6.4.1, the comparison
of the three purely rotational runs (� = 0.04) with 8, 16, and 32 cells per Jeans length
is presented. Section 6.4.2 gives a short summary of the most important results of these
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Table 6.3: Overview of detailed results for varying resolution of the Jeans length.

Setup tSF/Myr tfinal/yr Ntot Mtot/M�
8Jeans 1.441435 1003 41 44.3
16Jeans 1.441387 1009 32 44.6
32Jeans 1.440376 1005 41 48.5

Figure 6.7: The radial profiles of many physical quantities vary only slightly in the runs with
different numbers of cells per Jeans length. A slightly higher radial velocity for the 16 and 32
cells per Jeans length runs, leads to an increase in the molecular hydrogen fraction and conse-
quently a smaller temperature below 1000 AU. Left subplot: radial, mass-weighted averages of
cloud properties just prior to first sink formation. From top left to bottom right: number density,
n, temperature, T , mass enclosed within radius R, Menc, molecular hydrogen fraction, nH2 /nH.
Right subplot: mass-weighted averages of the total specific angular momentum, L, and the radial
velocity, vrad, within in the cloud. The properties are plotted against the enclosed mass. In both
subplots, the averages are derived within spherical shells centered on the densest gas cells just
before first sink formation.

simulations. Afterwards in Section 6.4.3, the differences between the runs with 16 and
32 cells per Jeans length of setup ↵005�001 from Chapter 5 containing both rotation
(� = 0.01) and turbulence (↵ = 0.05) are examined. As the higher resolution runs
proceed more slowly, some of the runs in Section 6.4.3 had not been finished when this
chapter was written up. In this case, the detailed analysis of quantities such as the total
number of sinks and the total mass in sinks is conducted at the last available time of
the slowest run. Section 6.4.4 summarizes the main results of this third test series.

6.4.1 Results: purely rotational runs with � = 0.04

State of the gas cloud prior to the formation of the first sink

The radial profiles of number density, n, temperature, T , mass enclosed within radius
R, Menc, molecular hydrogen fraction, nH2

/nH for the three different runs are very
similar to each other as can be seen in the left subplot of Fig. 6.7. They show slight
differences for radii below 1000AU, which is in particular visible in the temperature
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profile. Here, the runs with 32 and 16 cells per Jeans length partially have a smaller
temperature than the 8 cells per Jeans length run. This is due to a tiny increase in the
molecular hydrogen fraction.

In general, our profiles resemble those found in previous studies (e.g. Abel et al.,
2002; Yoshida et al., 2006; Stacy et al., 2010; Clark et al., 2011b,a; Greif et al., 2011;
Greif et al., 2012). We recover the standard ⇢ / R�2.2 density profile which we indicate
here with the black dashed line. Furthermore, we compare our results for the enclosed
mass to data points (black crosses) as approximately taken from Abel et al. (2002).
Our line diverges from the points more for decreasing radius. This behavior may be
attributed to differences in the density distribution. Finally, we remark that the overall
drop in the H2 fraction at radii . 10AU is a feature is due to the high temperatures
of T & 1500K and has been also observed in earlier studies (e.g, Clark et al., 2011b;
Greif et al., 2012).

In the right diagram of Fig. 6.7, the total specific angular momentum, L, and the ra-
dial velocity, vrad as a function of the enclosed mass, Menc is displayed. While all three
runs have identical specific angular momentum until the immediate surrounding of the
densest cell, e.g. Menc . 10�2M�, the radial velocity profiles begin to diverge already
at Menc ⇠ 102M�. The latter corresponds roughly to a distance of R ⇠ 1000AU. As
we have seen in the left subplots, slight changes in the temperature and H2fraction
profiles occur below this distance between the three runs. It is possible that the slightly
higher radial infall velocity of setup 32Jeans leads to a slightly faster compression of
the gas yielding in a slightly faster increase in the H2fraction that is enough at this
level to push the temperature of the gas to lower values compared to the other runs.
Similar behavior can be assumed to happen for setup 16Jeans albeit not as easily visi-
ble.

Time of first sink formation

Setup 8Jeans, 16Jeans and 32Jeans form their first sink at tSF = 1.441435Myr, tSF =
1.441387Myr and tSF = 1.440376Myr respectively. We observe that the point of first
sink formation shifts to earlier times for higher resolved Jeans length. The difference
between 8Jeans and 16Jeans is rather small (�t < 50yr) and might be an intrinsic
numerical effect. The difference to 32Jeans (�t ⇠ 1000yr) could also still originate
from numerical effects. On the other hand, it has been shown in previous studies that
from a resolution of 32 cells per Jeans length on, turbulent gas motions arising during
gravitational collapse can be resolved (see e.g. Greif et al., 2011; Greif et al., 2012).
This additional turbulence might suffice to affect the collapse time. Since we only have
one realization per resolution here, however, we cannot draw a definite conclusion on
what exactly influences the collapse time here. As in Section 6.3, we find for all three
runs that the creation time of the first sink is delayed due to substantial pressure support
within the BE sphere as it is again ↵therm = Etherm/ |Egrav| ⇡ 0.854.

Disk structure

In Fig. 6.8 we show face-on and edge-on views of the protostellar disks shortly after
first star formation. In the edge-on view in the bottom panels, the different cell sizes
per resolution are apparent. Different from the profile of disk properties in Fig 6.2 in
Section 6.3, the profiles in Fig 6.9 here have still small but more obvious variations in
the whole radius range. As in Fig 6.2 the divergence is largest in the Toomre parameter.
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Figure 6.8: Number density slices just after the first sink particles have formed. In edge-on plots
(bottom panels), one can nicely see how the mesh becomes finer with increasing resolution per
Jeans length. The slices are centered on and cut at the position of the first sink.
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Figure 6.9: The differences between the test runs with different sink accretion radii appear
mostly close to the first sink. The profiles were derived at the same time as the projections in
Fig. 6.8. Until that time only one sink has formed in each of the runs. From top left to bottom
right: disk surface density ⌃, temperature, T , H2 fraction, nH2 /nH, and Toomre parameter, Q.
The values are derived from mass-weighted averages within spherical shells centered on the first
sink. In order to track the gas at disk densities, only gas cells with n > 109 cm�3 have been
considered here.
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Figure 6.10: Left panel: evolution of total number of sinks. Right panel: evolution of total mass
in sinks.

In addition, the other properties already begin to vary at a distance of 200AU from the
first sink and not just in the immediate surrounding of it. Interestingly the differences
close to the sink surface are smaller than in Fig 6.2. The well-visible temperature
decrease in setup 32Jeans at R . 100AU that we have also seen in Fig. 6.7 is still
present after the first sink has formed.

The disk environment around the first sink is again strongly self-gravitating as in-
ferred from the Toomre-Q plot which is Q . 1 for most of the radius range. The line
of setup 32Jeans is slightly below the other two lines. As in Fig 6.2, the immediate
surrounding of the sink (R < 10AU) is Toomre-unstable. It is likely that additional
fragments will form there soon.

Different resolution per Jeans length affects the thermodynamical evolution of the
gas. The is enough for variation in the density, temperature and H2 fraction to occur
and manifest in the profiles. Although the overall shape of the profile is still similar,
local variation may trigger differences in the evolution of the protostellar disk system
such as locally enhanced fragmentation.

Number of sinks and mass in sinks

The evolution of the of the total number of sinks, Ntot, begins to diverge almost im-
mediately after first sink formation as apparent in the left subplot of Fig. 6.10. The
initial steep increase in Ntot flattens later on. It may, however, be interrupted by an-
other sudden increase, as happens for setup 8Jeans at t ⇠ 700yr. This is likely due
to the fragmentation of a substructure such as a spiral arm within the protostellar disk.
Fig. 6.11 shows projections of three different times in the evolution of setup 8Jeans.
The disk develops spiral arms to more efficiently redistribute accumulated angular mo-
mentum. We find the highest total number of sinks in 8Jeans although its number
evolution proceeds below that of 32Jeans for roughly 700 yr. Also setup 16Jeans fi-
nally yields a slightly higher Ntot than 32Jeans. Therefore, we may conclude that we
do not find a definite trend for the total number of sinks in relation to a change of the
Jeans resolution here.

We see in the right subplot of Fig. 6.10 that in spite of the differences in the total
number of sinks, all three runs have a similar evolution of the total mass in sinks. Some
small divergences are visible, for example at t . 200yr which however is balanced
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Figure 6.11: Column density projections of the evolution of run 8Jeans. The disk develops spiral
arms over the course of the run to more efficiently redistribute accumulated angular momentum.
Some sink particles are ejected from the protostellar system. The plots are centered on the first
sink. The thickness is 6.5 pc.

later on. At t ⇠ 1000yr, the curve of setup 32Jeans lies slightly above the other two
lines.

The values of Ntot for setup 16Jeans and 32Jeans lie below the average values
found in setup for �001 and �01 in Chapter 5. Nevertheless, the mass evolution is as
expected and Mtot lies because of � = 0.04 between the average values we found for
setups �001 and �01.

Accretion history

The cumulative mass accretion rates, as displayed by the blue dashed lines in the right
column of Fig. 6.12, have on average very similar values of a few 10�2M�yr�1 for
all three runs. Consequently, the final total mass in sinks is about the same in all three
cases, as we have discussed above. The profiles of 32Jeans are more variable than
of the other two setups. In particular the red line of the first sink has wild ups and
downs. It is likely that it heavily competes in its accretion with neighboring sinks.
The left panels demonstrate the typical picture of sink formation all over the course of
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Figure 6.12: Comparison of mass accretion histories for varying resolution of the Jeans length.
Left column: evolution of the total mass in sinks (blue dashed line), mass growth of the first
(red) and the most massive sink (orange) together with all other sinks (black). Right column:
cumulative accretion rate (blue dashed line) together with the accretion rate of the first (red) and
most massive sink (orange). The most massive sink is defined as the sink with the highest mass
at t ⇠ 1000yr.
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Figure 6.13: Comparison of the sink mass functions for varying resolution of the Jeans length.

the simulation with some sinks accreting only for a short time and then stall in their
mass growth, while other increase their mass continuously. Overall, we do not find
differences in the mass accretion histories of the three runs that are likely to change the
general outcome.

Mass function

The sink mass functions in Fig. 6.19 show again more or less flat spectra indicating
top-heavy distributions. Due to limited total number of sinks (Ntot < 40 for all runs)
within the simulated 1000 yr, the spectra are not as distinct as for example the one of
setup 05AUracc in Fig 6.6 above. The mass ranges again between a few 10�3M� to
about 10M�. Here, local peaks are found for a few solar masses.

6.4.2 Summary II
We observe small divergences in the profile of the radial infall velocity, the temperature
and the H2 fraction for run 32Jeans. But there seem to be no apparent consequences
on the quantities we analyzed. We conclude that varying jeans resolution in a purely
rotational setup has no major effects on the outcome of the simulation.

6.4.3 Results: mixed runs with ↵ = 0.05 and � = 0.01

State of the gas cloud prior to the formation of the first sink

In Fig. 6.14, we see that the profiles of gas properties just before the formation of the
first sink particle are overall very similar for 16 (solid lines) and 32 (dashed lines) cells
per Jeans length. They generally resemble those found in previous numerical studies
(e.g. Abel et al., 2002; Yoshida et al., 2006; Stacy et al., 2010; Clark et al., 2011b,a;
Greif et al., 2011; Greif et al., 2012), e.g. we recover the standard n / R�2.2 density
profile as indicated by the black dashed line in the number density subplot.

The main deviation between the solid and dashed lines, i.e. that we may attribute
to the difference in resolution, is visible in the profiles of the temperature and the
molecular hydrogen fraction within a radius of 1000 AU from the densest cell. We can
observe that the dashed lines cover smaller temperatures than the solid lines within this
radius. This corresponds to a tiny increase in the molecular hydrogen fraction: here,
the dashed lines proceed slightly above the solid lines. This is sufficient for the gas to
cool down more. We have already encountered this behavior in Section 6.4.1 above
where it also emerged clearer for higher resolution.
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Table 6.4: Overview of the detailed results of the simulations of setup ↵005�001 with 16 and
32 cells per Jeans length resolution. From left to right: name of the realizations (the runs with
32 cells per Jeans length are indicated by the prefix "32"), time of first sink formation, tSF,
intermediate time, tinter, in years after tSF considered for our analysis, the final year of the
simulations, tfinal, the total number of sinks formed until tinter and the corresponding total mass
in sinks, and finally the total number of sinks formed until tfinal, Ntot, and the corresponding
total mass in sinks, Mtot.

Realization tSF/Myr tinter/yr tfinal/yr N (tinter) M(tinter)/M� Ntot Mtot/M�
↵005�001� 1 0.688 461 1010 25 26.8 40 47.5
↵005�001� 2 0.655 469 1006 17 28.6 53 64.0
↵005�001� 3 0.675 465 1013 16 34.5 45 63.3
↵005�001� 4 0.675 471 1005 55 49.4 81 80.8
↵005�001� 5 0.686 457 1007 25 24.6 32 48.1
32-↵005�001� 1 0.693 468 1018 34 47.5 53 78.8
32-↵005�001� 2 0.659 462 938 47 40.9 67 78.1
32-↵005�001� 3 0.680 463 463 19 49.0 19 49.0
32-↵005�001� 4 0.680 466 554 38 56.3 39 64.8
32-↵005�001� 5 0.689 469 1004 28 32.5 45 62.0

Figure 6.14: State of the gas cloud in the different realizations of setup ↵005�001 just before
the first sink forms. Solid lines represent the profiles derived from the runs with 16 cells per
Jeans length resolution whereas dashed lines describe their higher resolution equivalent. Left
subplot: radial, mass-weighted averages of cloud properties just prior to first sink formation.
From top left to bottom right: number density, n, temperature, T , mass enclosed within radius
R, Menc, molecular hydrogen fraction, nH2 /nH. Right subplot: mass-weighted averages of
the total specific angular momentum, L, and the radial velocity, vrad, within in the cloud. The
properties are plotted against the enclosed mass. In both subplots, the averages are derived within
spherical shells centered on the densest gas cells just before first sink formation.
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Figure 6.15: Comparison of the collapse times of setup ↵005�001 for simulations using our
standard Jeans refinement criterion, for which the Jeans length is always resolved by at least 16
cells (red crosses) and simulations using a more stringent refinement criterion of 32 cells per
Jeans length (orange squares) plotted as a function of the turbulent ↵ parameter.

In addition, we notice several features that arise due to the initial turbulent velocity
field. As they have been explained in greater detail in Section 5.3.1 above, we omit a
thorough discussion here and simply mention them briefly. For example, the bumps in
the solid bright blue line as well as in the solid and dashed black line are due to some
local density enhancement apart from the main collapse region. Such behavior has also
been reported in earlier studies (e.g. Greif et al., 2012). Related to these bumps are
peaks and dips at the same radii in the profiles of temperature and molecular hydrogen
fraction. Beside of that, the highly fluctuating profiles of the radial velocity further
indicate the influence of the turbulence.

The black dashed line of realization 32-↵005�001�3 deviates most strongly from
all the other profiles within a radius of about 30 AU, corresponding to a enclosed mass
of 2M�. In this region, 32-↵005�001 � 3 has an elevated total specific angular mo-
mentum and a sharp dip in the radial velocity profile which describes the velocity of
the gas infall. The value is higher than in the other realizations and indicates a strongly
collapsing region in which shocks appear. This is visible in the temperature profile
where the gas is overall hotter than in the other realizations within ⇠ 10AU. This tem-
perature increase is enough to dissociate some of the molecular hydrogen, as we can
see in the drop of the molecular hydrogen fraction profile. Within this strong infall
region, the first sink is about to form. The overall behavior of the 32-↵005�001 � 3
profiles is still similar to that of the other realizations. Local variations, in particular in
the immediate surrounding of the densest cells are likely to occur because it is a highly
dynamical region. We therefore refrain from doing a more detailed analysis here.

Time of first sink formation

The choice of resolution affects the collapse time of setup ↵005�001 slightly. In
Fig. 6.15, we compare the time required to form the first sink particle in runs with 16
cells per Jeans length (red crosses) and 32 cells per Jeans length (yellow squares). The
higher resolution delays the collapse a bit, but the effect is small (�t < 0.01Myr). One
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Figure 6.16: Mass-weighted radially averaged disk properties just after the formation of the first
sink particle. The profiles vary locally more due to the presence of the turbulent velocity field
which is particularly visible for the Toomre parameter. As in Fig. 6.9 the lines of the realiza-
tions with 32 cells per Jeans length indicate slightly enhanced molecular hydrogen fractions and
smaller temperatures. From top left to bottom right: disk surface density ⌃, temperature, T , H2
fraction, nH2 /nH, and Toomre parameter, Q. The values are derived from mass-weighted aver-
ages within spherical shells centered on the first sink. In order to track the gas at disk densities,
only gas cells with n > 109 cm�3 have been considered here.

reason for the delay could be that additional turbulence, arising in gas motions during
gravitational collapse, can now be resolved due to the higher resolution (see also Greif
et al., 2011; Greif et al., 2012), and adds up with the pre-defined turbulent velocity
field to slow down the overall collapse of the cloud. From Table 5.3 and Fig. 5.18 in
Chapter 5, we can see that in runs with a higher degree of turbulence the formation of
the first sink happens later than in a comparable run with lower turbulence level.

We further remark that the behavior described above is in contrast to the relation
found in the previous Section 6.4.1 where the sink formed earlier for each higher level
of resolution. The difference between the formation times there is similarly small as
here. As we have noted in 6.4.1, because we only have one realization per resolution
there, we cannot draw a final conclusion in what influences the exact collapse time and
why the relation above is contrary to what we find here.

Disk structure

In Fig. 6.16, a direct comparison of the profiles of disk properties just after first sink
formation is given. Overall, the realizations of both resolutions (solid lines: 16 cells
per Jeans length; dashed lines: 32 cells per Jeans length) resemble each other. Differ-
ent from the behavior of the purely turbulent setups in the two previous sections, the
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Figure 6.17: Evolution of total mass in sinks (top panels) and total number of sinks (bottom
panels). The color scheme indicates the individual realizations. It is explained in the legend of
the top right panel and is the same for all panels. Since some of the higher resolution runs did
not finish until this section was written, three lines are cut off earlier than the 1000 yr of the total
time covered by the simulation.

lines here vary more strongly locally as a consequence of the pre-defined initial turbu-
lent velocity field. This is what we have already observed in Chapter 5. The Toomre
parameter, Q, shows the highest variations and indicates strongly self-gravitating pro-
tostellar disk environments around the first sink for all realizations. Again, similar
to the observation in Fig. 6.14 and Fig. 6.9, the higher resolution profiles show a en-
hanced molecular hydrogen fraction and a correspondingly reduced temperature within
⇠ 10� 200AU around the first sink.

Number of sinks, mass in sinks, and accretion history

The higher resolution runs lead generally to larger total number of sinks and larger
total mass in sinks. In Fig. 6.17, the evolution of the total mass in sinks, Mtot, (top
panels) and the total number of sinks, Ntot, (bottom panels) is displayed. In Table 6.4,
the exact values are given. Since some of the higher resolution runs did not finish until
this section was written, we unfortunately do not have data at t = 1000yr for all our
runs. However, we can compare the simulations at the final time of the shortest run
which is 32-↵005�001 � 3 which is 463yr after first sink formation. For technical
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reasons, the different AREPO simulations do not produce their output dumps at exactly
the same times but rather in an interval of t ± 10yr. For our analysis, we therefore
compared the results in the output dumps for each realization before and after 463yr.
We paid special attention that the used output dump did not include a significant in-
crease in number of sinks and total mass in sinks after 463yr. Similarly, we made sure
that we did not strongly underestimate the values of these quantities when using an
output dump before that time. In column 3 of Table 6.4, the exact times of the used
output dumps are listed. They are denoted as tinter standing for intermediate times
in contrast to the final output times, tfinal, at the end of the simulation. In column 5
and 6 of Table 6.4, the detailed values for the number of sinks, N (tinter), and the to-
tal mass in sinks, M(tinter), at that time are tabulated. We immediately see that the
values for both N (tinter) and M(tinter) are generally larger in case of the runs with
higher resolution (denoted by the prefix "32"). This overall trend also continues until
t ⇠ 1000yr for 32-↵005�001�1, 32-↵005�001�2, and 32-↵005�001�5. The only
exception is realization 32-↵005�001� 4 for which N (tinter) smaller compared to its
lower resolution counterpart ↵005�001 � 4. Disk fragmentation is a chaotic process
and is additionally complicated when turbulent velocity fields are included. Thus, how
many sinks exactly form and when this happens is highly unpredictable (see also the
left panels in the two plots in Fig. 6.18). This again demonstrates the importance of
considering a sample of realization instead of just a single run in order to be able to
derive general trends in simulations that include turbulence. But as we have already
seen e.g. in Section 5.3.4 or 6.3, even for a varying total number of sinks, the total
mass remains about the same. The accretion histories given in Fig. 6.18, do not differ
much for both different realizations of one resolution and correlated realization of dif-
ferent resolution. However, it is visible that the cumulative accretion rates of the higher
resolution runs are overall slightly larger than those of the lower resolution ones. This
explains the trend for Mtot.

Mass function

Both the mass functions of the individual realizations and the combined mass functions
of each setup are flat, i.e. indicate a top-heavy mass distribution. The mass range for
both ranges between a few 10�3M� to a few 10 solar. When checking the similarity
of the two combined mass functions here and between the combined mass function of
the higher resolution run with all other turbulent setups with the Kolmogorov-Smirnov
test, we find that both are drawn from the same underlying distribution. See Table 10.4
in the Appendix for the detailed values.

6.4.4 Summary III
Compared to the two other test series, we find significant variations in several quan-
tities in the resolution study of ↵005�001. The most considerable difference to the
other tests is the overall increase in total mass in sinks with higher resolution. This is
a consequence of slightly enhanced cumulative accretion rates throughout the realiza-
tions. For most of the runs, the number of sinks is also a bit higher than in the lower
resolution equivalents. Despite of these changes, we still find a top-heavy mass func-
tion. Similar to what was observed in the previous section, we realizations with 32
cells per Jeans length have both larger radial velocities, slightly higher H2 fractions,
and lower temperatures within ⇠ 200AU of the location where the first sink forms.
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Figure 6.18: Comparison of mass accretion histories for ↵005�001 with 16 cells per Jeans
length (left) and 32 cells per Jeans length (right). There is no significant difference between
the two resolutions. Description of the subplots: in the left column, evolution of the total mass
in sinks (blue dashed line), mass growth of the first (red) and the most massive sink (orange)
together with all other sinks (black). In the right column, cumulative accretion rate (blue dashed
line) together with the accretion rate of the first (red) and most massive sink (orange). The most
massive sink is defined as the sink with the highest mass at t ⇠ 1000yr. Three of the runs
with 32 cells per Jeans length resolution had not been finished until this chapter was written and
therefore some lines are cut off early.

Figure 6.19: Comparison of the sink mass function of setup ↵005�001 when derived with in
simulations with 16 cells per Jeans length (top panels) and 32 cells per Jeans length resolution
(bottom panels). For unfinished runs the time at which the mass function is derived is stated.
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6.5 Discussion and conclusion
We have performed three test series in which we examine how sensitive our physical
results of the study presented in Chapter 5 are to variations in the two resolution con-
ditions of our numerical approach, namely the number of cells per Jeans length and
the size of the sink particle accretion radius. Our simulations consider the collapse
of a rigidly rotating Bonnor-Ebert sphere to which we added a subsonically turbulent
velocity field component in one of our tests. The three test series are

1. Varying accretion radii, i.e. 0.5, 1, and 2 AU (at constant 8 cells per Jeans length),

2. Varying Jeans resolution, i.e. 8, 16, and 32 cells per Jeans length (at constant
sink accretion radius of 2 AU), and

3. Varying Jeans resolution for a setup including turbulence (at constant sink ac-
cretion radius of 2 AU), i.e. re-running setup ↵005�001 from Chapter 5 with a
resolution of 32 cells per Jeans length.

Overall, we find that variations in the resolution criteria do not affect the results of
Chapter 5 significantly. The main quantity that is influenced is the fragmentation be-
havior of the Population III protostellar disk, i.e. the number of sink particles that are
created. This, however, has only, if at all, a mild effect on the total mass in sinks; the
mass functions retain their flat spectrum, i.e. the top-heavy distribution. It might have a
stronger effect on the number of protostellar ejections. But since we have not included
a sink merging method, which likely affects the total number of sinks and their dynam-
ically interaction more severely, we therefore refrain from drawing conclusion about
that here.
Our main findings can be summarized in more detail as follows:

• A smaller sink particle accretion radius leads to a larger number of sinks. This
is consistent with the outcome of previous simulations that found that Pop III
protostellar disk fragmentation occurs even down to the direct protostellar sur-
face (Greif et al., 2012) and that with increasing sink accretion radius the actual
amount of fragmentation is underestimated (e.g. Clark et al., 2011a; Smith et al.,
2011, 2012). Among our runs, the realization with racc = 0.5AU yields by far
the highest number of sinks. The one with racc = 1AU has the second largest
number for most of the time and is only surpassed by the one with racc = 2AU
within the last 100 yr of the total 1000 yr after formation of the first sink particle
that are covered in our simulations. It is possible that this behavior is reversed
again at some later stage. We note that only a short period within the total ac-
cretion time of Population III protostellar systems, which is ⇠ 104 � 105 yr (see
e.g. Stacy et al., 2012; Susa et al., 2014; Stacy et al., 2016), is considered in our
studies, and, as disk fragmentation happens chaotically, it is rather unpredictable
when fragmentation happens and how many sinks exactly form during the whole
lifetime of a protostellar system.

• The number of cells per Jeans length does not have a strong influence on the
number of sinks. In the test series with only rotation, we observe a smaller
number of sinks for more cells per Jeans length. The run with 8 cells per Jeans
length yields roughly twice as many sink particles as the other two within the
time span considered. The run with 16 cells per Jeans length surpasses its higher
resolution counterpart within the last 100 yr. In contrast to that, four out of



158 6.5. DISCUSSION AND CONCLUSION

five realizations of the re-run of setup ↵005�001 yield a larger number of sinks
compared to their lower resolution equivalents.
The comparison of these two test series illustrates the relevance of performing a
sample of realizations instead of only a single run. In detail this means that in
simulations including turbulence a sample should consist of realizations of the
same initial conditions but with varied random number seed used for initializ-
ing the turbulent velocity field. For purely rotational runs, this corresponds to
slight differences in the initial mesh configuration. This is because in Chapter 5
we have seen that even samples without turbulence, where simply the random
position of the mesh cells is varied before initializing the Bonnor-Ebert density
profile, yield variations in their outcome of total number of sinks and total mass
within them. It is therefore possible that the behavior we find in the purely rota-
tional runs here is just one particular outcome. A clearer trend might be found
within a statistic of several realizations.

• The total mass in sinks is not considerably affected by the different choices of
resolution in the two purely rotational test series. For setup ↵005�001, on the
other hand, we observe a higher total mass in sinks with increasing resolution
which is already apparent at t ⇠ 500yr and remains true in at least three out of
five at t ⇠ 1000yr. The other two runs had not yet been finished by the time this
chapter was written up. As turbulent gas motions arising during gravitational
collapse are resolved for Jeans resolution above 32 cells per Jeans length, it is
possible that this additional turbulence adds to the pre-existing turbulent velocity
field in setup ↵005�001 and enhances its effects. In Chapter 5, it was seen
that runs including turbulence generally lead higher values of Mtot, in particular
setup ↵025�001 yields on average a larger Mtot than ↵005�001.

• The mass functions remain fairly flat in all runs considered. This means there is
a large deficit in low mass stars different from what is expected from a Salpeter
(1955) or Kroupa (2001) mass function. This trend is consistent with what has
been found in previous numerical studies of Population III star formation (e.g.
Clark et al., 2011a; Greif et al., 2011; Smith et al., 2011; Susa et al., 2014; Stacy
et al., 2016). The flat structure emerges clearer the more sinks are created in a
run. This can be seen best for the combined mass functions of both ↵005�001
setups and for purely rotational run with racc = 0.5AU.

• In runs with a resolution of 32 cells per Jeans length, we observe higher radial
velocities within ⇠ 200AU around the densest cell just before the formation of
the first sink particle. This is accompanied by a tiny increase in the molecular
hydrogen fraction leading to a locally reduced temperature. This divergence is
still visible after sink creation. We note that Turk et al. (2012) also observed for
higher resolution a change in the thermodynamical behavior of the gas before the
formation of protostars. They considered one run with 16, 32, and 64 cells per
Jeans length respectively. The behavior of the gas infall velocity and molecular
hydrogen fraction is similar to ours albeit more enhanced and locally varying, but
they find an increase in gas temperature which is in contrast to our observation.
A direct comparison between their work and ours is difficult because of our dif-
ferent initial setups, e.g. they derive their star-forming clouds self-consistently
from cosmological simulations in which they also account for small-scale, tur-
bulently amplified magnetic fields, while we study a non-magnetized BE sphere
collapse within an isolated volume and controlled pre-defined initial rotation and
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turbulence within our cloud. Besides, such a comparison is beyond the scope of
our resolution study presented in this chapter. However, as both our simulations
and theirs indicate that the gas thermodynamics is sensitive to the level of reso-
lution, future studies should examine this behavior and its influence on Pop III
star formation in more detail.

• We find that both a smaller sink accretion radius as well as a higher number of
cells per Jeans length results in more highly variable accretion rates. The value
of the rate, however, is not considerably changed.

So far we have neglected magnetic fields in our studies. They are likely to stabilize
protostellar disk against fragmentation and reduce the number of fragments. If fewer
sinks compete for a common mass reservoir, they may be able to individually keep up
higher mass accretion rates and grow to larger masses within shorter time. In the next
chapter, we are going to analytically examine the size of small-scale, tangled magnetic
field needed to stabilize Pop III protostellar disk.





CHAPTER7 Stabilizing Population III accretion
disks with magnetic fields

This chapter contains a revised version of the publication "Stabilizing Population III
Accretion Disks with Magnetic Fields", Wollenberg, Katharina M. J.; Glover, Simon C.
O.; Bromm, Volker; Klessen, Ralf S., Proceedings article in Memorie Della Società As-
tronomica Italiana, Vol. 88 n.4, 2017, p. 864-865. In this original work, we addressed
the topic by comparing a critical magnetic field strength, which was needed to stabi-
lize an unstable Population III protostellar disk, to a saturated magnetic field strength,
which was received from small-scale dynamo action under the same disk conditions.
The critical magnetic field strength was derived with an extended Toomre criterion. In
the following study, we have combined the concepts behind these two magnetic field
strengths to a general formula. Furthermore, we have extended the datasets that we
examine by including results from our simulations presented in Chapter 5. I performed
the analytical computations, analyzed them, created the figures, and wrote the text. All
authors provided useful comments on the method section and the interpretation of the
results.

7.1 Introduction
Numerical simulations of Population III (Pop III) star formation show that the proto-
stellar accretion disks that form around the first Pop III protostars are prone to gravi-
tational fragmentation (see e.g. Clark et al., 2011b; Greif et al., 2012), which we have
also witnessed in our own simulations in Chapter 5 and 6. This can reduce the amount
of mass reaching the central star, and also provides a mechanism for forming low-mass
Pop III stars that may survive until the present day. However, most simulations of Pop
III accretion disks have so far neglected the role of magnetic fields. In simulations of
present-day star formation, it has been found that sufficiently strong magnetic fields
induce a magnetic pressure that adds to the stabilization of accretion disks as well
as providing magnetic braking which aids the inward transport of angular momentum
(e.g. Hosking & Whitworth, 2004; Machida et al., 2005; Hennebelle & Teyssier, 2008;
Price & Bate, 2007; Duffin & Pudritz, 2009; Hennebelle et al., 2011; Peters et al., 2011;
Seifried et al., 2011).

So far little is known about the origin and evolution of magnetic fields in the early
Universe. It is assumed that the first magnetic fields have occurred in the form of mag-
netic seed fields of the order of B = 10�30 � 10�18G that may have been produced
during inflation (Turner & Widrow, 1988), early Universe phase transitions (Sigl et al.,
1997) or the Biermann battery mechanism (Biermann, 1950; Xu et al., 2008). An effec-
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tive mechanism to amplify these weak seed field is the small-scale or turbulent dynamo
(SSD) (Kazantsev, 1968; Kulsrud et al., 1997). A procedure of random stretching,
twisting and folding of magnetic field lines in a turbulently moving plasma converts
kinetic into magnetic energy. The small-scale gas motions during early phases of star
formation (Abel et al., 2002; Bromm & Larson, 2004; Wise & Abel, 2007; Greif et al.,
2008; Clark et al., 2011a) are efficient enough to drive this dynamo and generate a
strong, tangled magnetic field with field strengths of up to B ⇠ 10�5G (Schleicher
et al., 2010; Sur et al., 2012; Peters et al., 2012; Turk et al., 2012; Schober et al.,
2012; Schleicher et al., 2013). Most studies in this context, however, only consider the
prestellar gas collapse phase and not protostellar accretion disks. In this Chapter we
therefore make an attempt to estimate the strength of this tangled field on the scale of
the disk and compare it to an estimate of the field strength required to stabilize the disk
against gravitational fragmentation. In Section 7.2 we explain our analytical approach.
We apply our method to data from Population III protostellar disk from the studies by
Clark et al. (2011b) and Greif et al. (2012) as well as to some of our realizations from
Chapter 5. The results are described in 7.3 and shortcomings of our study are discussed
in 7.4. Finally, we give a conclusion in Section 7.5.

7.2 Method
We make estimations on stabilization of Toomre-unstable Population III protostellar
disks found in the studies by Clark et al. (2011b) (black dashed line in figure 2 together
with the sound speed values from figure 16) and Greif et al. (2012) (data for all four
halos MH1 – MH4 as shown in figure 2 and 3) as well as in five realization of our
simulations presented in Chapter 5. In Section 7.2.1, we first describe a version of
the Toomre criterion that has been extended to account for magnetic fields within the
disk. We present an expression of the saturation field strength of a tangled, small-scale
magnetic field gained through amplification via a turbulent dynamo in Section 7.2.2.
This expression is then combined with the extended Toomre criterion in Section 7.2.3.
The new version of the extended Toomre criterion allows us to examine the size of the
change in the Toomre parameter due to the presence magnetic field.

7.2.1 Extended Toomre criterion
The hydrodynamical Toomre parameter (Toomre, 1964) reads

Qhyd =
 cs
⇡G⌃

(7.1)

where cs is the speed of sound,  is the epicyclic frequency, G is the gravitational
constant and ⌃ is the disk surface density. While the disk self-gravity (denominator)
induces perturbations and instabilities within the disk, the combined action of thermal
pressure and rotation (numerator) acts to stabilize the disk. Consequently, a Toomre
parameter of Q > 1 indicates a stable disk and Q < 1 an unstable one.

For our study here, we use an extended version of the Toomre criterion that takes
into account the stabilizing effect of a magnetic field within the disk. We assume that
the magnetic field is highly tangled with little large-scale coherence, and hence that we
can account for its effects simply by modifying the effective speed of sound used in the
Toomre criterion (Kim & Ostriker, 2001). We therefore have

Qmag =
 (c2s + v2A)

1/2

⇡G⌃
, (7.2)
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Table 7.1: Values of the parameters in Equation 7.4 to compute the efficiency factor ✏ for
solenoidal and compressive turbulent driving.

Parameter solenoidal compressive
p0 0.020 0.037
p1 2.340 1.982
p2 23.33 -0.027
p3 2.340 3.601
p4 1 0.395
p5 0 0.003
p6 0 0

where vA is the Alfvén velocity, vA = B/
p
4⇡⇢, which describes the speed in which

changes of the magnetic field configurations, with the magnetic field strength B, prop-
agate through a gas of density ⇢.

7.2.2 Saturation field strengths of the small-scale dynamo

Weak, small-scale magnetic fields can be rapidly amplified by the turbulent or small-
scale dynamo (SSD; e.g. Kazantsev (1968)). In a procedure of random stretching,
twisting and folding of magnetic field lines in a turbulently moving plasma, kinetic
energy is converted into magnetic energy. The small-scale gas motions during early
phases of star formation (Abel et al., 2002; Bromm & Larson, 2004; Wise & Abel,
2007; Greif et al., 2008; Clark et al., 2011b) are efficient enough to drive this dynamo.
Thus, initially weak magnetic seed fields can be amplified to dynamically significant
values during the gravitational collapse of primordial gas (see e.g. Schober et al., 2012).
The final saturation field strength is not known precisely and so we make the following
ansatz:

B2
sat
8⇡

=
1
2
✏⇢u2

turb . (7.3)

Here, uturb is the turbulent velocity and ⇢ is the disk density. The efficiency factor ✏
accounts for the back-reaction from the field on the turbulence. Its value depends on
the nature of the turbulence. We use equation 3 in Federrath et al. (2011a) to compute ✏
for both solenoidal (i.e. divergence-free r · v = 0, where v is the velocity vector of the
fluid) and compressive (i.e. curl-free r⇥v = 0) turbulent flows1. The original equation
is a fitting function for three different quantities. Adapted to the ✏ factor, it reads

✏s,c(x) =
 
p0

xp1 + p2
xp3 + p4

+ p5

!
xp6 (7.4)

where x = Mturb = uturb/cs is the turbulent Mach number and the parameters p0,
p1, p2, p3, p4, p5, and p6 vary for solenoidal and compressive turbulence and are
listed in Table 7.1. In Fig. 7.1, the trend of Eq. (7.4) for both types of turbulence is
illustrated. We immediately see that ✏ is always larger in the solenoidal compared to
the compressive case.

1We will indicate the type of turbulence by a subscript: "s" for solenoidal and "c" for compressive.
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Figure 7.1: Efficiency factor ✏ versus turbulent Mach number Mturb for solenoidal (blue) and
compressive (orange) turbulence.

7.2.3 Combined formula: Toomre criterion with efficiency factor
of the small-scale dynamo

The equation of saturation field strength, Eq. (7.3), can be restructured to

B2
sat

4⇡⇢
= ✏u2

turb (7.5)

v2A,sat = ✏u2
turb (7.6)

where we substituted Bsat by the corresponding Alfvén velocity, vA,sat = Bsat/
p
4⇡⇢.

The extended Toomre criterion, Eq. (7.2), can then be rewritten with Eq. (7.6) so that

Qmag =

q
c2s + ✏u2

turb

⇡G⌃
. (7.7)

If , cs, uturb, ⌃, and hence Qhyd are known from hydrodynamical simulations, we
can compute the size of the ✏ factor and then the magnetic Toomre parameter Qmag.
When comparing Qmag with Qhyd, we can see how much a saturated, small-scale
tangled magnetic field within the disk increases the value of the Toomre parameter and
therefore, in the case of a previously unstable disk with Qhyd < 1, whether this increase
is sufficient enough for the disk to now be stabilized in the presence of this magnetic
field, i.e. Qmag > 1. As we consider Keplerian disks, instead of the epicyclic frequency,
we can employ the Keplerian frequency in the Toomre criterion, i.e.  =⌦K.

7.3 Results

In our estimations we distinguish two cases: we first examine transonic turbulence with
uturb = cs in Section 7.3.1, and then mildly supersonic turbulence where uturb & cs in
Section 7.3.2.
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Table 7.2: Overview of the results for the models taken from Clark et al. (2011b) (first row)
and Greif et al. (2012). From left to right: name of the model, disk radius at which stability is
examined, corresponding sound speed, purely hydrodynamical Toomre parameter, and magnetic
Toomre parameter derived with ✏–parameter for solenoidal (✏s = 0.24) and compressive (✏c =
0.03) turbulent forcing. The values in the first line were extracted from fig. 2 (dashed black line)
in Clark et al. (2011b). The other rows correspond to fig. 2 and 3 in Greif et al. (2012), in which
disk properties of protostellar systems in four different minihalos (MH1 – MH4) are plotted. The
values were extracted at disk radii for which the respective (hydrodynamical) Toomre parameter
indicated an unstable disk according to Qhyd < 1. The values of the magnetic Toomre parameter
were computed via Eq. (7.9). The ✏ parameter values used here were calculated with Eq. (7.4)
where x =Mturb = 1 because of transonic turbulence.

Model R cs Qhyd Qmag,s Qmag,c
[AU] [kms�1]

Clark 20 2.0 0.70 0.91 0.72
MH1 10 2.5 0.90 1.17 0.93
MH2 1 3.5 0.70 0.91 0.72
MH2 10 2.5 0.75 0.98 0.77
MH3 1 4.0 0.60 0.78 0.62
MH3 10 2.5 0.60 0.78 0.62
MH4 1 4.5 0.65 0.85 0.67
MH4 10 2.5 0.55 0.72 0.57

7.3.1 Transonic turbulence: uturb = cs
For transonic turbulence, Eq.(7.7) can be further simplified to

Qmag =
⌦K cs

p
1+ ✏

⇡G⌃
(7.8)

=
p
1+ ✏ Qhyd . (7.9)

The efficiency factor takes the values ✏s ⇡ 0.24 and ✏c ⇡ 0.03. The results for the data
extracted from Clark et al. (2011b) and Greif et al. (2012) are listed in Table 7.2. We
find that in almost all cases Qmag < 1 regardless of the nature of turbulence, implying
that in general the magnetic field is not strong enough to stabilize the disk. The only
case in which the field (only from solenoidal turbulence) is strong enough to provide
stabilization (run MH1 in Greif et al. 2012) is unusual in that the disk is already very
close to stability (Qhyd ⇠ 0.9), and so only a little extra support is needed to provide
complete stabilization. Our findings are further illustrated in Fig 7.2 (a). We see clearly
that although all cyan (compressive) and dark blue (solenoidal) triangles and circles
lie above the red (Qhyd) symbols, there is only one dark blue triangle that also is
above the dashed black line that marks the transition value Q = 1 from disk instability
Q < 1 to stability Q > 1. This is the data point for MH1, for which the small-scale
dynamo produces a sufficiently amplified magnetic field in case of our assumed model
of solenoidally driven, transonic turbulence to provide disk stabilization according to
the extended Toomre criterion in equation (7.2).

We see a similar trend for the data from our own simulations. The detailed results
are given in column 10 and 12 of Table 7.3 and in the five plots in 7.2 (b). Neither
compressive nor solenoidal transonic turbulent motions are strong enough to create a
disk-stabilizing small-scale magnetic field. There are only two realizations, ↵005-2 at
R = 13.9AU and ↵025�01-1 at R = 8.2AU with Qmag,s ⇠ 0.96 and Qmag,s ⇠ 0.98
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respectively, where solenoidal turbulence comes close it. As above, in both cases the
hydrodynamical Toomre parameter is already quite high with Qhyd ⇠ 0.86 and Qhyd ⇠
0.87.

7.3.2 Supersonic turbulence: uturb & cs

From the example realizations of our simulations from Chapter 5, we can also compute
mass-weighted average turbulent velocities. For that we divide a radius of 1000AU
around the first sink particle into 39 spherical, logarithmically-spaced bins and derive a
mass-weighted average of the turbulent velocity of gas with n > 109 cm�3 within each
bin2 via

uturb =

r
1
M

X
mi(vi � vrad � vrot)2 , (7.10)

where M is the total mass of a bin i, vrad and vrot the mass-weighted radial and rota-
tional velocity vectors of this bin, and mi and vi are the mass and the velocity vector of
a cell i within the bin. The rotational velocity is computed by summing up the angular
momentum of all cells within this bin and by dividing this by the total mass within
the bin and the radius of the bin. We find mildly supersonic turbulent velocities with
turbulent Mach numbers typically of the order of Mturb ⇠ 2 � 3. The highest value is
Mturb ⇠ 5 for realization ↵005-2 at R = 13.9AU.

Our results are listed in column 14 and 16 of Table 7.3. In two realizations, ↵005-2
and ↵025�01-1 (at R = 13.9AU and R = 8.2AU respectively), solenoidal turbulent
driving can create a sufficiently high small-scale magnetic field for disk stabilization.
Indeed, we have encountered these two runs already in Section 7.3.1 above where their
solenoidal magnetic Toomre parameter values were already close to Q ⇠ 1. Here, we
further find that also the values for compressive turbulence of these two realizations are
high with Qmag,c(uturb) � 0.9. Comparably high values can also be seen for solenoidal
turbulent driving in �01-1 (at R = 4.8AU) and ↵025-5 (at R = 2.8AU). Our findings
are furthermore shown in 7.2 (b) denoted by circles. While the cyan circles describing
the compressive values overall still lie at levels similar to the red triangles, i.e. the
Qhyd values, the dark blue circles of the solenoidal values take higher positions. In
four out of five cases, the dark blue circles are close to or already above the dashed line
of Q = 1.

7.4 Discussion
We acknowledge that we have made several simplified assumptions and that our results
are highly speculative. In the following, we discuss some important shortcomings of
our study.

The efficiency parameter ✏ of the small-scale dynamo depends upon the turbulent
power-spectrum and the driving mechanism of the turbulence. As gas is compress-
ible by nature, a realistic turbulent power spectrum for the turbulent velocity may be
somewhat steeper than the 3D Kolmogorov spectrum for incompressible turbulence
(P(k) / k�11/3; Kolmogorov 1941). Often P(k) / k�4 is used (see e.g. Goodwin et al.,
2004a,b; Clark et al., 2011a). The fit formula of Federrath et al. (2011a) with which
we compute our ✏ value, is derived from externally-driven solenoidal and compressive

2We choose this density threshold in order to study the gas within the protostellar disk specifically (see
also e.g. Stacy et al., 2010; Stacy & Bromm, 2014)
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a)

b)

Figure 7.2: Hydrodynamical (red symbols) and magnetic (cyan symbols for compressive and
dark blue symbols for solenoidal turbulence) Toomre parameter versus the sound speed or the
turbulent velocity. The black dashed line at Q = 1 indicates the transition between disk instability
Q < 1 and stability Q > 1. Plot (a): results for the models taken from Clark et al. (2011b)
(circles) and Greif et al. (2012) (triangles). For these two datasets just transonic turbulence
was considered. Only in one setup of Greif et al. (2012), described by the single dark blue
triangle above the black dashed line, solenoidal turbulent driving can yield a saturated, small-
scale magnetic field that is strong enough to stabilize the unstable protostellar disk. Plot (b):
overview of the results of our five example realizations from Chapter 5. For all five models,
both transonic (triangles) and mildly supersonic (circles) turbulence were examined. Supersonic,
solenoidal turbulent driving is able to create disk-stabilizing small-scale magnetic fields in two,
almost three cases (↵005-2, ↵025�01-1, and possibly �01-1). In all realizations, transonic
turbulence is not effective enough to amplify a small-scale magnetic field to values high enough
for disk stabilization.
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turbulence. In their study with self-consistently evolving turbulence, Sur et al. (2012)
find ✏–values of 0.2�0.4 at the end of their simulation. However, Sur et al. (2012) only
considered the evolution of magnetic field amplification during the prestellar gas col-
lapse phase and during the initial protostellar accretion phase but stop their simulation
before they can examine the just forming accretion disk. Natural driving mechanism of
turbulence in accretion disks may be for example accretion itself or processes such as
the magneto-rotational instability (see e.g. Balbus & Hawley, 1998, for a review). To
account for the uncertainties in our approach, it is a reasonable choice to span a wider
parameter space by considering several ✏–values for both types of turbulent driving.

Furthermore, Greif et al. (2012) find that the protostars which develop in their disks
are puffed-up objects. In particular, some of their primary protostars evolve to radii
as large as ⇠ 200R� ⇠ 1AU. Hence, the star can extend beyond radii which we
considered to be part of the protostellar disk in our analysis of the data from Greif
et al. (2012). However, we extracted our values at a time during which the radii of the
primary protostars were still considerably smaller than 1AU.

For the study of mildly supersonic turbulence, we extract disk data from our real-
izations at a time just after the formation of the first sink particle. This ensures that
the protostellar disk is roughly Keplerian and that the turbulent velocities we derive
are only slightly in the supersonic regime; see also Fig. 5.11 - 5.13. Higher supersonic
gas motions likely change the appearance of our Pop III protostellar disks consider-
ably, e.g. through shocks, so that its Keplerian character and its overall shape may
not be preserved for a long time. Indeed, we observe that our protostellar systems are
highly dynamical and in particular the disk environment of runs including turbulence
changes dramatically already over the short period covered by our simulations; see e.g.
Fig. 5.14 for example velocity profiles 50 years after the first sink particles has formed,
or Fig. 5.16 for an overview of the evolution of realization ↵005�001-4 illustrated
in density projections. While the Toomre criterion can also be defined for supersonic
turbulence, its validity may no longer be given when the disk appearance changes dra-
matically, i.e. the disk becomes very thick or is dissolves into a more filamentary
structure (Toomre, 1964).

7.5 Conclusions
We have combined an extended Toomre criterion, which takes into account the stabi-
lizing effect of a magnetic field within the disk, with an expression for the saturation
magnetic field strength of a small-scale tangled magnetic field after amplification via
the small-scale, turbulent dynamo. Through this combination, we derive an expres-
sion for a magnetic Toomre-stability parameter that depends on the hydrodynamical
Toomre parameter and the efficiency parameter of the turbulent dynamo. This relation
allows us to estimate whether a Toomre-unstable protostellar disk in a purely hydrody-
namical environment may be stabilized through the presence of a saturated small-scale
magnetic field.

We apply our formula on data taken from some of the highest-resolution simula-
tions until today by Clark et al. (2011b) and Greif et al. (2012) as well as some of
the realizations from our study presented in Chapter 5. The data corresponds to disk
evolution for t < 100yr after first sink formation. Our simple estimates show that
small-scale dynamo action alone does not seem to be able to produce a strong enough
magnetic field to stabilize a Population III accretion disk, unless the disk is already very
close to stability and/or mildly supersonic. However, we find that in many cases, Qmag
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is close to Q = 1, demonstrating that the effects of the field cannot be completely ne-
glected. Whether partial disk stabilization is possible and how the disk stability evolves
over a longer time period, needs to be addressed by detailed numerical computations.

It is possible that at later times the small-scale field will be further amplified and
will evolve into a large-scale, coherent field via the ↵-⌦–dynamo (e.g. Steenbeck &
Krause, 1966; Vainshtein & Ruzmaikin, 1971; Ruzmaikin et al., 1988; Pudritz & Silk,
1989; Arshakian et al., 2009). Then other magnetic field related processes which affect
the mass growth and with that the stability of the disk, e.g. jets and outflows (e.g.
Blandford & Payne, 1982; Machida et al., 2008a), also need to be accounted for.



CHAPTER8 The fragmentation behavior of
Population III protostellar disks in
presence of a uniform magnetic field

We note that the content presented in this chapter is considered preliminary. This is be-
cause the numerical methods, particularly the use of the ideal magnetohydrodynamics
module of AREPO with its divergence cleaning scheme in combination with the sink
particle module is still under development in order to adapt it to our numerical needs.
Furthermore, we so far have performed test simulations of only two out of the 45 real-
izations of Chapter 5 which we want to study. This said, the results presented in this
chapter have to be treated with caution but give a first insight into the numerical perfor-
mance and possible physical effects of the presence of magnetic fields in the context of
Population III star formation and protostellar disk evolution. I performed the test sim-
ulations, analyzed them, created the figures, and wrote the text. Simon C. O. Glover
contributed to the interpretation and discussion of the results. Paul C. Clark and Rüdi-
ger Pakmor provided useful ideas regarding the analysis of the numerical performance.

8.1 Introduction

The first magnetic seed fields possibly appeared already very early in the history of
the Universe. It is assumed that they may have been created during inflation (Turner
& Widrow, 1988), early Universe phase transitions (Sigl et al., 1997) or the Biermann
battery mechanism (Biermann, 1950; Kulsrud et al., 1997; Xu et al., 2008). They were
still very weak with field strengths of the order of B = 10�30 � 10�18G. But there are
ways that may have amplified them to dynamically important magnitudes early-on in
the formation of the first structures. Turbulent gas motion arising for example as gas
falls into dark matter halos (Wise & Abel, 2007; Greif et al., 2008), as gas is accreted
into the center of the halo (e.g. Klessen & Hennebelle, 2010; Elmegreen & Burkert,
2010; Federrath et al., 2011b), or as it condenses to form the first stars, the so-called
Population III (Pop III) stars (e.g. Sur et al., 2010; Clark et al., 2011b; Turk et al.,
2012) are sufficient to drive a small-scale dynamo (SSD) (Kazantsev, 1968; Kulsrud
et al., 1997). In a procedure of random stretching, twisting and folding of magnetic
field lines a strong tangled field of up to B ⇠ 10�5G is generated (Arshakian et al.,
2009; Schleicher et al., 2010; Sur et al., 2010, 2012; Schober et al., 2012; Turk et al.,
2012).

Observations of present-day magnetic fields ranging from cloud core scales (e.g.
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Girart et al., 2006, 2009) to galactic dimensions (e.g. Beck, 2015, for a review) find
mainly large-scale coherent fields. A mechanism such as the ↵-⌦ dynamo that oper-
ates in differentially rotating disks may order small-scale tangled field into a coherent,
large-scale structure (e.g. Steenbeck & Krause 1966; Vainshtein & Ruzmaikin 1971;
Arshakian et al. 2009; and in particular in primordial context Pudritz & Silk 1989; Tan
& Blackman 2004).

From numerical studies of present-day star formation it is known that magnetic
fields can affect the star-forming process in many ways. For example they effec-
tively transfer angular momentum by magnetic braking in circumstellar disks (e.g.
Mouschovias & Paleologou, 1979; Mellon & Li, 2008, 2009; Hennebelle & Ciardi,
2009; Hennebelle et al., 2011; Commerçon et al., 2011), or through jets and outflows
(Blandford & Payne, 1982; Konigl & Pudritz, 2000; Banerjee & Pudritz, 2006). Fur-
thermore, magnetic pressure can support circumstellar disks against fragmentation (e.g.
Hosking & Whitworth, 2004; Machida et al., 2005; Hennebelle & Teyssier, 2008; Duf-
fin & Pudritz, 2009; Peters et al., 2011; Seifried et al., 2011).

Cosmological simulations have shown that Population III stars formed in dark mat-
ter minihalos of mass ⇠ 105 � 106M� at redshift z ⇠ 20 � 50 (Tegmark et al., 1997;
Bromm & Larson, 2004; Glover, 2005; Bromm, 2013). Initially it was concluded from
numerical studies that Pop III stars form as single, massive objects (see e.g. Abel
et al., 2002; Bromm et al., 2002; Bromm & Larson, 2004). Simulations within the
last decade, however, have found that a Pop III stellar cluster is created due to the frag-
mentation of the protostellar disk that arises because of non-zero angular momentum in
the collapsing, star-forming gas cloud (Greif et al., 2011; Clark et al., 2011b,a; Smith
et al., 2011, 2012; Stacy & Bromm, 2013; Stacy et al., 2016).

Examining the formation of Population III stars under the influence of primordial
magnetic fields has received increasing attention only recently (e.g. Tan & Blackman,
2004; Maki & Susa, 2004; Silk & Langer, 2006; Machida et al., 2006; Maki & Susa,
2007; Schleicher et al., 2010; Sur et al., 2010; Federrath et al., 2011b; Sur et al., 2012;
Turk et al., 2012; Latif & Schleicher, 2016). The evolution of protostellar disk and pos-
sible fragmentation has been studied in just a few numerical studies so far (Machida
et al., 2008a; Machida & Doi, 2013; Peters et al., 2014). Machida et al. (2008a)
and Machida & Doi (2013) performed parameter studies of the collapse of primordial
Bonnor-Ebert spheres with different levels of rotation and magnetic field strengths.
They consider large-scale, uniform magnetic fields that are directed parallel to the ro-
tation axis. They found that both magnetic braking and magnetically-driven outflows
and jets effectively redistribute angular momentum which leads to disk stabilization or
even prevents disk formation in case of strong magnetic fields (the so-called magnetic
braking catastrophe). Peters et al. (2014) examined the influence of a small-scale, tur-
bulent magnetic field on the collapse of a rapidly rotating gas cloud that they extracted
from one of the halos in the cosmological simulation by Greif et al. (2011). They find
that magnetic pressure supports the protostellar disk against fragmentation and only a
single Pop III star forms.

In the following study, we want to address what influence a large-scale uniform
magnetic field of size B = 5 ⇥ 10�6G has on the collapse of our Bonnor-Ebert sphere
setups from Chapter 5. In particular we are interested whether the presence of the
magnetic field leads to stabilization of the protostellar disks and results in a reduction
in the total number of sinks that form. We are further interested in examining the
total mass growth of the sinks and of individual sinks and want to check whether the
influence of the magnetic field, e.g. via disk stabilization, promotes the formation of a
few rapidly growing, very massive sinks as has been observed in some simulations in
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present-day star formation (e.g. Wang et al., 2010; Peters et al., 2011). Finally, in order
to estimate the quality of our physical results, we will perform two analyses on the
performance of our numerical method in particular regarding the divergence cleaning
scheme and an additional MHD refinement criterion.

This chapter is structured as follows: in Section 8.2 the numerical method and the
initial conditions are explained. Our results are described in Section 8.3. In Section 8.4,
we examine the performance of our ideal MHD computations. The discussion and
conclusion are presented in Section 8.5.

8.2 Methods

8.2.1 Numerical approach
The simulations in this chapter were performed with the Voronoi moving-mesh mag-
netohydrodynamics (MHD) code AREPO (Springel, 2010; Pakmor et al., 2011). Our
version of the code contains recent updates of the time integration scheme, the spatial
gradient reconstruction and the grid regularization (Pakmor et al., 2016; Mocz et al.,
2015). The ideal MHD gas dynamics were modeled with the HLLD Riemann solver
(Miyoshi & Kusano, 2005). The Powell divergence cleaning scheme was applied (Pow-
ell et al., 1999; Pakmor & Springel, 2013). For some of our runs, we in addition use
a recently implemented MHD refinement criterion that refines a cell when the value of
the spurious magnetic field divergence, r·B, has become large so that 2rcellr·B/B > C
where C = 0.1, rcell is the cell radius, and B is the magnetic field strength1. Ideal MHD
is applicable to Population III star formation as the ionization degree in primordial gas
is sufficiently high for a strong coupling between ions, electrons and neutrals, i.e flux
freezing is maintained (Maki & Susa, 2004, 2007).

Our simulation box has a side length of 13pc and reflective boundary conditions.
The mesh consists initially of 1283 cells. We employ a Jeans (de-)refinement criterion
that ensures that the Jeans length is resolved by a specific number of cells, which is 16
cells per Jeans length in our runs. Furthermore, we use sink particles with a formation
threshold density of n = 1015 cm�3 and an accretion radius of racc = 2AU. For further
details of the numerical method, including our primordial chemistry network and the
sink particle module, see Section 3.2.

8.2.2 Initial conditions
Our simulations are carried out at a redshift of z = 20. Since the gas in our simulations
is always warmer than the cosmic microwave background and is not strongly affected
by Compton cooling, the exact redshift should not be important. We perform two MHD
simulations for each of the realizations ↵025-5 (i.e. purely subsonic turbulence with
↵ = 0.25) and �01-1 (i.e. purely rotational with � = 0.1) from Chapter 5. The initial
conditions are identical to what we have described in Section 5.2.2 but we briefly recap
the most important points in the following. We start with a Bonnor-Ebert sphere of
mass MBE = 2671M�, radius RBE = 1.87pc, and density ⇢c = f ⇥ ⇢BE(0) ' 3.7 ⇥
10�20 gcm�3 (nc ' 1.83 ⇥ 104 cm�3), which is enhanced by a factor f = 1.83. The
sphere resides within a uniformly dense environment with density ⇢ext = ⇢BE(RBE) '
2.7⇥ 10�21 gcm�3 (next ' 1.31⇥ 103 cm�3). The temperature inside and outside the

1We will sometimes denote the divergence of the magnetic field r ·B as "divB" in our discussion and in
the figures.



174 8.3. RESULTS

sphere are the same: TBE = Text = 200K. In the purely rotational run, a rigid rotation
around the geometrical z-axis is added to the sphere. The initial frequency is ⌦0 =
3.1⇥ 10�14 s�1 and the rotational � parameter is � = Erot/ |Egrav| = 0.1. In the purely
turbulent setup, a non-driven, subsonic turbulent velocity component with a power
spectrum of P(k) / k�4 is superimposed onto the BE sphere. The initial turbulent ↵
parameter is ↵ = Eturb/ |Egrav| = 0.25. The density enhancement was introduced to
reduce the ratio of thermal energy to gravitational energy to ↵therm = Etherm/ |Egrav| '
0.451 in order to guarantee that the BE sphere would still collapse when additional
physics such as rotation, turbulence or magnetic fields are added. For the studies in
this chapter, we add a large-scale, uniform magnetic field in z-direction with initial
field strength B0 = 5⇥10�6G to our simulation box. The magnetic field can be further
described by its mass-to-flux ratio (Mouschovias & Spitzer, 1976)

µ =
M
�

,✓M
�

◆

crit
(8.1)
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2⇡ is the flux of the magnetic field with initial field strength B0 through
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is the critical mass-to-flux ratio with c1 = 0.53 (Strittmatter, 1966; Mouschovias &
Spitzer, 1976), and G is the gravitational constant. For our Bonnor-Ebert sphere we
estimate µ ' 21. Our field strength value is motivated on the one hand from previ-
ous simulations of the amplification of primordial magnetic seed fields by the small-
scale dynamo that find saturation field strengths of the the order B ⇠ 10�6G (Sur
et al., 2010, 2012; Schober et al., 2012). On the other hand, we follow the work by
Machida et al. (2008a) who investigate the collapse of rotating primordial Bonnor-
Ebert spheres in presence of large-scale, uniform magnetic fields with initial field
strengths B0 ⇠ 10�9 � 10�5G. Our combination of � = 0.1 and B = 5 ⇥ 10�6G with
µ ⇠ 20 is roughly comparable to their model 5 with � = 0.1 and B = 10�6G with
µ = 30 which is observed to be in a transition zone between partial to full stabilization
of the protostellar disk as well as launching of a jet. We therefore expect our mag-
netic field to be dynamically important and to observe interesting features in particular
regarding disk stabilization.

8.3 Results

8.3.1 Formation time of the first sink
We find that the presence of an initially uniform magnetic field, delays the onset of sink
formation in case of the purely rotational runs (�t ⇠ 8700yr) but shifts it to earlier
times in the purely turbulent realizations (�t ⇠ 3800yr). This effect is, however, still
small, i.e. �t < 0.01Myr. The difference between the MHD runs with and without the
additional divB refinement is �t < 0.2kyr. As we have already discussed in greater
detail in Chapter 5, the free-fall time of the cloud is t↵ =

p
3⇡/(32G⇢c) ' 0.34Myr.

The formation of the first sink takes more than twice as long due to the significant
thermal pressure within the cloud that counteracts the gravitational infall. The presence
of a magnetic field does not affect this considerably here.
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Table 8.1: Overview of the test setups. From left to right: name of the realization, values of the
↵ and � parameter, time of first sink formation, tSF, total number of sinks, Ntot, and total mass
in sinks, Mtot, at t ⇠ 1000yr, average accretion rate hṀi, number of sinks Ntot,comp when
mass in sinks Mtot,comp is reached.

Realization ↵ � tSF/Myr Ntot Mtot/M� hṀi/(M� yr�1) Ntot,comp Mtot,comp/M�

↵025-5 0.25 - 0.744704 118 74.3 7⇥ 10�2 16 9.4
↵025-5-nodivB 0.25 - 0.740864 11 9.7 1⇥ 10�2 11 9.3
↵025-5-divB 0.25 - 0.740814 12 14.8 2⇥ 10�2 5 9.3
�01-1 - 0.1 0.742465 49 36.8 4⇥ 10�2 23 9.2
�01-1-nodivB - 0.1 0.742935 23 10.4 1⇥ 10�2 23 9.2
�01-1-divB - 0.1 0.751169 20 10.0 1⇥ 10�2 18 9.2

Figure 8.1: Evolution of the total mass in sinks, Mtot, in the purely turbulent realizations (left
panel) and the purely rotational realizations (right panel). Mtot decreases when in addition to
turbulence and rotation a magnetic field is included in our simulations. The difference between
the runs with and without additional divB refinement is tiny.

8.3.2 Number and mass of sinks formed
Both the total number of sinks, Ntot, and the total mass in sinks, Mtot, is reduced in the
presence of a magnetic field in addition to rotation and turbulence. This is illustrated
in Fig. 8.1 & 8.2, and the exact values at t ⇠ 1000yr are given in Table 8.1. While
in the original model ↵025-5 without magnetic fields 118 sinks were created within
t ⇠ 1000yr (see also Chapter 5 for more details), this quantity becomes a factor of
ten smaller when a magnetic field of initially B = 5 ⇥ 10�6G is included. Something
similar is true for the purely rotational run in which the total number of sinks in the
MHD run is smaller than half of the value in the run without a magnetic field.

The evolution of the total mass in sinks is dramatic. Mtot decreases by a factor of
five to eight in the purely turbulent run and by a factor of more than three in the purely
rotational model. Within t ⇠ 1000yr, the runs including magnetic fields have only just
approached or exceeded Mtot = 10M�, whereas the runs without MHD pass this mass
value already early on in their evolution, usually at t . 500yr.

In Fig. 8.3, we see that the MHD mass functions at t ⇠ 1000yr, although they
include fewer sinks, follow roughly the shape of the non-MHD distribution. There
is no significant difference except that the upper mass limits are at smaller masses
compared to the non-MHD cases. We also compared the mass functions when all three
realizations of a setup have reached about the same total mass in sinks. The results
are displayed in Fig. 8.4 and the exact values are listed in Table 8.1. While for setup
↵025-5 we find a reduction of the number of sinks in the MHD realization, for setup
�01-1 there is no or only a slight decrease. Overall, we conclude that the total mass in
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Figure 8.2: Number evolution in the purely turbulent model (left panel) and the purely rotational
model (right panel). The total number of sinks decreases considerably in the presence of a
magnetic field in addition to turbulence and rotation. The color scheme is the same as in Fig. 8.1.

Figure 8.3: Comparison of the sink mass functions at t ⇠ 1000yr.

sinks is more affected by the magnetic field than the number of sinks.

8.3.3 Accretion history

The cumulative accretion rate2 in MHD runs is on average smaller and more strongly
variable than in runs without a magnetic field. This leads to a reduced total mass in
sinks in the MHD runs. Such behavior was also reported in present-day star formation
(e.g. Peters et al., 2011). The average accretion rate values are listed in Table 8.1. An
overview of the time evolution of the sink mass growth and accretion rates is given in
Fig. 8.5. We immediately see the sharp drops of the cumulative accretion rates (blue
dashed lines) but also in the accretion rates of the first (red line) and most massive sinks
(orange line) in MHD runs. These sudden drops are a reaction to the expansion of a
magnetically driven bubble that perturbs the disk configuration and pushes material
away from the sinks so that accretion process is disturbed. The evolution of the bubble

2This is the sum of the accretion rates of all sinks.
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Figure 8.4: Comparison of the sink mass functions at the same total mass in sinks per setup.
For �01-1 this is Mtot,comp ⇠ 9.2, and for ↵025-5 it is Mtot,comp ⇠ 9.3�9.4. While the MHD
realizations of purely turbulent setup show a decrease in the number of sinks compared to the
non-MHD case, it stays about the same for all realizations of �01-1.

is displayed in Fig. 8.6, 8.7 & 8.8. The bubble originates from the inner disk region and
is driven by magnetic pressure. Together with material that is being funneled through
the accretion disk to the center of the disk where the accreting sinks are, also large
amounts of magnetic flux are transported. The magnetic field accumulates there in
the center of the disk as it cannot diffuse outwards due to the ideal MHD condition.
The magnetic pressure eventually is strong enough to balance or even counteract on
the gravitational infall of material, thereby pushing material away from disk center
and reducing the magnetic flux. Such bubbles have been observed in previous ideal
MHD studies in present-day star formation (e.g. Zhao et al., 2011; Seifried et al., 2011;
Peters et al., 2011; Seifried et al., 2013). Machida et al. (2008a) reported that one of
their setups develops a jet that has similar structure to a magnetically-driven bubble.

In Fig. 8.5, we see that the cumulative accretion rate is less affected in the purely
rotational run. Here, the magnetic pressure can more easily dilute along the less dense
polar direction of the protostellar disk and thus the pressure on the material within the
disk is reduced. It is likely that accretion through the disk can therefore continue (see
also Peters et al., 2011; Hennebelle et al., 2011, as related examples in present-day star
formation). On the other hand, in the purely turbulent run no extended accretion disk
forms but rather a thick pseudo-disk without any cavities. It gets completely perturbed
by the magnetic pressure driven bubble, see Fig. 8.8

In the purely turbulent MHD runs, the masses of the most massive sinks are ⇠ 6M�
at t ⇠ 1000yr and carry the majority of the total mass in sinks. This largest mass
value is, however, about three times smaller than in the run without magnetic field.
In the purely turbulent MHD realization, the most massive sink has < 2M� which is
also smaller than in the non-MHD case. Different from what has been observed in
simulations of present-day star formation (e.g. Wang et al., 2010; Peters et al., 2011;
Commerçon et al., 2011), we do not find that one of the sink particles, usually the first
sink to form, undergoes significantly stronger and faster mass growth (at least for some
time) compared to secondary sinks.
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Figure 8.5: Comparison of mass accretion histories between. The top subplots show the evo-
lution for the three runs of realization ↵025-5, the bottom subplots refer to �01-1. The exact
identification of each run is given in the left panel in each row. Left column: evolution of the
total mass in sinks (blue dashed line), mass growth of the first (red) and the most massive sink
(orange) together with all other sinks (black). Right column: cumulative accretion rate (blue
dashed line) together with the accretion rate of the first (red) and most massive sink (orange).
The most massive sink is defined as the sink with the highest mass at t ⇠ 1000yr. When only
an orange line is visible, then the first sink is also the most massive one.
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8.3.4 Disk structure
Similar to what we have observed in Chapter 5, in both the purely rotational run �01-1
and the purely turbulent run ↵025-5 a protostellar disk forms which has a Keplerian
rotational velocity profile at around the time of first sink formation. However, on the
long run the disk loses its Keplerian rotation as it is disturbed by fragmentation and
formation of secondary sink particles and by the expansion of the magnetically-driven
bubble. It continues to evolve in a pseudo disk-like fashion (Galli & Shu, 1993a,b;
Peters et al., 2011). As an illustration of the disk evolution see Fig. 8.6, 8.7 & 8.8.

The formation of disks in our simulations is different from the results of Machida
& Doi (2013). They find that for an uniform magnetic field with initial field strength
B0 of

B0 & 1012
✓ n0
1cm�3

◆�2/3
(8.3)

where n0 is the initial density in the sphere, magnetic braking is so efficient in re-
distributing the angular momentum in the surrounding of the center of the collapsing
cloud, i.e. where the first protostar will form, that no protostellar disk forms. In our
study the magnetic field is always larger than this critical value and we still observe the
formation of disks.

The influence of the magnetically driven bubble can also be seen in the profile
plots of the disk properties in Fig. 8.9. Within a radius of a few hundred AU around the
first sink particle, the surface density and temperature drop as the magnetically driven
bubble perturbs the disk environment and pushes material away from the disk center.
The remaining gas has a high molecular hydrogen fraction and is therefore able to cool
the gas to T . 1000K. We show the profiles of realization �01-1 with divB refinement
and ↵025-5 without divB refinement as representative examples for all runs.

The high magnetic pressure in the inner disk region can stabilize the disk against
fragmentation (Lynden-Bell, 1966). In order to test whether this is also the case in our
simulations, we plot the hydrodynamical Toomre parameter (dashed lines) (Toomre,
1964)

Qhyd =
 cs
⇡G⌃

(8.4)

together with the magnetic Toomre parameter (solid lines) (Kim & Ostriker, 2001)

Qmag =
 (c2s + v2A)

1/2

⇡G⌃
. (8.5)

The effect of the magnetic pressure is included on the Toomre formula through the
Alfvén velocity, vA = B/

p
4⇡⇢ which describes how fast changes in the magnetic field

strength B propagate through a plasma of density ⇢. We note that as a first approxi-
mation we use the total magnetic field strength here. In a prospective, more detailed
investigation, we plan to examine the contribution of each magnetic field component
separately. In the formulae above, there are furthermore the sound speed cs, the grav-
itational constant G, and the disk surface density ⌃. We use an approximation for the
epicyclic frequency in the form of

 =
"
R
d⌦2

dR
+4⌦2

#
(8.6)

where⌦2 = L2z /R
4 with the value of angular momentum z-direction Lz and R being the

radius of a spherical shell centered on the first sink particle. We chose this expression



180 8.3. RESULTS

Figure 8.6: Edge-on projections of the column density, temperature, and magnetic field strength
evolution of the protostellar disk in realization �01-1 with divB refinement. The magnetic field
gets particularly strongly amplified in the center of the disk. As the magnetic field is not diffused
outwards, a consequence of ideal MHD, it accumulates at the center of the disk. When the
magnetic pressure at the center of the disk becomes comparable to the gravitational infall due to
accretion onto and through the disk, a magnetic pressure bubble breaks out at the center. The
projections are centered on the location of first sink formation. The thickness of the projection
is 50 AU. Sink particles are denoted in the column density plots.
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Figure 8.7: Same as Fig. 8.6 but face-on.
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Figure 8.8: Edge-on projections of the column density, temperature, and magnetic field strength
evolution of the protostellar disk in realization ↵025-5 without divB refinement. The pseudo-
disk gets violently disrupted by the expansion of the magnetically-driven bubble. The projections
are centered on the location of first sink formation. The thickness of the projection is 50 AU.
Sink particles are denoted in the column density plots.
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Figure 8.9: Mass-weighted radially averaged disk properties for five different times after first
sink formation. Left: realization �01-1 with divB refinement. Right: realization ↵025-5 without
divB refinement. In the bottom right panels both hydrodynamical and magnetic Toomre param-
eter have been plotted: Q (dashed lines) and QM (solid lines). It can be seen that the value
of the magnetic Toomre-Q is always the larger of the two. This is due to the contribution of
the non-zero Alfvén velocity in the extended Toomre criterion Eq. 8.5. From top left to bottom
right: disk surface density ⌃, temperature, T , H2 fraction, nH2 /nH, and both hydrodynamical
and magnetic Toomre parameter, Q (dashed lines) and QM (solid lines). The values are derived
from mass-weighted averages within spherical shells centered on the first sink. In order to track
the gas at disk densities, only gas cells with n > 109 cm�3 have been considered here.
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because with the break-out of the bubble the disk structure changes dramatically and
rotation is no longer close to Keplerian.

From Fig. 8.9, we see that the magnetic Toomre parameter is always larger than the
hydrodynamical one. The only exception is the red lines in the plot of �01-1 which is
the profile directly after first sink formation. At this time the magnetic pressure in the
disk is possibly not very strong yet. As the magnetic field enhances the stability of the
protostellar disk, fewer protostellar fragments form. Disk stabilization through mag-
netic pressure has also been observed in several previous numerical studies of present-
day star formation (e.g. Hosking & Whitworth, 2004; Machida et al., 2005; Hennebelle
& Teyssier, 2008; Duffin & Pudritz, 2009; Peters et al., 2011; Seifried et al., 2011). Pe-
ters et al. (2011) who examined massive present-day star formation also with ideal
MHD point out that in their simulations it is not magnetic pressure that dominantly sta-
bilizes the protostellar disk but it is shearing motions within the disk that are indirectly
induced through magnetic field configuration by how it shapes the protostellar system.
Compared to our study, they only find an order of unity difference between the hydro-
dynamical and magnetic Toomre parameter and therefore conclude that the support of
magnetic pressure against disk fragmentation is negligible. In our case, however, we
find often more than an order of magnitude difference between the two Toomre param-
eters. Therefore the magnetic pressure adds some contribution in the stabilization of
the disk. Whether in our study also shear motions contribute to disk stability, will be
examined in the future.

Finally, we do not find evidence for a jet in any of our MHD simulations. Why this
is the case needs to be addressed in a future analysis that concentrates on examining the
structure of the magnetic field and velocity field in the disk region. Following Machida
et al. (2008a), our purely rotational run might be too rotation-dominated due to its high
rotational � = 0.1 to drive a jet.

8.3.5 Evolution of the magnetic field

In Fig. 8.10, we show the density dependence of the averaged total magnetic field
strength h|B|i for the four runs at time of first sink formation (left plot) and at the end
of the simulation (right plot). The magnetic field is strongly coupled to the gas. In both
setups, ↵025-5 and �01-1, the magnetic field roughly follows the relation B ⇠ ⇢2/3

(thin black dashed line) which is typically for the evolution of an ideal magnetic field
during spherical collapse. This profile is followed aside from some local variations
until the end of the simulation.

The two MHD runs per setup do not vary much directly after the formation of the
first sink particle. But they have evolved differently for n > 108 cm�3 by the end of the
simulations. The density corresponds roughly to material within the protostellar disk.
It is likely the magnetically-driven bubble that disrupts the disks appreciably affects
the way the magnetic field is amplified within the disk. The average field values for
the purely rotational setup are slightly smaller than those of the purely turbulent runs.
These differences likely stem from the different overall collapse behavior of the two
setups. They approach each other more at later time in the simulations.

The initial central density of our Bonnor-Ebert sphere was n0 ⇠ 104 cm�3 and the
initial magnetic field strength B0 = 5⇥10�6G. With the B ⇠ ⇢2/3 evolution this yields
B ⇠ 100G for n ⇠ 1015 cm�3 at time of first sink formation which is about what we
see in Fig. 8.10.
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Figure 8.10: Profile of the radially averaged absolute value of the magnetic field strength, |B|,
versus number density, n. Left plot: profiles at time of first sink formation. Right plot: profiles
at around t ⇠ 1000yr. The average is derived in logarithmically spaced bins and centered on the
densest cell. Indicated by the thin black dashed line is the relation B ⇠ ⇢2/3.

8.4 Analysis of the performance of the divergence clean-
ing methods

Due to the discretization of the equations of (ideal) magnetohydrodynamics (MHD),
non-vanishing values of r ·B appear in numerical computations. They tend to increase
quickly and can be become dynamically important so that they effect the physical be-
havior of the simulated fluid. It is thus one of the main challenges of computational
MHD to try to preserve r · B = 0. There are methods such the constrained trans-
port scheme by Evans & Hawley (1988); Gardiner & Stone (2005) which conserves
r ·B = 0 by construction. This scheme is very accurate. The application of this scheme
on an unstructured grid such as in AREPO is currently under investigation (e.g. Mocz
et al., 2014, 2016). Another popular method are divergence cleaning schemes such as
by Powell et al. (1999) or by Dedner et al. (2002) that act to minimize the divergence
errors by adding r ·B source terms to the momentum, energy, and induction equation.
This introduces a diffusion of spurious r ·B during the evolution of the simulated fluid
and thus hinders further growth. The Powell divergence cleaning scheme is the current
default for ideal MHD calculations in AREPO (Pakmor & Springel, 2013) and as such
also used for our simulations. Furthermore, we run a second test series of our simula-
tions with a recently implemented additional MHD refinement criterion. When the di-
vergence error within a cell with radius rcell becomes too large, i.e. 2rcellr ·B > 0.1|B|,
the cell is split and the grid further refined. We will refer to this additional refinement
as "divB refinement". The 0.1 or 10% constraint is motivated from test simulations
with different cleaning schemes and is a commonly used value.

We can examine the performance of these divergence cleaning methods by analyz-
ing the time evolution of the relative divergence error3 (divB)rcell/ |B|. In Fig. 8.11, we
show (divB)rcell/ |B| for all cells within a radius of 106AU around the location where
the first sink particle formed. The size of divergence errors in individual cells becomes
larger over time. Interestingly, the increase is stronger in runs with additional divB
refinement. Furthermore, we find in these runs that cells with significant divergence er-
ror accumulate at radii & 105AU which is about a quarter of the radius of the original
Bonnor-Ebert sphere profile edge. In contrast to that the runs without the additional
MHD refinement show less strong deviations. This difference likely originates from

3We denote the divergence of the magnetic field r · B as "divB" in our further discussion and in the
figures.
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Figure 8.11: Relative divergence error of the magnetic field (divB)rcell/ |B|, for a cells in a
radius of 106 AU around the location of the formation of the first sink particle.
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the numerical behavior of the divB refinement. However, it seems as if the additional
divB refinement is somehow unable to cope with our type of astrophysical problem
and worsens the amount of divergence errors instead of improving the problem. All of
the runs show a few odd cells at around 1000 AU. This is at approximately the edge of
the protostellar disk. Investigating the detailed origin of these features is beyond our
current study but will be addressed in a future project.

In Fig. 8.12, the time evolution of the volume-weighted average of the relative
divergence error (divB)rcell/ |B| is presented. For each time, i.e. output dump, we
compute this quantity within three different radii around the location where the first
sink particle has formed. As we have seen above in Fig. 8.11, the specific size of the
relative divergence error and and the number of the cells that have it varies with the
distance to the location of first sink formation. This is in particular true for the runs
with divB refinement. Compared to a non-weighted version of this quantity, individual
outlier cells are "smoothed out" within the total volume of a sphere. The three different
exemplary radii that we chose are 1000 AU, 20000 AU, and 6.5 pc. The first radius is
motivated from the appearance of outlier cells that we observe in Fig. 8.11. The second
one is motivated from results at the end of our simulations in Chapter 5 in which several
realizations show ejected sink particles that are up to 10000 AU away from the center
of mass (gas and sink particles combined) in the last snapshot. We take a larger value
to simply account for the fact that the center of mass and the location where the first
sink has formed are likely to be different or have begun to differ at some point. Finally,
the largest radius is simply the half the size of our simulation box.

For the simulations with additional divB refinement, the volume-averaged relative
divergence error increases with the considered volume. Its value steadily increases
for the radius of 6.5 pc over time and reaches ⇠ 50% at t ⇠ 1000yr. This is what
we expected from the behavior observed in Fig. 8.12 where in particular error values of
cells at radii larger than 105 AU increased considerably. On the other hand, within 1000
AU or 20000 AU, the volume-averaged relative divergence error rises strongly within
hundred years after first sink formation but then stays about the same or decreases
slightly. The values are < 6%.

The runs without additional divB refinement have a different behavior. Here, the
relative divergence error weighted by the volume of radius 6.5 pc overall seems not to
vary at all and has values close to zero. The lines for the other two radii fluctuate. But
here the absolute values for 20000 AU are smaller than for 1000 AU. Their values are
overall < |0.6%|, an order of magnitude smaller than in the runs with divB refinement.

In other comparable simulations (private communication with Paul Clark), typi-
cally relative divergence errors smaller than a few ten percents are found. While we
find this behavior for our volume-averaged relative divergence error, this is strongly
violated when we look at individual cells.

8.5 Conclusions
We have performed four 3D test simulations of Population III.1 star formation under
the influence of either turbulence (↵=0.25) or rotation (�=0.1) in combination with
a uniform magnetic field size B = 5 ⇥ 10�6G. The simulations have been carried
out with the Voronoi moving-mesh ideal magnetohydrodynamics (MHD) code AREPO
(Springel, 2010; Pakmor & Springel, 2013). Our version of AREPO contains an up-
dated and self-consistent primordial chemistry network together with a treatment for
a variable adiabatic index and accretion luminosity heating. The non-magnetic initial
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Figure 8.12: Time evolution of the volume-weighted relative divergence error of the magnetic
field. Each row belongs to one realization the name of which is denoted oat the top of each panel
on the left. For each time value, we computed the relative divergence error within three different
radii (denotes by the red, blue and black line) around the first sink particle. In the figures on the
right simply show a "zoomed-in" version of the amplitude-wise smallest lines of the left plot; the
color-scheme is kept.
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conditions of the two realizations considered were picked from the study presented in
Chapter 5. In this way, direct comparison between results with and without magnetic
field was possible. Our simulations follow the collapse of a magnetized, primordial
Bonnor-Ebert sphere until the formation of the first protostar and the creation of pro-
tostellar disk system. We use sink particles to replace individual protostars that have
collapsed beyond our resolution limit.

The quality of our results depends on the performance of our numerical methods.
The largest challenge of MHD simulations is minimizing non-zero values of divergence
of the magnetic field that arise due to the discretization of the MHD equations. For this
purpose, we employ the Powell divergence cleaning scheme (Powell et al., 1999; Pak-
mor & Springel, 2013). Furthermore, we have tested a recently implemented MHD
refinement criterion in a second rerun of each of setup. We find better performance
of the code with smaller divergence errors for the runs without the additional refine-
ment criterion. We may pursue another test series with a different divergence cleaning
scheme in the future.

The focus of the analysis in this Chapter was on the examination of the fragmenta-
tion behavior of the Population III protostellar disk in the presence of a magnetic field.
Compared to the non-MHD versions, we find that the total number of protostars is in
reduced more in the MHD runs of the purely turbulent setup than in those of the purely
rotational one. For both setups, we find a substantial decrease in the total mass in sinks
in MHD compared to non-MHD simulations. Tackling the exact reasons for that is
complex but we have some general trends. With the flux of material to the center of
the disk were the protostars reside and accrete, also the magnetic field is dragged along
due to the ideal MHD condition and accumulates there. When the magnetic pressure
in the disk has become strong enough to counteract gravitational infall and accretion,
it drives a magnetic bubble that disrupts the disks (see e.g Seifried et al., 2011; Pe-
ters et al., 2011, in the context of present-day star formation). The accretion rates of
the protostars become extremely variable and steady high-mass growth is not possible
anymore. No protostar was able to grow > 10M� over the considered 1000 yr. The cu-
mulative accretion rate that was already before the expansion of the bubble smaller than
in the non-MHD case further decreases. The growing magnetic pressure in the proto-
stellar disk is likely responsible for stabilizing the disk against fragmentation. In an
analysis of the Toomre parameter, we have found that the magnetic Toomre parameter,
that includes an additional contribution by magnetic pressure that adds to disk stabi-
lization similar to the thermal sound speed, is usually large than the hydrodynamical
one and generally indicates disk stability, i.e. Q > 1. Such was found in both Popula-
tion III (Peters et al., 2014) as well as present-day star formation (e.g. Hennebelle &
Teyssier, 2008; Seifried et al., 2011).

In this first attempt to study Population III star formation with turbulence and ro-
tation in combination with a magnetic field, we have found that the magnetic field has
significant impact on the star-forming process and the evolution of the protostellar disk.
We conclude that it is important to pursue further numerical studies on the influence of
magnetic field in the Pop III context. We plan to extend the current study by running a
larger sample of our runs from Chapter 5. Furthermore, we want to test the effects of
varying initial magnetic field strengths. We will add to our analysis also investigations
of the strength and role of the different components of the magnetic field, e.g. in stabi-
lizing the disk. It might also be interesting to start with a small-scale tangled magnetic
field instead of a large-scale, uniform one and compare the outcomes.
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9.1 Conclusion
In this thesis, we have examined the fragmentation behavior of Population III.1 pro-
tostellar disks under the influence of rotation, turbulence, and magnetic fields. We
have investigated how the protostellar mass function may be affected by the different
physics and which consequences may be inferred for later times in the evolution of the
star-forming halo and its surroundings in terms of protostellar ejections and in terms
of the impact of radiative feedback on later chemical enrichment of neighboring ha-
los. For this purpose, we have performed both numerical simulations and analytical
estimations. Moreover, tests on the performance of our numerical methods and on the
sensitivity of our results to the numerical resolution were conducted. We will now
present the main results and conclusions of our studies together with details on the
respective methods applied.

How the first stars regulated star formation: enrichment by nearby supernovae

In Chapter 4, we have used the ZEUS-MP radiation-hydrodynamics code (Norman,
2000; Hayes et al., 2006) to assess the role of photoevaporation of a pristine halo by a
near-by Population III star prior to the star’s supernova explosion. We have evaluated
how this may affect the chemical enrichment of this halo when the ejecta wave of the
Pop III supernova washes over it. Pop III stars supposedly emitted copious amounts of
ultraviolet (UV) radiation (e.g. Bromm et al., 2001b; Omukai & Palla, 2001; Schaerer,
2002; Hosokawa et al., 2011) of which Lyman-Werner (LW) photons of energies in the
range 11.18 - 13.6 eV are of particular importance as they are able to dissociate molec-
ular hydrogen, H2, the main coolant in primordial gas. One photon destroys one H2
molecule. In this way, Pop III radiative feedback directly affected the cooling and star
formation efficiency of the primordial gas in the surrounding of the star. We consid-
ered a 25M� and a 200M� star at 250 pc and 500 pc from the center of the halo. They
explode in a core-collapse supernova and a pair-instability supernova respectively. We
found:

• A halo is more strongly affected by the photoevaporation the less massive it is,
the smaller the distance between the halo and the star is, and the more luminous
the star is.

• Halo cores stay largely unaffected by the LW radiation as they are shielded by
molecular hydrogen in two ways. First, in the halo itself sufficiently high H2 col-
umn densities are able to protect the halo core through H2 self shielding. Second,
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due to an increased ionization fraction in the outer layers of the ionization front, a
H2 enriched arc forms through the H� channel there as the radiation front passes
the halo. In the arc, a continuous balance between H2 photodissociation by LW
photons and re-formation through the H� channel is maintained.

• Outer layers of the halo are ablated or thinned out by the radiation. This makes
it easier for the metal ejecta wave from the Pop III supernova to intrude deeper
into the halo. Furthermore strong turbulent mixing of the metals with the ablated
layers is promoted.

We conclude that pre-supernova halo photoevaporation plays a crucial role in model-
ing metal enrichment realistically. Similar results have only been observed by Smith
et al. (2015) before who examined the influence of a 40M� star at 200 pc. Our study
therefore extends the parameter space.

The fragmentation behavior of Population III protostellar disks under the influ-
ence of rotation, turbulence, and magnetic fields

In Chapters 5, 6, and 8 we have studied the collapse of a primordial Bonnor-Ebert
sphere until the formation of the first protostar and the creation of a highly gravita-
tionally unstable protostellar disk system that subsequently fragments and evolves into
a Population III protostellar cluster. We have employed the sink particle method to
replace individual protostars which collapse beyond our resolution limit. The 3D nu-
merical simulations have been performed with the Voronoi moving-mesh code AREPO
(Springel, 2010; Pakmor & Springel, 2013). Our version of AREPO includes an up-
dated and self-consistent primordial chemistry network together with a treatment for a
variable adiabatic index and accretion luminosity heating, all of which has been tested
separately by us before the production runs (see Section 3.2.3, 3.2.4, and 3.2.2).

In Chapter 5, we have examined the star formation process under the influence of
different levels of rotation (� = 0.01, � = 0.1) and subsonic turbulence (↵ = 0.05,
↵ = 0.25) and have also run a setup with no initial rotation or turbulence. For each
combination of initial conditions, five realizations have been conducted which vary
either in the random number seed used to initialize the turbulent velocity field or the
cell configuration of the Voronoi mesh in runs without turbulence. Per combination of
initial conditions, i.e. for each setup, we have averaged over the five realizations. Our
main results are:

• In order to be able to derive general trends, it is important to analyze an ensemble
of realizations based on the same initial conditions instead of just a single run.
This is in particular crucial when turbulence is studied. In our simulations, we
observe very significant scatter in the results of the individual realizations of se-
tups including turbulence. Although the scatter is generally much smaller in runs
without turbulence, the numerical noise which is introduced by the variations in
the initial cell configuration onto which the Bonnor-Ebert profile is initialized, is
still enough to produce different fragmentation outcomes. The studies by Good-
win et al. (2004a), Goodwin et al. (2004b) found similar results in simulations
of present-day star formation. However, numerical studies of Population III star
formation, and in particular those which studied the effects of different levels
of turbulence, have so far considered only one realization for each combination
of initial conditions (e.g. Clark et al., 2011a; Riaz et al., 2018). Our results
demonstrate that in both parameter studies within a controlled test setup and in
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self-consistently derived cosmological simulations, general trends can only be
reliably deduced by analysis of the statistics of an ensemble.

• Fragmentation of the protostellar disk into numerous protostellar fragments and
the creation of a protostellar cluster is the normal case. It is only the realizations
without initial rotation or turbulence that form just one protostar over the entire
course of the simulation. Turbulence promotes fragmentation. In mixed runs, i.e.
those which include both rotation and turbulence, increasing levels of rotation
provide some stabilization against fragmentation.

• Protostellar mass growth occurs at high cumulative accretion rates (Ṁ ⇠ 10�2 �
10�1M� yr�1) and is determined by the thermodynamical behavior of the gas
and not by rotation or turbulence. The latter two may slightly affect the variabil-
ity of the accretion rate which however does not change the overall behavior.

• The mass function is top-heavy with a mass range from a few 10�3M� to several
tens of solar masses. This is in agreement with previous studies (e.g. Greif et al.,
2011; Clark et al., 2011a; Susa et al., 2014; Stacy et al., 2016). However, we find
that the shape of the mass function still differs. While runs including turbulence
have a flat spectrum, purely rotational ones show fewer fragments in the low-
mass regime and much more towards the high-mass end. As it is found self-
consistently from cosmological simulations (Abel et al., 2002; Bromm & Larson,
2004; Wise & Abel, 2007; Greif et al., 2008; Clark et al., 2011a), we expect that
there is at least some level of turbulence in the gas in more realistic environments
and thus suggest that the realistic Pop III protostellar mass function will tend to
have a more flat distribution.

• About ⇠ 30�45% of all protostars are ejected over the course of the simulations.
Comparable values were observed in earlier numerical studies (Greif et al., 2011;
Stacy & Bromm, 2013; Stacy et al., 2016). With the help of our statistical anal-
ysis we have discovered that the mass functions of the ejections retain the shape
of the total mass functions. We also find that the average number of ejections
reflects the trend of the average total number of stars: it increases for a higher
level of turbulence and for a lower level of rotation.

• Of particular interest are ejected Pop III protostars with masses of M < 0.8M�
because their lifetimes are longer than the Hubble time and thus they may have
survived until present-day and could still be observable in our Galaxy (Yoshida
et al., 2006; Greif et al., 2011; Kippenhahn et al., 2012; Hartwig et al., 2015a).
From our simulations, we find that per setup ⇠ 60 � 80% of the ejected proto-
stars which is ⇠ 20 � 40% of the total number of protostars fall in this regime.
Protostars that get ejected from their system of origin, continue to accrete as they
move through the envelope of the gas cloud in which the system formed. There-
fore, for the subsolar, low-mass ejections we have estimated how much more
mass they would gain when assuming Bondi-Hoyle accretion until they reached
a distance of 1 pc from the center of mass of the protostellar system in which
they were created. We find that still ⇠ 50� 80% of all ejected protostars, that is
⇠ 15� 40% of the total number per setup, have M < 0.8M�.

• Although our sink particle treatment does not allow for sink merging, we have
made a simple estimation that shows that sink merging is relevant and should be
considered in future simulations. Previous studies observed that up to 60% of
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all sink particles merge (Greif et al., 2011; Greif et al., 2012; Stacy & Bromm,
2013; Stacy et al., 2016).

In Chapter 8, we have re-run two of the realizations from Chapter 5, namely one
with ↵ = 0.25 and one with � = 0.1, together with an ideal, initially uniform magnetic
field directed parallel to the rotation axis and an initial field strength of B0 = 5⇥10�6G.
This has influenced the before-mentioned results as follows:

• The number of protostellar fragments decreases. The purely turbulent run seems
to be affected more than the purely rotational one. A possible reason for the
reduction of fragmentation is that the protostellar disk is now, in addition to
thermal pressure, also supported by a substantial contribution from magnetic
pressure. In the context of Population III star formation this has been observed
before by Peters et al. (2014), however they started with a turbulent, small-scale
tangled magnetic field. In present-day star formation it was previously addressed
by e.g. Hennebelle & Teyssier (2008) or Seifried et al. (2011).

• The cumulative accretion rate is smaller and extremely variable. Consequently,
the total mass growth of the protostars is significantly reduced compared to the
non-magnetic case. Overall, accretion is strongly affected by a magnetically-
driven bubble which arises from the center of the disk and disturbs the disk en-
vironment while expanding. The bubble is a consequence of ideal magnetohy-
drodynamics in which the magnetic field is frozen into the plasma and follows
its flow during accretion into the center of the disk. There, it accumulates un-
til the magnetic pressure is strong enough to counteract gravitational infall and
accretion and drives the bubble. Peters et al. (2011) reported similar extreme
variations in the cumulative accretion rate. But in contrast to them, we do not
find that the mass growth an individual sink is particularly enhanced compared
to the other members of the cluster.

• Due to the discretization of the equations of magnetohydrodynamics (MHD) in
numerical schemes, spurious values of the divergence of the magnetic field occur.
To keep them small, we have employed the Powell divergence cleaning scheme
(Powell et al., 1999; Pakmor & Springel, 2013). In a second set of our runs, we
have furthermore tested a recently implemented additional MHD refinement cri-
terion with the same purpose. We find better numerical performance, i.e. overall
fewer and smaller divergence errors, in runs without the additional refinement
criterion.

The studies presented in Chapter 6 have investigated the sensitivity of our results
from Chapter 5 on variation in the size of the sink accretion radius and the number
of cells per Jeans length. For this purpose, we have performed simulations with three
different test series. We have re-run one complete setup, i.e. all five realizations of
one combination of turbulence and rotation, of Chapter 5 with 32 cells per Jeans length
instead of the originally used 16 cells per Jeans length. The initial condition for the
second and third test series is a Bonnor-Ebert sphere with only rotation. We note that
with a sink particle accretion radius of 2AU, our runs are among the simulations with
the highest resolution in the immediate surrounding of the sink that study the fragmen-
tation behavior of Population III protostellar disks (Clark et al., 2011b; Greif et al.,
2011; Greif et al., 2012; Stacy et al., 2016). In particular, we have a higher resolution
than previous runs that addressed the influence of different levels of turbulence in this
context (see Clark et al., 2011a; Riaz et al., 2018). We find:
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• The number of protostellar fragments formed is very sensitive to the size of the
accretion radius: a smaller sink accretion radius yields a larger amount of frag-
ments. This is in agreement with the previous studies that demonstrated that
fragmentation occurs down until the protostellar surface (Greif et al., 2012). On
the other hand, a higher number of cells per Jeans length increaeses the number
of fragments only slightly.

• For a higher number of cells per Jeans length, in particular 32 cells (or higher,
see also Greif et al. 2011, Greif et al. 2012, and Turk et al. 2012), additional tur-
bulence, which arises during gravitational collapse of the gas, is resolved. This
further enhances effects attributed to a higher level of turbulence, for example an
increase in fragmentation, as observed in Chapter 5. Furthermore, we find slight
differences in the temperature and molecular hydrogen profiles, which, however,
seems not to have considerable influence in the overall evolution of the gas cloud.

• In spite of the in parts substantial difference in the total number of protostellar
fragments, the total mass accreted onto them stays about the same for the differ-
ent resolutions. We observe that accretion rates become more variable, without
changing their overall magnitude, for decreasing accretion radius and increasing
resolution per Jeans length. The mass functions remain top-heavy.

We conclude that the formation of a Population III protostellar cluster due to the
fragmentation of a Population III protostellar disk is a generic outcome of the collapse
of our primordial star-forming clouds that have some initial degree of rotation and tur-
bulence. While turbulence promotes fragmentation, rotation and magnetic fields may
provide some stabilization and thus reduce the number of fragments. Total stabilization
of the protostellar disk is, however, so far not observed in our systems. While rotation
and turbulence have no significant influence in the protostellar mass growth, the dy-
namical evolution of the protostellar system in presence of magnetic fields may lead to
significant reduction. Despite the deviations in the fragmentation of the disk and the
accretion behavior of the protostars, we find that the top heavy mass function ranging
from subsolar to a few ten solar masses remains an overall robust result. It is likely that
some ejected Pop III protostars, even if they continue to accrete for some longer period,
stay in the mass regime of M . 0.8M�, which makes them promising candidates to
still be observable today. For the first time in the field of Population III star formation,
we have shown that analyzing the statistics of an ensemble of realizations based on the
same initial conditions is, in particular for simulations including turbulence, crucial for
the deduction of general trends.

Stabilizing protostellar disk with tangled small-scale magnetic fields

In Chapter 7, we have analytically explored the possibility of stabilizing unstable Pop-
ulation III protostellar disks with magnetic pressure induced by a strong small-scale
tangled magnetic field that is amplified by the turbulent, small-scale dynamo. For this
purpose, we have derived a novel expression of the Toomre criterion that includes the
velocity of the turbulent flow, uturb, that drives the small-scale dynamo and an effi-
ciency factor, ✏, of the dynamo:

Qmag =

q
c2s + ✏u2

turb

⇡G⌃
. (9.1)
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We have applied this to data of unstable Population III protostellar disks which were
extracted from simulations by Clark et al. (2011b), Greif et al. (2012), and our own
studies from Chapter 5. We find that disk stabilization according to the Toomre cri-
terion, i.e. Qmag > 1, only occurs when the disk is already close to stability in the
hydrodynamical case or when the turbulence in the disk gas is mildly supersonic. In a
numerical study, Peters et al. (2014), observed full disk stabilization and the creation
of only one Population III protostar in the presence of a turbulent, small-scale tangled
magnetic field. We suggest that the role of small-scale magnetic fields in Population III
star formation needs to be addressed by further detailed numerical computations and
best by the statistical analysis of an ensemble of runs before general conclusions can
be drawn.

A question remains: how realistic are very massive Population III of mass > 100M�
such as the 200M� star assumed in the simulations of halo photoevaporation? Our
studies on the fragmentation behavior of Population III protostellar disks and the eval-
uation of disk stabilization by magnetic fields have so far not identified a possible
pathway for the formation of these massive Population III stars. We note however
shortcomings of our studies such as the lack of sink particle merging or the relative
shortness of our runs that likely affect the outcome. Susa et al. (2014) considered the
evolution of Pop III protostellar system for ⇠ 105 yr after the formation of the first
protostar and found in three out of six halos stars with & 100M� and in one case a star
with & 200M� that forms in isolation. It seems that the formation of these massive
stars is possible but it is likely a rare phenomenon. More simulations of the whole
accretion period ⇠ 104�105 yr are needed as a comparison to Susa et al. (2014). From
the observation of extremely metal-poor stars that may contain nucleosynthetic yields
of the pair-instability supernova of a ⇠ 200M� star, nothing has been conclusively
detected so far (Karlsson et al., 2013; Aoki et al., 2014). The chemical abundances
in these stars are better described by yields from core-collapse supernovae of Pop III
stellar progenitors with mass 15� 40M� (e.g. Beers & Christlieb, 2005; Frebel et al.,
2005, 2008; Karlsson et al., 2008; Joggerst et al., 2010; Keller et al., 2014).

9.2 Outlook
In Chapter 8, we have already presented some preliminary results of our re-runs of
the simulations from Chapter 5 with a uniform magnetic field. As a next step, we
want to extend these ideal magnetohydrodynamics simulations to the whole ensem-
ble. In the same fashion as the statistical analysis of the effects of different levels
of turbulence and rotation before, we plan to perform a parameter study with varying
initial magnetic field strengths. It will be interesting to investigate the magnetic field
structure with its different components and their individual evolution in more detail.
Furthermore, it is important to evaluate the contribution of the individual field com-
ponents in magnetically-induced mechanisms such as magnetically-driven outflows,
jets, and protostellar disk stabilization through magnetic pressure or magnetic braking
in more detail. This can be compared to previous studies for example by Machida
et al. (2008a) or Machida & Doi (2013), and will greatly expand the so far considered
parameter space. Another way to address this topic in the future should also be via
starting with a turbulent, small-scale magnetic field instead of large-scale coherent one
as it is expected to be a more realistic and natural initial condition in Population III
star formation (Schleicher et al., 2010; Schober et al., 2012). Only Peters et al. (2014)
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has used this approach before. However, they conducted just three runs with varying
initial magnetic field strengths and, as we have found in this thesis, the statistics of an
ensemble of realizations with the same initial conditions yields more reliable results
when turbulence is included.

In a second project, we intend to examine our runs from Chapter 5 for Population III
protostellar multiplicity. Previous numerical studies suggest that Population III binarity
is common phenomenon (Turk et al., 2009; Stacy et al., 2010; Stacy & Bromm, 2013;
Riaz et al., 2018). We will analyze how the frequency of Pop III binaries and properties
such as separation of the companions, their mass ratio, and the orbital period depend
on the turbulence and rotation of the initial star-forming gas cloud. Pop III binaries are
of interest as from them other binary objects may evolve. For example, close massive
binary Pop III stars may end up as binary black holes which could become detectable
through their emission of gravitational waves (e.g. Hartwig et al., 2016; Belczynski
et al., 2017; Pacucci et al., 2017; Schneider et al., 2017). Furthermore, the creation
of an X-ray background (Glover & Brand, 2003) could be supported by luminous X-
ray binaries from Pop III progenitors and could delay or even suppress further Pop III
star formation as their radiation dissociate hydrogen molecules (Hummel et al., 2015;
Ricotti, 2016).

We have stopped our simulations in Chapter 5 at around 1000yr after the formation
of the first protostar. We did this because in some of our realizations, individual Pop III
protostars had grown to masses > 10M� at which point ionizing radiative feedback will
become increasingly important and will likely affect accretion (e.g. Hosokawa et al.,
2011; Stacy et al., 2012, 2016). Therefore, in order to continue running our simulations
over a longer time period within the accretion history of Pop III protostars (⇠ 104 �
105 yr) and to evaluate whether accretion might eventually be shut off completely due
to radiative effects, we need to implement a method for ionizing and photodissociating
radiation of massive Population III stars in our code. Currently, some first tests in this
direction are conducted with the AREPO radiative transfer module SPRAI (Jaura et al.,
2018).

Finally, we need to include a method of sink particle merging into our version of
AREPO. We expect that sink merging will have a substantial effect on total the number
of sinks and corresponding quantities such as the number of ejections as well as on
mass growth of individual sinks as previous studies found merger rates of up to 60%
(Greif et al., 2011; Greif et al., 2012; Stacy & Bromm, 2013; Stacy et al., 2016).
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CHAPTER 10 Appendix

10.1 Additional material: halo photoevaporation
On the next few pages we present the evolution of all three halos at different points
in time in the 2D ZEUS-MP simulations of halo photoevaporation. In the first figure
Fig. 10.1, the states of the three halos at the beginning of the simulations is given. This
can be seen as an addition to Fig. 4.2. In Fig. 10.2 to 10.4, we show the density, H2
mass fraction and temperature states within all three halos and for all three combina-
tions of stellar mass and distance from the star to the center of the halo at the time the
star dies. Finally, Fig. 10.5 to 10.7 illustrate the states of the halos at the end of our
2D ZEUS-MP simulations, i.e. this is the state that is mapped onto the AMR grid in
CASTRO.

201



202 10.1. ADDITIONAL MATERIAL: HALO PHOTOEVAPORATION
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Figure
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10.2 Additional material: the fragmentation behavior
of Population III protostellar disks

10.2.1 Additional figures
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Figure
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Figure 10.18: Column density projections of the pure infall realizations (top to bottom: model
1 to 5) at the last output time as noted in Table 10.1. Even after several hundred years of accre-
tion, no rotationally-supported disk has formed but the accretion onto the protostar occurs in a
spherical fashion. The projections have a thickness of 100 AU.
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10.2.2 Additional tables

Table 10.1: Time at which the data of the various profile plots in Chapter 5 is extracted from the
simulation. Time values are given in years with respect to the formation of the first sink particle.

Realization tbeforeSF tSF tfinal
[yr] [yr] [yr]

pure infall - 1 - 1.8 1.3 989
pure infall - 2 - 1.1 1.0 948
pure infall - 3 - 1.6 1.5 699
pure infall - 4 - 1.3 0.7 443
pure infall - 5 - 1.5 1.6 735
�01� 1 - 0.6 0.4 1002
�01� 2 - 0.4 0.6 1001
�01� 3 - 0.6 0.4 1003
�01� 4 - 0.9 0.1 1003
�01� 5 - 0.6 0.4 1005
�001� 1 - 0.4 0.6 1002
�001� 2 - 0.5 0.5 1003
�001� 3 - 0.5 0.6 1003
�001� 4 - 0.9 0.1 1003
�001� 5 - 0.3 0.7 1004
↵025� 1 - 0.9 1.1 995
↵025� 2 - 1.1 0.86 992
↵025� 3 - 1.5 0.59 1008
↵025� 4 - 0.9 1.1 1011
↵025� 5 - 0.9 1.2 1008
↵005� 1 - 0.7 1.5 1003
↵005� 2 - 0.9 1.0 1002
↵005� 3 - 0.6 1.4 1005
↵005� 4 - 0.6 1.5 1002
↵005� 5 - 0.8 1.1 1007
↵025�01� 1 - 1.5 0.6 1007
↵025�01� 2 - 1.2 0.9 1012
↵025�01� 3 - 1.4 0.7 1008
↵025�01� 4 - 1.6 0.5 1000
↵025�01� 5 - 1.4 0.6 1002
↵025�001� 1 - 1.4 0.7 1000
↵025�001� 2 - 0.7 1.3 1000
↵025�001� 3 - 1.2 0.8 1031
↵025�001� 4 - 1.1 1.0 1008
↵025�001� 5 - 1.0 1.1 1010
↵005�01� 1 - 1.4 0.5 1007
↵005�01� 2 - 1.2 0.8 1013
↵005�01� 3 - 1.6 0.5 1004
↵005�01� 4 - 1.2 0.7 1009
↵005�01� 5 - 1.5 0.6 1007
↵005�001� 1 - 1.1 1.0 1010
↵005�001� 2 - 1.1 1.0 1006
↵005�001� 3 - 1.1 0.9 1013
↵005�001� 4 - 1.0 0.9 1005
↵005�001� 5 - 1.0 1.1 1007
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Table 10.2: Snapshot output times at ⇠ 50yr after first sink formation used for Fig. fig:vrot-later.

Realization tSF+50yr
[yr]

�01� 1 56
�01� 2 53
�01� 3 67
�01� 4 60
�01� 5 61
↵005� 1 52
↵005� 2 51
↵005� 3 51
↵005� 4 50
↵005� 5 54
↵025�01� 1 51
↵025�01� 2 57
↵025�01� 3 50
↵025�01� 4 52
↵025�01� 5 52
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Table 10.3: List of minimum cell masses and minimum Jeans masses, MJ, for all our runs in
which fragmentation happens. The masses are derived within a spherical shell of radius 100AU
around the first sink particle. For the derivation of the Jeans mass, we employed as additional
constraint that only gas with n > 1012 cm�3 is included in our computation. With this we try
to make sure that we consider gas of the disk that has high enough densities to form a sink. We
remark that for the final values with have also run a test with an extended radius of 10000AU
around the first sink. We find comparable values of MJ,final and comparable or smaller values
of Mcell,final. We find that at this stage the minimum cell mass is of the order . 10�6M�.
This is three orders of magnitude smaller than the minimum mass value that appears in our mass
function. The minimum cell mass decreases further later on in our simulations as the Voronoi
mesh continues to refine according to the Jeans refinement criterion. Thus our effective mass
resolution is fine enough to resolve the smallest fragment masses and the cut-off at 10�3M� in
our mass functions is physical given by the local Jeans mass in our disk.

Realization Mcell,SF Mcell,final MJ,SF MJ,final tSF tfinal
[M�] [M�] [M�] [M�] [yr] [yr]

�01� 1 7.3e-7 2.8e-8 8.2e-3 1.6e-2 0.38 1002
�01� 2 4.2e-7 1.4e-9 7.7e-3 2.5e-2 0.59 1001
�01� 3 4.0e-7 1.8e-9 1.2e-2 2.9e-2 0.41 1003
�01� 4 4.2e-7 4.7e-10 4.6e-3 1.7e-2 0.14 1003
�01� 5 4.0e-7 8.5e-10 8.0e-3 1.7e-2 0.41 1005
�001� 1 1.5e-6 2.1e-8 1.2e-2 2.1e-2 0.59 1002
�001� 2 5.4e-7 8.0e-10 7.8e-3 1.5e-2 0.52 1003
�001� 3 1.5e-6 1.1e-8 1.2e-2 1.3e-2 0.60 1003
�001� 4 8.3e-7 1.6e-8 7.5e-3 3.4e-2 0.12 1003
�001� 5 5.6e-7 4.2e-9 1.6e-2 7.9e-3 0.70 1004
↵025� 1 9.1e-7 2.8e-9 8.4e-3 2.3e-2 1.1 995
↵025� 2 7.7e-7 3.4e-9 1.3e-2 4.9e-3 0.86 992
↵025� 3 2.2e-6 1.1e-9 1.1e-2 3.6e-2 0.59 1008
↵025� 4 2.5e-6 3.6e-9 1.1e-2 1.4e-2 1.1 1011
↵025� 5 4.0e-7 6.8e-10 8.5e-3 8.1e-3 1.2 1008
↵005� 1 8.9e-7 1.3e-9 1.0e-2 2.9e-2 1.5 1003
↵005� 2 8.3e-7 2.0e-9 1.0e-2 3.1e-2 1.0 1002
↵005� 3 5.0e-7 1.7e-9 6.3e-3 5.0e-3 1.4 1005
↵005� 4 8.0e-7 1.3e-9 6.0e-3 2.3e-2 1.5 1002
↵005� 5 8.2e-7 3.3e-9 1.2e-2 8.3e-2 1.1 1007
↵025�01� 1 8.2e-7 1.5e-9 1.1e-2 1.3e-3 0.61 1007
↵025�01� 2 5.5e-7 1.4e-9 1.1e-2 8.0e-3 0.85 1012
↵025�01� 3 8.3e-7 3.8e-9 8.3e-3 9.3e-3 0.72 1008
↵025�01� 4 5.1e-7 3.5e-9 1.0e-2 2.2e-2 0.53 1000
↵025�01� 5 1.1e-6 5.8e-10 1.1e-2 3.2e-2 0.58 1002
↵025�001� 1 3.9e-7 7.1e-10 3.6e-3 8.4e-3 0.68 1000
↵025�001� 2 1.0e-6 2.1e-10 6.3e-3 2.2e-2 1.3 1000
↵025�001� 3 6.7e-7 3.7e-9 5.1e-3 1.2e-2 0.76 1031
↵025�001� 4 7.3e-7 5.9e-9 1.0e-2 1.5e-2 0.96 1008
↵025�001� 5 5.6e-7 5.8e-9 1.1e-2 1.3e-2 1.1 1010
↵005�01� 1 7.4e-7 2.6e-9 1.1e-2 2.3e-2 0.53 1007
↵005�01� 2 1.2e-7 7.6e-11 6.3e-3 5.6e-4 0.84 1013
↵005�01� 3 8.5e-7 7.4e-10 1.4e-2 1.1e-2 0.46 1004
↵005�01� 4 1.1e-6 1.5e-9 1.3e-2 2.5e-2 0.71 1009
↵005�01� 5 1.2e-6 6.6e-10 1.0e-2 1.2e-2 0.64 1007
↵005�001� 1 6.6e-7 1.6e-9 8.9e-3 1.2e-2 0.96 1010
↵005�001� 2 6.5e-7 3.8e-10 6.3e-3 7.1e-3 1.0 1006
↵005�001� 3 8.9e-7 9.7e-10 1.1e-2 8.9e-3 0.87 1013
↵005�001� 4 1.1e-6 6.8e-9 1.1e-2 2.3e-2 0.93 1005
↵005�001� 5 4.2e-7 3.4e-9 9.9e-3 2.8e-2 1.1 1007
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Table 10.5: Details of the touching-radii scenario. Number of encounters between protostars
within the same, Nii, or different mass ranges, Nij; here index i and j indicate either low-mass
protostars (index ’s’;  0.8M�), medium-mass protostars (index ’m’; 0.8 <M  5M�), or high-
mass protostars (index ’l’; > 5M�). In addition, the Nii or Nij per total number of measured
close encounters in this scenario, i.e. Nmerge,tot =Nss+Nsm+Nsl+Nmm+Nml+Nll, is given.

Model Nss Nss Nsm Nsm Nsl Nsl Nmm Nmm Nml Nml Nll Nll
/Nmerge,tot /Nmerge,tot /Nmerge,tot /Nmerge,tot /Nmerge,tot /Nmerge,tot

�01� 1 11 0.7333 4 0.2667 0 0.0000 0 0.0000 0 0.0000 0 0.0000
�01� 2 0 0.0000 4 0.8000 0 0.0000 1 0.2000 0 0.0000 0 0.0000
�01� 3 0 0.0000 2 0.4000 0 0.0000 3 0.6000 0 0.0000 0 0.0000
�01� 4 2 0.5000 1 0.2500 0 0.0000 1 0.2500 0 0.0000 0 0.0000
�01� 5 0 0.0000 2 0.5000 0 0.0000 2 0.5000 0 0.0000 0 0.0000
�001� 1 0 0.0000 2 0.2000 0 0.0000 6 0.6000 2 0.2000 0 0.0000
�001� 2 0 0.0000 2 0.3333 0 0.0000 3 0.5000 1 0.1667 0 0.0000
�001� 3 0 0.0000 2 0.2500 0 0.0000 5 0.6250 1 0.1250 0 0.0000
�001� 4 3 0.3000 1 0.2000 0 0.0000 4 0.4000 1 0.1000 0 0.0000
�001� 5 4 0.4444 1 0.1111 0 0.0000 4 0.4444 0 0.0000 0 0.0000
↵005� 1 0 0.0000 0 0.0000 2 0.2000 3 0.3000 4 0.4000 1 0.1000
↵005� 2 2 0.2222 3 0.3333 0 0.0000 2 0.2222 1 0.1111 1 0.1111
↵005� 3 0 0.0000 2 0.4000 2 0.4000 0 0.0000 1 0.2000 0 0.0000
↵005� 4 0 0.0000 0 0.0000 2 0.3333 0 0.0000 4 0.6667 0 0.0000
↵005� 5 0 0.0000 2 0.2500 0 0.0000 6 0.7500 0 0.0000 0 0.0000
↵025� 1 0 0.0000 3 0.3750 3 0.3750 1 0.1250 1 0.1250 0 0.0000
↵025� 2 2 0.4000 1 0.2000 0 0.0000 0 0.0000 1 0.2000 1 0.2000
↵025� 3 0 0.0000 6 0.4286 0 0.0000 4 0.2857 4 0.2857 0 0.0000
↵025� 4 0 0.0000 0 0.0000 2 0.4000 0 0.0000 3 0.6000 0 0.0000
↵025� 5 1 0.1000 1 0.1000 4 0.4000 0 0.0000 3 0.3000 1 0.1000
↵025�01� 1 1 0.0769 6 0.4615 0 0.0000 5 0.3846 1 0.0769 0 0.0000
↵025�01� 2 0 0.0000 0 0.0000 0 0.0000 1 0.5000 1 0.5000 0 0.0000
↵025�01� 3 0 0.0000 0 0.0000 1 1.0000 0 0.0000 0 0.0000 0 0.0000
↵025�01� 4 1 0.1250 1 0.1250 4 0.5000 1 0.1250 1 0.1250 0 0.0000
↵025�01� 5 0 0.0000 2 0.5000 0 0.0000 0 0.0000 2 0.5000 0 0.0000
↵025�001� 1 1 0.1429 1 0.1429 0 0.0000 4 0.5714 1 0.1429 0 0.0000
↵025�001� 2 0 0.0000 1 0.0833 3 0.2500 4 0.3333 3 0.2500 1 0.0833
↵025�001� 3 0 0.0000 1 0.2500 0 0.0000 1 0.2500 2 0.5000 0 0.0000
↵025�001� 4 2 0.2222 1 0.1111 1 0.1111 1 0.1111 2 0.2222 2 0.2222
↵025�001� 5 0 0.0000 0 0.0000 5 0.8333 0 0.0000 1 0.1667 0 0.0000
↵005�01� 1 1 0.1429 2 0.2857 0 0.0000 3 0.4286 1 0.1429 0 0.0000
↵005�01� 2 0 0.0000 2 0.5000 0 0.0000 2 0.5000 0 0.0000 0 0.0000
↵005�01� 3 1 0.1250 2 0.2500 0 0.0000 5 0.6250 0 0.0000 0 0.0000
↵005�01� 4 0 0.0000 2 1.0000 0 0.0000 0 0.0000 0 0.0000 0 0.0000
↵005�01� 5 0 0.0000 2 0.4000 1 0.2000 2 0.4000 0 0.0000 0 0.0000
↵005�001� 1 2 0.5000 0 0.0000 0 0.0000 1 0.2500 1 0.2500 0 0.0000
↵005�001� 2 0 0.0000 2 0.3333 0 0.0000 0 0.0000 4 0.6667 0 0.0000
↵005�001� 3 0 0.0000 2 0.1818 6 0.5455 0 0.0000 3 0.2727 0 0.0000
↵005�001� 4 0 0.0000 0 0.0000 3 0.2727 4 0.3636 2 0.1818 2 0.1818
↵005�001� 5 1 0.2000 0 0.0000 3 0.6000 0 0.0000 1 0.2000 0 0.0000
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POPULATION III PROTOSTELLAR DISKS

Table 10.6: Details of the tidal-radius scenario. Number of encounters between protostars within
the same, Nii, or different mass ranges, Nij; here index i and j indicate either low-mass protostars
(index ’s’;  0.8M�), medium-mass protostars (index ’m’; 0.8 < M  5M�), or high-mass
protostars (index ’l’; > 5M�). In addition, the Nii or Nij per total number of measured close
encounters in this scenario, i.e. Nmerge,tot =Nss +Nsm +Nsl +Nmm +Nml +Nll, is given.

Model Nss Nss Nsm Nsm Nsl Nsl Nmm Nmm Nml Nml Nll Nll
/Nmerge,tot /Nmerge,tot /Nmerge,tot /Nmerge,tot /Nmerge,tot /Nmerge,tot

�01� 1 18 0.6207 10 0.3448 0 0.0000 1 0.0345 0 0.0000 0 0.0000
�01� 2 2 0.1538 8 0.6154 0 0.0000 3 0.2308 0 0.0000 0 0.0000
�01� 3 6 0.3750 5 0.3125 0 0.0000 5 0.3125 0 0.0000 0 0.0000
�01� 4 3 0.2500 7 0.5833 0 0.0000 2 0.1667 0 0.0000 0 0.0000
�01� 5 4 0.4000 4 0.4000 0 0.0000 2 0.2000 0 0.0000 0 0.0000
�001� 1 2 0.1176 4 0.2353 1 0.0588 8 0.4706 2 0.1176 0 0.0000
�001� 2 0 0.0000 5 0.4167 1 0.0833 4 0.3333 2 0.1667 0 0.0000
�001� 3 1 0.0625 5 0.3125 2 0.1250 6 0.3750 2 0.1250 0 0.0000
�001� 4 6 0.2857 7 0.3333 2 0.0952 5 0.2381 1 0.0476 0 0.0000
�001� 5 7 0.3889 4 0.2222 0 0.0000 7 0.3889 0 0.0000 0 0.0000
↵005� 1 1 0.0417 4 0.1667 8 0.3333 5 0.2083 5 0.2083 1 0.0417
↵005� 2 3 0.1304 9 0.3913 3 0.1304 6 0.2609 1 0.0435 1 0.0435
↵005� 3 1 0.0526 6 0.3158 9 0.4737 1 0.0526 2 0.1053 0 0.0000
↵005� 4 2 0.1176 0 0.0000 11 0.6471 0 0.0000 4 0.2353 0 0.0000
↵005� 5 1 0.0588 5 0.2941 0 0.0000 9 0.5294 2 0.1176 0 0.0000
↵025� 1 0 0.0000 7 0.2917 15 0.6250 1 0.0417 1 0.0417 0 0.0000
↵025� 2 3 0.1875 2 0.1250 8 0.5000 0 0.0000 2 0.1250 1 0.0625
↵025� 3 2 0.0769 11 0.4231 0 0.0000 9 0.3462 4 0.1538 0 0.0000
↵025� 4 1 0.0909 3 0.2727 3 0.2727 0 0.0000 4 0.3636 0 0.0000
↵025� 5 1 0.0323 4 0.1290 20 0.6452 1 0.0323 4 0.1290 1 0.0323
↵025�01� 1 4 0.1739 11 0.4783 0 0.0000 7 0.3043 1 0.0435 0 0.0000
↵025�01� 2 0 0.0000 2 0.4000 0 0.0000 1 0.2000 2 0.4000 0 0.0000
↵025�01� 3 0 0.0000 3 0.5000 2 0.3333 0 0.0000 0 0.0000 1 0.1667
↵025�01� 4 1 0.0625 2 0.1250 9 0.5625 1 0.0625 3 0.1875 0 0.0000
↵025�01� 5 0 0.0000 10 0.5000 6 0.3000 0 0.0000 4 0.2000 0 0.0000
↵025�001� 1 2 0.1176 5 0.2941 3 0.1765 6 0.3529 1 0.0588 0 0.0000
↵025�001� 2 1 0.0323 7 0.2258 12 0.3871 7 0.2258 3 0.0968 1 0.0323
↵025�001� 3 2 0.1000 4 0.2000 3 0.1500 5 0.2500 6 0.3000 0 0.0000
↵025�001� 4 2 0.0952 3 0.1429 9 0.4286 1 0.0476 4 0.1905 2 0.0952
↵025�001� 5 0 0.0000 2 0.0952 18 0.8571 0 0.0000 1 0.0476 0 0.0000
↵005�01� 1 2 0.1429 5 0.3571 0 0.0000 6 0.4286 1 0.0714 0 0.0000
↵005�01� 2 0 0.0000 5 0.5000 0 0.0000 5 0.5000 0 0.0000 0 0.0000
↵005�01� 3 2 0.1818 4 0.3636 0 0.0000 5 0.4545 0 0.0000 0 0.0000
↵005�01� 4 0 0.0000 5 1.0000 0 0.0000 0 0.0000 0 0.0000 0 0.0000
↵005�01� 5 1 0.0909 4 0.3636 1 0.0909 4 0.3636 1 0.0909 0 0.0000
↵005�001� 1 5 0.4167 5 0.4167 0 0.0000 1 0.0833 1 0.0833 0 0.0000
↵005�001� 2 1 0.0667 5 0.3333 3 0.2000 1 0.0667 5 0.3333 0 0.0000
↵005�001� 3 0 0.0000 4 0.1905 11 0.5238 1 0.0476 5 0.2381 0 0.0000
↵005�001� 4 0 0.0000 5 0.2174 4 0.1739 7 0.3043 5 0.2174 2 0.0870
↵005�001� 5 3 0.2308 0 0.0000 6 0.4615 0 0.0000 4 0.3077 0 0.0000
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Table 10.7: Details of the sink ejection study. Overview of all ejected sinks, i.e. all sinks
that fulfill the criterion vrad/vesc > 1 and that have vrad > 0. Total number of such ejections,
Nejec,tot, and this number subdivided in ejected objects with small mass Nejec,s ( 0.8M�),
medium mass Nejec,m (0.8 < M  5M�), and high mass Nejec,l (> 5M�). Furthermore, we
give ratios of these quantities with the total number of sinks, Ntot, and the total number of
ejections, Nejec,tot.

Realization Nejec Nejec,tot Nejec,s Nejec,s Nejec,s Nejec,m Nejec,m Nejec,m Nejec,l Nejec,l Nejec,l
/Ntot /Ntot /Nejec,tot /Ntot /Nejec,tot /Ntot /Nejec,tot

�01� 1 11 22.4 7 14.3 63.6 4 8.2 36.4 0 0.0 0.0
�01� 2 14 45.2 8 25.8 57.1 6 19.4 42.9 0 0.0 0.0
�01� 3 15 35.7 11 26.2 73.3 4 9.5 26.7 0 0.0 0.0
�01� 4 8 29.6 4 14.8 50.0 4 14.8 50.0 0 0.0 0.0
�01� 5 9 20.0 4 8.9 44.4 5 11.1 55.6 0 0.0 0.0
�001� 1 9 32.1 5 17.9 55.6 2 7.1 22.2 2 7.1 22.2
�001� 2 7 26.9 5 19.2 71.4 1 3.8 14.3 1 3.8 14.3
�001� 3 10 27.0 5 13.5 50.0 5 13.5 50.0 0 0.0 0.0
�001� 4 15 34.9 12 27.9 80.0 1 2.3 6.7 2 4.7 13.3
�001� 5 14 40.0 10 28.6 71.4 3 8.6 21.4 1 2.9 7.1
↵025� 1 45 62.5 41 56.9 91.1 4 5.6 8.8 0 0.0 0.0
↵025� 2 18 45.0 15 37.5 83.3 2 5.0 11.1 1 2.5 5.6
↵025� 3 10 22.2 6 13.3 60.0 3 6.7 30.0 1 2.2 10.0
↵025� 4 8 42.1 6 31.6 75.0 1 5.3 12.5 1 5.3 12.5
↵025� 5 71 60.2 70 59.3 98.6 0 0.0 0.0 1 0.847 1.41
↵005� 1 25 41.0 18 29.5 72.0 5 8.2 20.0 2 3.3 8.0
↵005� 2 14 24.6 12 21.1 85.7 1 1.8 7.1 1 1.8 7.1
↵005� 3 27 42.9 23 36.5 85.2 3 4.8 11.1 1 1.6 3.7
↵005� 4 23 45.1 21 41.1 91.3 2 3.9 8.7 0 0.0 0.0
↵005� 5 9 23.1 5 12.8 55.6 4 10.3 44.4 0 0.0 0.0
↵025�01� 1 14 34.1 11 26.8 78.6 3 7.3 21.4 0 0.0 0.0
↵025�01� 2 15 46.9 13 40.6 86.7 2 6.3 13.3 0 0.0 0.0
↵025�01� 3 4 19.0 3 14.3 75.0 0 0.0 0.0 1 4.8 25.0
↵025�01� 4 30 56.6 29 54.7 96.7 0 0.0 0.0 1 1.9 3.3
↵025�01� 5 14 34.1 9 22.0 64.3 5 12.2 35.7 0 0.0 0.0
↵025�001� 1 13 38.2 10 29.4 76.9 3 8.8 23.1 0 0.0 0.0
↵025�001� 2 25 45.5 19 34.5 76.0 4 7.3 16.0 2 3.6 8.0
↵025�001� 3 9 17.3 6 11.5 66.7 3 5.8 33.3 0 0.0 0.0
↵025�001� 4 22 36.1 19 31.1 86.4 0 0.0 0.0 3 4.9 13.6
↵025�001� 5 30 68.2 29 65.9 96.7 1 2.3 3.33 0 0.0 0.0
↵005�01� 1 8 23.5 5 14.7 62.5 2 5.9 25.0 1 2.9 12.5
↵005�01� 2 14 40.0 9 30.0 64.3 3 10.0 21.4 0 0.0 0.0
↵005�01� 3 11 28.2 10 25.6 90.9 1 2.6 9.1 0 0.0 0.0
↵005�01� 4 4 26.7 4 26.7 100.0 0 0.0 0.0 0 0.0 0.0
↵005�01� 5 8 25.0 6 18.8 75.0 1 3.1 12.5 1 3.1 12.5
↵005�001� 1 13 32.5 11 27.5 84.6 1 2.5 7.7 1 2.5 7.7
↵005�001� 2 18 34.0 15 28.3 83.3 3 5.7 16.7 0 0.0 0.0
↵005�001� 3 18 40.0 15 33.3 83.3 3 6.7 16.7 0 0.0 0.0
↵005�001� 4 30 37.0 26 32.1 86.7 3 3.7 10.0 1 1.2 3.3
↵005�001� 5 14 43.8 11 34.4 78.6 2 6.3 14.3 1 3.1 7.1
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10.3 Additional material: resolution study
In Fig. 10.19, we show radial mass-weighted averages of gas cloud properties at about
2 yr before first sink formation. The minor divergence of the black line of realization
2AUracc from the other two profiles only occurs in close surrounding of the densest
cell where the sink is about to form, i.e. at radii < 10AU or Menc < 1M�. As this
region is highly dynamical at that time, the exact behavior of the gas may slightly vary
from run to run.

Figure 10.19: Left subplot: radial, mass-weighted averages of cloud properties just prior to first
sink formation. From top left to bottom right: number density, n, temperature, T , mass enclosed
within radius R, Menc, molecular hydrogen fraction, nH2 /nH. Right subplot: mass-weighted
averages of the total specific angular momentum, L, and the radial velocity, vrad, within in the
cloud. The properties are plotted against the enclosed mass. In both subplots, the averages are
derived within spherical shells centered on the densest gas cells just before first sink formation.

In Table 10.8, we list the time in the simulation at which profiles of gas cloud or disk
properties are plotted for different runs in the resolution study.

Table 10.8: Simulation time of output dumps used for gas cloud and disk property profiles in
Fig.10.19, 6.2, 6.7, and 6.9.

Setup t/yr just prior SF t/yr just after SF

8Jeans -2.3 2.7
16Jeans -2.8 1.2
32Jeans -2.7 1.2

0.5AUracc -2.3 2.7
1AUracc -2.3 2.8
2AUracc -2.2 2.7
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