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Abstract

We know precisely the position of the Sun in our Galaxy. Yet, like for most stars,

we cannot tell where it was born. Stars undergo dynamical memory loss: their

orbits evolve, because the Milky Way, like many galaxies, has non-axisymmetric

structures (e.g. bar, spirals) that shuffle stellar orbits. My thesis quantifies the

strength of that process to answer: How (much) do stars change orbit? Can we still

infer their birth places, to constrain the formation of the Milky Way disk? I have

combined data from the large stellar surveys APOGEE and Gaia, and developed

a method to extract the information they contain on the Galactic disk evolution. I

forward-modelled the formation of the stellar disk, the stars’ elemental abundances

and their subsquent orbital diffusion, which then informs us about their birth radii

through ’weak chemical tagging’. I have found that stars can change orbits by large

amounts, and most of this evolution is cold (the orbits stay near- circular). Secular

evolution determines how the Milky Way disk is structued. If the Milky Way is

typical this explain what drives disk galaxies in general to their typical exponential

disk density profiles.



Abstract

Wir kennen die Position der Sonne in unserer Galaxie genau. Trotzdem können wir

nicht sagen, wo sie entstanden ist. Die Sternbahnen in der Milchstrasse erleiden

einen dynamischen Gedächtnisverlust: sie entwickeln sich, weil die Milchstrasse,

wie viele Galaxien, nicht achsensymmetrisch ist (z.B. Balken, Spiralen), wodurch

sich die Bahnen stets Ãd’ndern. Meine Dissertation quantifiziert diesen Prozess

umd dann zu beantworten: Wie sehr entwickeln galaktische Orbits von Sternen?

Können wir trotzdem die Geburtsorte der Sterne erschliessen, um so die Entste-

hung der Milchstrassenscheibe verstehen? Ich habe Daten aus den grossen Stern-

durchmusterungen APOGEE und Gaia genommen und eine Methode entwickelt

um die darin enthaltenen Informationen über die Entwicklung der Milchstrasse

zu gewinnen. Mein Modell beschreibt und parameterisiert wann und wo Sterne

geboren wurden, wie sich deren ElementhÃd’ufigkeiten entwickelt haben, und

wieviel Diffusion der Orbits danach stattfindet. Damit kann ich die Geburtsra-

dien von Sternen durch "weak chemichal tagging" erschliessen. Meine Analyse hat

gezeigt, dass sich die Sternbahnenradien in der Milchstrasse stark entwickeln, aber

dabei nahezu Kreissbahnen bleiben. Die “säkulare” Entwicklung bestimmt also

wesentlich die heutige Struktur der Milchstrassenscheibe. Unter der Annahme,

dass diese Prozesse in der Milchstrasse typisch für andere Galaxien sind, kún-

nen diese Ergebnisse erklären warum Spiralgalaxienim Allgemeinen exponentielle

Dichteprofile haben.
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Chapter I

Introduction

Astrophysics aims at describing and understanding the origin and evolution of

objects in the Universe in terms of physics. The cosmos contains a wide variety

of objects and structures on many scales, from the cosmic microwave background

fluctuations to galaxies to stars to planets. Galaxies play a central role in this hier-

archical structure, showing both diversity and much regularity in their population.

Understanding how galaxies, and in particular disk galaxies like our own, came

to be is a central theme of astrophysics. Disk galaxies can evolve through differ-

ent processes: interactions with other galaxies (external interactions), and evolution

through internal processes. Like many disk galaxies in a low density environment,

the Milky Way has been near isolation for at least the past 7-8 Gyr, leaving much

time for internal processes to play an important role. This rises several questions.

How do disk galaxies dynamically evolve when they are nearly isolated? Do internal dynam-

ics play any role? How important are they? These are the main questions this thesis

addresses. In the coming sections, I lay out the observational clues and puzzles

posed by galaxies, some solutions brought by theory, and come to a subset of the

remaining puzzles.

14



CHAPTER I. INTRODUCTION I.1. DISK GALAXIES

I.1 Disk Galaxies

As I am writing this thesis in 2020, (to the distant future reader: beware it might

have changed), galaxies are defined as gravitationally bound systems comprised of

stars, gas, dust and dark matter 1. Etymologically, “Galaxy” refers to the Milky

Way: at some point, astronomers realized that the fuzzy objects seen in the sky are

objects of the same nature as the Milky Way. Before then, galaxies used to belong

to a more general class of “nebulae” of unknown nature and origin. Galaxies come

in various sizes and shapes (e.g. Hubble, 1926; Conselice, 2014) and were found

early but characterized very late: already in 1612, using a small telescope, Marius

described them (in particular our neighbour, the Andromeda galaxy) as spatially

diffuse objects looking like “a candle shining through horn” (Hubble, 1929). It was

long debated whether these ‘nebulae’ were Galactic or extragalactic, until better

instruments, and then photography eventually resolved and recorded extragalactic

stars, closing the debate: galaxies were then objects that contain the same kind of

material as the Milky Way. At that point, they were entirely defined as the stars in

them.

Disk galaxies are galaxies whose stellar distribution is highly flattened. An

example of our neighbouring disk galaxy, Andromeda, is shown in Figure I.1. Disk

galaxies are supported by rotation (to the opposite of spheroidal galaxies, which

look like spheroids and are supported by velocity dispersion). The apparent disk,

made out of stars (which emit the optical light that we see as a disk), and often gas

and dust, sits inside a dark matter halo.
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Figure I.1: Andromeda Galaxy photographed by Hubble (1929): the closest spiral galaxy to us, then
identified as an extragalactic system.

I.1.1 Observational Characterization of Galaxies

I.1.1.1 Basic Observables

Two complementary families of observations or methods exist to characterize the

stellar content of galaxies and understand their formation and evolution: (1) a large

number of poorly resolved galaxies at a wide range of redshifts where the light

travel time allows the direct observations of the galaxies’ past state, and (2) (smaller)

samples of local galaxies, seen in greater details. At large distances one can measure

surface brightness profiles of the stars (Σbright) in different color bands and measure

galaxy sizes (or half-light radii, also refrerred to as effective radii Reff). The observed

volumes are large and so they contain large amounts of of galaxies catalogued

by spectroscopic and photometric survey programmes such as 104 with 3D-HST

1The limits of this definition are not sharp. Namely the transition between galaxies and star
clusters, or that between galaxies and dark matter haloes devoid of stars can be ambiguous. But I
would like to remind the reader that such definitons are only communication shortcuts that changed
between the observational discoveries of these objects, their characterizations, and the theories ex-
plaining them. The interesting aspect is to consider the entire physical properties of the system
(which are better defined), to find out ‘how it came to be’.
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CHAPTER I. INTRODUCTION I.1. DISK GALAXIES

Figure I.2: Example of three 2D projections of galaxies’ scaling relations: scatter plots of sizes,
luminosities, and rotation velocities of a sample of galaxies. This particular combination constitutes
the ‘fundamental plane’ for disks. Adapted from Courteau et al. (2007).

(Hubble Space Telescope) (Brammer et al., 2012), CANDELS (Grogin et al., 2011),

and millions with SDSS (York et al., 2000), allowing to see how the global properties

of galaxies correlate, and how these correlations change with redshift, or cosmic

time (e.g., van der Wel et al., 2014; Mosleh et al., 2017).

Local galaxies are all observed at the same present-day epoch, which is less con-

venient to constrain a cosmological model for galaxy evolution. However, they are

much better resolved (we can resolve individual stars for the closest galaxies), and

the data are rich. Spectra taken in individual pixels with the Integrated Field Unit

(IFU) (Courtes, 1982) contain information on the spatially-dependent stellar pop-

ulations of different metallicities and ages in these galaxies. From a single pixel,
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one can infer the distributions of velocity dispersions σvel, age (τ) and metallicity

([Fe/H]) of the stars in that pixel: p([Fe/H], τ | position) (e.g., Goddard et al., 2017)

and p(σvel | position) (e.g. Shetty et al., 2020). The first method has been well tested

by my officemate Boecker et al. (2020) and the encoded information is valuable to

constrain galactic archaeologic models: any good model has to reproduce the in-

tegrated age-metallicity-position and velocity dispersion-position structure of these

galaxies.

I.1.1.2 Not All Galaxies that Could Exist, Do Exist

The observables2 describing disk galaxies obey regular scaling relations. For in-

stance, at a given redshift z, the masses, luminosities, star formation rates, metallici-

ties, velocity dispersions and sizes of galaxies are tightly correlated, hinting towards

more global formation and evolutionary processes relating or co-regulating them.

These N-dimensional correlations in data space were discovered and confirmed

mostly through 2D projections, such as the luminosity-rotation velocity (L− Vrot)

relation, named after Tully & Fisher (1977). A subset of these relations are men-

tioned quickly below. The more visually-oriented reader is invited to jump to

Figures I.3 and I.5, which summarize them graphically and present (admittedly

simplified) interpretations.

Distance-Redshift Relation The more distant a galaxy is from us, the faster it

recedes from us, on average. This is the redshift - distance (or radial velocity -

distance, vradial − D) linear relation found by Hubble (1929), who found distances

(D) to galaxies thanks to objects of known absolute luminosity (standard candles),

and their radial velocity from us through the redshift method. A radiation of wave-

length λemit emitted by an object moving away from us will undergo the Doppler

effect, and be redshifted to the wavelength at which we see it (λobs). The redshift

is quantified as z = (λobs − λemit)/λemit. This important discovery is not the result

of the physics within individual galaxies specifically, but it reveals the large scale
2Here, I do not mean strictly ‘observables’ and the quantities I relate to are, also, modelled

quantites (and not observables). In this context, I mean ‘the most direct basic quantities derived from
the observables that make some physical sense in the specific context of galaxy characterization’.
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Figure I.3: Schematic illustration of the main 2D planes in which galaxies observables are exploited
in the literature. Most variables show to correlate with each other. Two observables found to
correlate are related by a line on the schema. For example, the luminosity distribution (L) changes
with redshift (z), and correlates with galaxy size (or effective radius, Reff), galaxy and gas phase
metallicity ([M/H]). Galaxies occupy specific regions in the color-luminosity plane (dashed because
this is not exactly a correlation): they have a bimodal distribution that depends on galaxies’ shapes.
The redshift - distance relation in pink implies more globally the expansion of the Universe.

behavior of the Universe in which galaxies formed and evolved: the Universe is ex-

panding, such that on average, vradial = H0D, with H0 the Hubble constant, which

is the present-day expansion rate of the Universe constrained today to about 68-74

km/s/Mpc (Planck Collaboration et al., 2016; Riess et al., 2009) .

Galaxy Scaling Relations The original discovery of the expansion of the Universe

pushed astrophysicists to look for ways to find distances to galaxies (in particular,

scaling relations involving their absolute luminosities to find photometric distances)

and better characterize the expansion rate of the Universe. However, these efforts

have lead to important characterizations of galaxies in a different context: their

structural properties. The rotation velocity of the stars in their disk correlates to

their luminosity with less than 10% scatter (Tully & Fisher, 1977; Giovanelli et al.,

1997). Since the luminosity of a galaxy traces its stellar mass, and the rotation

velocity traces the overall potential produced by baryonic and dark matter (assumed

to be in equilibrium), this relation provides tight constraints on the co-evolution of

the baryonic matter and the dark matter halos hosting them: the more massive a

halo, the more stars it contains.
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Figure I.4: Rotation curve of the Andromeda Galaxy, from Rubin & Ford (1970), showing a non-
Keplerian flat component even at large radii.

Historically, the rotation curves of disk galaxies presented an additional central

clue to the nature of galaxies: for most disk galaxies, they flatten at large radii

to Vrot(R) ∼ constant (e.g. Rubin & Ford, 1970, for Andromeda), deviating from

the circular velocity curve that one would obtain by summing the luminous mass

in that galaxy, which would decay much faster with radius. The additonal mass

needed to reproduce these flat rotation curves, dubbed ‘dark matter’, must consist

of a very extended halo with a mass profile leading to these flat rotation curves.

Multiple relations exist connecting the stellar content of galaxies to another of

their properties. The luminosity, or stellar mass, of a disk galaxy predicts its size at

a given redshift. This is the mass-size relation and will be important for Chapter

IV of this thesis, which tackles the growth of the Milky Way’s stellar disk. Galaxies

containing more stars tend to be larger (Barden et al., 2005; Trujillo et al., 2006; van

der Wel et al., 2014). This relation varies with redshift, such that at given stellar
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mass, high redshift galaxies are smaller and less massive than those seen at lower

redshift. However, this does not imply a direct evolutionary trend: higher redshift

disk galaxies are not necessarily the progenitors of z = 0 disk galaxies. Galaxies

can undergo metamorphoses through, for example, mergers with other galaxies.

Together with the Tully-Fisher relation, the mass-size relation forms a three dimen-

sional correlation between L−Vrot − Reff dubbed ‘the fundamental plane” (Bender

et al., 1992; Courteau et al., 2007), illustrated in Figure I.2.

But galaxies also contain gas in various phases, which also can enter scaling

relations. The average gas phase metallicity correlates with the luminosity (or stel-

lar mass) of the host galaxy (Zaritsky et al., 1994; Tremonti et al., 2004; Gallazzi

et al., 2005; Zahid et al., 2013). Since the elements contributing to increase metal-

licity are produced and released as stars evolved and during supernovae, a higher

metallicity gas indicates that more generation of stars have formed and released

their nucleosynthesis products. The metallicity depends on the fraction of these

internally produced metals that are retained and not blown out by feedback. The

mass-metallicity relation therefore provides important constraints on the internal

evolution of galaxies and star formation.

Last but not least, galaxies occupy two distinct areas in the color-magnitude

plane (Bell et al., 2005; Kauffmann et al., 2003). Since color is an indication of

the age of the stellar populations (bluer and brighter stars are younger), this indi-

cates that galaxies lie in a bimodal distribution in the star formation - stellar mass

plane. The color, or star formation rate, correlates strongly with the galaxies’ 3D

shapes: spheroidal galaxies are in the ‘red sequence’, with quenched star formation,

whereas disk galaxies are mostly in the star-forming region of that plane.

These correlations between the observed properties of galaxies reflect possible

relations between the physical properties of galaxies, which are illustrated in Figure

I.5. A set of models has been developed to describe these relations and link them to

underlying physical processes. These involve the merging (hierarchical growth) of

dark matter halos, and relate the stellar component properties to those of the halos,

in a cosmological context.
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Demographics Disk galaxies have a limited set of structural properties and mor-

phologies (Hubble, 1926): their disks have a near-exponential profile (Sérsic, 1963;

de Vaucouleurs, 1948), and they often host a central bulge, which can be decou-

pled from the disk in the surface brightness profiles (Kormendy, 1977), or a bar

(Kormendy, 1979; Erwin, 2018), which is an inner structure rotating as a solid body.

Most disk galaxies have additional non-axisymmetric structures such as spiral arms,

which were used to classify galaxies on the so called ‘Hubble tuning fork’ (Con-

selice, 2014; Hubble, 1926; Jeans, 1961). Spiral galaxies are often called ‘late-type’

galaxies3.

Observational facts

Disk galaxies obey regular scaling relations: their sizes, stellar masses, total

masses, gas phase metallicities correlate, such that these properties are not

uniformly distributed and lie in a restricted space. Disk galaxies also have a

finite set of structures with distinguishable components: exponential disks,

bulges, bars, spiral structures, flat rotation curves.

I.1.2 Models of Galaxy Formation and Evolution

The scaling relations introduced above provide tight constraints on the formation

and evolutionary4 processes of galaxies. In the ΛCDM paradigm, galaxies form in-

side dark matter halos arising from primordial density fluctuations in an expanding

Universe. This mass growth later leads to an epoch of mergers, where halos merge

3This terminology originates from the Hubble sequence, classifying elliptical galaxies as ‘early-
types’ and spiral and irregular galaxies as ‘late-types’, altough this confusing definition does not
refect the evolution processes leading to different morphologies.

4In this thesis, I will not differentiate between the words ‘formation’ and ‘evolution’: imagine
an entity (or a galaxy) that comes from the evolution of its progenitor: did the identity of that
progenitor (and of the stars, gas, atoms, particles it contains) changed when it metamorphosed to
the newly formed galaxy? Perhaps only its global properties changed? Some of them abruptly, some
of them continuously? So instead, I will consider ‘properties of the system as a function of time’,
p(t).
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Figure I.5: Schematic interpretation of the correlations between the observables. The observables
(filled, grey) are determined by physical quantities that describe galaxies. These relations are illus-
trated with the black arrows: the rotational velocity (Vrot) traces the potential felt by the stars and
gas (if in equilibrium), so the overall mass distribution in the galaxies (Mtot). The main reason why a
galaxy is luminous is because it has stars that shine, therefore the total stellar mass (M?) determines
a galaxy’s luminosity (L). And since stars that have a blue color are massive and hot, they must
be young, which means that a galaxy that recently formed stars will look bluer: the star formation
history (SFH) predicts a galaxy’s color (C). The blue arrows link the physical quantities in a more
subtle way, and propose a description, an explanation, for how the galaxy scaling relations come to
be. The Tully-Fisher relation implies a close link between the total mass (Mtot) and M?. The SFH
determines the number of stars that have formed. The different generations of stars that were pro-
duced through the SFH determine the nucleosynthetic products released to the ISM and enrich it,
increasing its metal content ([M/H]). As cosmic time increases, galaxies build in mass via hierarchi-
cal growth (galaxies merge), increasing the total (and stellar) mass, leading to a redshift-dependent
Schechter (1976) function. Their sizes increases at given M? as cosmic time increases (van der Wel
et al., 2014). And, a cosmological model relates time to the expansion of the Universe, predicting the
redshift measurements (z).

and grow hierarchically as they respond to each other’s gravitational influence.

I.1.2.1 The Standard ΛCDM Model: Setting the Framework for Galaxy Evolu-

tion

Cosmological models are the global framework that sets the boundaries of galaxy

evolution. The currently most accepted cosmological model, the Λ Cold Dark Mat-

ter model, describes the large scale structure of the expanding Universe under the

assumptions that (1) the Universe is homogeneous and isotropic on large scales,
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(2) general relativity governs the equations of motions, (3) dark matter is cold (its

moves much slower than the speed of light), and (4) the Universe’s expansion is ac-

celerating (Λ). The equations governing the evolution of the Universe (Friedmann’s

equations) are

H2(t) =
(

ȧ
a

)2

=
8πG
3ρ

+
kc2

a
+

Λ
3

,

ä
a
= −4πG

3

(
ρ +

3p
c2

)
+

Λ
3

,
(I.1)

where H(t) is the expansion rate of the Universe at a time t. The first equality

defines the scale factor a = 1/(1+ z). G and c are the gravitational constant and the

speed of light, k quantifies the curvature of the Universe, and Λ is the cosmological

constant, representing dark energy which drives the acceleration of the expansion

of the Universe.

The first of these two equations allows us to relate redshift and cosmic time, pro-

vided we know H(z). We have dt = da/(H(a)a(t)) = −dz/((1 + z)H(z)) that just

needs to be integrated between two redshifts to give the time that elapsed between

them. This will be useful in Chapter IV, to compare the time evolution of the Milky

Way to disk galaxies observed at different redshifts. But this needs to assume a

specific cosmological model, with cosmological parameters, that I introduce briefly

below.

In the particular case of a flat Universe (k = 0) that does not have dark energy

(Λ = 0), the future behavior of the Universe (and whether it continues expanding

or collapses back on itself) is only determined by the density ρ. If the density of

the Universe is low, it will keep expanding, and if it is large, gravity will make it

collapse back onto itself. The specific scenario where the Universe has just enough

energy to keep expanding without collapsing happens at the critical density ρcrit =

3H2/(8πG). The critical density is often used to re-normalize these equations,

defining the dimensionless parameters describing matter (m), radiation (r), and

dark energy (Λ): Ωm = ρm/ρcrit, Ωr = ρr/ρcrit, ΩΛ = ρΛ/ρcrit, and the overall

density is ρ = ρm + ρr + ρΛ. The values of these parameters at present time define
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the cosmogony in which we are working and sets the boundaries, the context, of

galaxy evolution.

I.1.2.2 Reproducing the Scaling Relations with (Semi-)analytical Models and

Simulations of Galaxy Formation

What makes galaxies follow Reff ∼ L1/3 and L ∼ V3
rot in Figure I.2? In a cosmo-

logical framework where the Universe expands at a rate H(z) and galaxies grow

through hierarchical accretion, Mo et al. (1998); Kauffmann et al. (1993) and others

have constructed global models that reproduce these relations. They are based on

the assumptions that galaxies are made of dark matter halos that grow through

hierarchical accretion, and that the mass and angular momentum of the baryonic

gas that condensates at their center are a fixed fraction of those of the halo. Matter

in galaxies acquires angular momentum due to tidal torques (Peebles, 1969), which

halts the collapse and leads to a rotationally supported disk (Fall & Efstathiou,

1980). One version of these models consists in a dark matter halo density ρ(R) =

v2
circ/(4πGR2) (the isothermal sphere), which produces a flat circular velocity curve

as is common for disk galaxies. The virial radius, defined as the radius of the sphere

that contains a mean density, e.g., 〈ρ〉 = 200ρcrit is then R200 = vcirc/(10GH(z)), the

total halo mass within the virial radius Mtot = v2
circR200/G = v3

circ/(10GH(z)). A

visual summary of such a model is in Figure I.5. Taking the scales predicted by that

model and assuming a constant mass-to-light ratio (to convert stellar mass to light),

this gives

L ∝ M? ∝ Mtot ∝ v3
circ

Rd ∝ R200 ∝ vcirc ∝ L1/3,
(I.2)

scaling as observed in Figure I.2.

Since the development of the isothermal sphere, more complex and realistic

models have been developed (Somerville & Davé, 2015; Somerville et al., 2008),

notably the use of more realistic dark matter halo profiles (Navarro et al., 1996) and

the inclusion of the self-gavity of the baryons, i.e. baryons have a mass that exerts
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gravity on themselves and on the dark matter, affecting the size of disks and halos.

To study the physical processes driving galaxy formation and evolution in greater

detail, cosmological simulations have been implemented. The initial conditions of

these simulations are set by the cosmic microwave background. Large scale struc-

ture forms from the initial density fluctuations, and baryonic particles condense into

the potential of the dark matter halos. These simulations encompass physical de-

tails on different scales (e.g. the cooling of baryonic gas), allowing a description of

disk galaxies in terms of large spatial scales (how environmnent and mergers affect

galaxies) to smaller scales (how internal processes in galaxies affect them globally,

the impact of secular evolution or stellar feedback), even though they are expen-

sive. They compare well to the galaxy scaling relations (e.g., mass-star formation,

mass-size-redshift Pillepich et al., 2019; Buck et al., 2020). Cosmological simulations

are constantly being refined and improved and are now reaching resolutions that

are interesting to study the long term evolution of galaxies due to their internal

and external processes (for example: Illustris TNG50 (Nelson et al., 2019; Pillepich

et al., 2019), Eagle (Schaye et al., 2015)). In complement, zoom-in simulations (high

resolution) are re-run on a smaller volume extracted from a lower-resolution cos-

mological simulations (e.g. NIHAO Wang et al., 2015; Buck et al., 2020).

I.1.2.3 How Do Stellar Disks Assemble?

The semi-anaytical models described in Section I.1.2.2 describe galaxies as a popula-

tion but do not describe the build up of a single galaxy and its time evolution. Sim-

ilarly, the redshift-size relations (that show that higher redshift disks look smaller,

Fig I.6) describe galaxies of different stellar masses, but are not evolutionary tracks

for individual galaxies. This hints towards an inside-out build up of stellar disks

without proving it. On the other hand, a negative age gradient should qualitatively

be expected if the stars in the inner parts of galactic disks formed earlier than the

stars in the outer parts of the disks. But disk galaxies seem to be observed with,

on average, no (Goddard et al., 2017) or weak (Peterken et al., 2020) age radial gra-

dients that depend on galaxies’ stellar mass. Figure I.6 illustrates this apparently

conflicting observation.
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Figure I.6: Left: Redshift-Size relations for disk galaxies in stellar mass bins (taken from van der
Wel et al. (2014). At all stellar masses, disk galaxies are smaller at higher redshitft. Right: stacked
mass-weighted (red) and light-weighted (yellow) age (top) and metallicity (bottom) profiles of disk
galaxies derived from stellar population fits to integrated field units data in the SDSS MsNGA
survey, in two stellar mass bins. The mass-weighted age gradients seem, on average, consistent with
zero, which means that on average, the stars in the inner disk of these galaxies did not form earlier
than those in the the outer disk (not in a measureable manner). Figure adapted from Goddard et al.
(2017).

The historical and simplified picture of the ‘monolithic collapse’ (Eggen et al.,

1962) describes how an initially spherically-shaped baryon gas cloud falls rapidly

into the potential of a dark matter halo. If it has some initial spin acquired from

tidal torques (Peebles, 1969), angular momentum conservation leads that gas to

settle into a disk, with low angular momentum gas settling in the disk before higher

angular momentum gas (Brook et al., 2012). Observationally, the resulting stellar

disks have a near-exponential surface brightness profile (e.g. de Vaucouleurs, 1948),

but the physical processes behind this are not clear. What drives stellar disks to

these exponential profiles?

Lin & Pringle (1987) showed that if stellar disks form on a star formation time-

scale, τ?, from a viscous gas disk with a viscous time-scale, τν, then the stellar disk

should follow an exponential surface density profile after all the stars are formed if

τ? ≈ τν. However, this analytic calculation (1) requires fine tuning of the timescales

involved in such processes, (2) might not lead to an exponential profile at any time
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t before all stars are formed, and (3) might not lead stellar disks to grow from

inside-out. Given that the stellar disks observed today are still forming stars, their

exponential configuration cannot be fully explained by this argument (but perhaps

partly).

Existing models of the formation of stellar disks mentioned previously cannot

satisfyingly explain why the resulting surface brightness profile of disks is expo-

nential, nor predict the observed radial gradients of stellar ages and [Fe/H] within

galaxies. Nor can they reproduce the fact that stars are observed to form in very

structured clouds and clumps (e.g., Elmegreen & Elmegreen, 2019). How the gas

falls into the potential well of a galaxy depends on the physical process and timescale

on which gas cools and radiates energy. The infalling gas may be stopped or pushed

away because of the energy feedback from the stars already exploding in super-

novae in the disk of the host galaxy and other highly energetic processes such as

supermassive black holes (dubbed ‘active galactic nuclei’ when they accrete ma-

terial, transforming large amounts of gravitational energy into high energy radia-

tion). Such self-regulating processes cannot be modelled analytically. Thus, there is

a need to simulate the baryonic physics within galaxy scales. Simulations indeed

show that (1) at formation, stars are not always born from an exponential profile, (2)

they tend to form in highly complex structures, and (3) the resulting mass density

profile looks smooth and near-exponential (e.g., Elmegreen & Struck, 2016).

Another possibility is that disks do not form with exponential profiles initially,

but that they evolve towards exponentials through secular processes. If some secular

process makes stars’ orbits redistribute efficiently in angular momentum over the

entire disk, this could lead their angular momentum distribution to tend towards an

exponential distribution (Herpich et al., 2017; Elmegreen & Struck, 2013, 2016) (the

maximum entropy distribution stars could reach). But this scenario requires that

(1) the angular momentum redistribution is asymptotically efficient, (2) the stars

in the disk remain on relatively cold orbits, and (3) the galaxy is sufficiently close

to isolation that minor mergers or tidal interactions with satellites do not affect it

significantly (it has to be near isolation). This effect, dubbed ‘radial migration’, was

shown to be efficient in simulations (e.g. Sellwood & Binney, 2002) and to have more
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implications: a global radial diffusion implies important dynamical memory loss of

stars birth contitions, which means that the present-day structure of the stellar disk

would better reflect dynamical evolution processes rather than its formation. The

strength of radial migration has not yet been measured in disk galaxies, so the

importance of this process is so far unclear. It is therefore crucial to know how

strong radial migration is: can we rewind galactic disks to their birth conditions?

I.1.2.4 The Limitations of External Galaxies as Model Constraints

We saw in the previous sections that disk galaxies have regular properties: their

surface brightness profiles look exponential and their global properties are corre-

lated and redshift-dependent, providing stringent constraints on (semi-)analytical

models. However, we only have access to their present-day integrated properties.

The light coming from distant galaxies is integrated over many of their stars with

low level of details. As seen in Section I.1.2.3 questions remain. In particular, to

which extent do the present-day structures of disk galaxies reflect their initial con-

ditons, angular momentum at formation, and merger history? How important are

gradual memory erasing evolutionary processes, and do they play any role in re-

distributing the stellar content? Which processes set the radial structure of the disk

to be approximate exponentials?

The processes driving the evolution of disk galaxies are difficult to disentan-

gle. This thesis addresses the three questions

1. What connects the initially structured conditions to the present-day

smooth exponential surface brightness profiles of disk galaxies?

2. Do disk galaxies grow from inside-out?

3. What processes drive the long-term dynamical evolution of disk galax-

ies near isolation?
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I.2 The Milky Way as a Model Organism

The Milky way is a typical disk galaxy in a low density environment. It has very

generic global properties, i.e. mass, size, rotation velocity, metallicity, follow scal-

ing relations (Bland-Hawthorn & Gerhard, 2016; Kormendy et al., 2010) and Tully-

Fisher relation (Malhotra et al., 1996; Flynn et al., 2006). It contains most of the struc-

tural components identified in other disk galaxies (disks, bulge, bar, halo Gilmore

& Reid, 1983; Blitz & Spergel, 1991; Freeman, 1987). However, living inside its disk,

we can study it in greater detail than any other galaxy of its kind, down to the indi-

vidual objects it contains. This motivates the choice made for this thesis to closely

inspect the Milky Way and understand how it formed and evolved.

I.2.1 The Milky Way System

The Milky Way is part of a larger group of galaxies called the Local Group. The

two most massive galaxies are the Andromeda galaxy and the Milky Way. The

Milky Way has a total of about 60 satellites, of which three close satellites: the

largest one is the Large Magellanic Cloud (LMC) with a total mass of about 1011M�
(e.g. Wan et al., 2020) and the other two are the Small Magellanic Cloud (SMC),

and the Sagittarius dwarf galaxy. The Milky Way’s halo mass is estimated to be

between 1 − 1.7 × 1012M� using various methods, ranging from assimilating the

fastest halo stars to the escape velocity (e.g., Deason et al., 2019) to measuring the

rotation curve (Bland-Hawthorn & Gerhard, 2016). Its stellar mass is estimated to

be 5− 6× 1010M� and disk has an exponential scale-length of about 3 kpc.

I.2.2 The Milky Way Structure

The stars of which the Milky Way is composed follow a continuous distribution of

positions, velocities, abundances ([~X/H]) and ages p(~x,~v, [~X/H], τ) with ~X denot-

ing an array of elements present in the stellar atmospheres. This distribution takes

different regimes and shows different components that astronomers have used to

dissect the Galaxy: a stellar halo, with stars of low metallicity and orbits that can
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be highly eccentric and a nearly spherical distribution, a bulge/bar with stars very

centrally concentrated and mostly old, and a stellar disk generally decomposed in

two components based on stellar abundances. The so called ‘low-α’ disk, that is

poor in alpha elements (see Section I.3.4) contains mostly stars younger than 8 Gyr,

is kinematically cold (it stars have near-circular orbits), and is confined to the mid-

plane (small scale-height). The high−α disk is rich in alpha elements and mostly

made of old stars (8 Gyr or older), is kinematically hot (the stars orbits are eccen-

tric), and has a higher scale-height than the low-α disk. Most of the stellar mass

resides in the disks, and about 1.5× 1010M� in the bulge (Bland-Hawthorn & Ger-

hard, 2016; Gilmore & Reid, 1983). The overall structure of the Milky Way is far

from axisymmetric: the bar is a 5 kpc-long structure that rotates as a solid body

at approximately 40 km/s/kpc (Sanders et al., 2019; Bovy et al., 2019), and there

is a wealth of evidence that the Milky Way contains spiral arms: overdensities of

(young) stars, gas, dust (Oort & Muller, 1952; Morgan et al., 1953; Drimmel, 2000;

Binney et al., 1997) that ressemble the spiral shapes seen in exernal galaxies. These

overdensities may form due to the dynamical response to (and creation of) a grav-

itational spiral perturbation: at present, a noticeable spiral dynamical effect on the

stars in the Milky Way disk (e.g., Eilers et al., 2020) has been measured over a large

radial extent of the Galactic disk. What is the long-term dynamical effect of these

non-axisymmetries on the stars?

Let us use the Milky Way, a typical disk galaxy in many aspects (structure,

mass, size, global properties), as a model organism to better understand how

disk galaxies form and evolve. Since we see its individual stars, we can ef-

fectively model and measure the stellar distributions p(~x,~v, [~X/H], τ), unlike

other galaxies offering only integrated properties.
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I.3 The Milky Way’s Stellar Disk

The stellar disk of the Milky Way represents about 75% of the stars in the Galaxy,

and is the focus of this thesis. The gas disk, the halo or the bar, are considered

as external perturbations applied to the stellar disk system, and the aim is to (1)

measure the effect they have on the orbits of stars and (2) understand how these

orbital changes affect the shape of the Milky Way’s disk over time. The following

sections introduce the tools that are commonly used to dissect the Milky Way’s disk

and to describe the orbits of stars, and how they are distributed.

I.3.1 Stellar Orbits

To describe the dynamical evolution of the stellar disk, we need to describe the

orbits of stars and then how they evolve secularly (on long timescales). The typical

phase space quantities (3D positions and 3D velocities) are inconvenient because

they all vary quickly, on the orbital timescale. In Chapter III, we use ‘orbital actions’,

because they are constant of motions when the stellar system is not perturbed,

and their associated ‘angles’. When the Galactic disk system is pertuberd due to

time-varying non-axisymmetries, the actions change slowly over time. The most

important aspects to introduce the angle-action variables are laid out briefly in

this section, starting from coordinates, then going from the Lagrangian down to

the actions with Hamiltonian mechanics. The interested reader who wants deeper

derivations than this short summary is invited to open the lecture book of Binney

& Tremaine (2008) that strongly inspired these notes.

Galactocentric and Galactic Coordinate systems To describe the Milky Way disk,

it will be convenient to work in cylindrical coordinates. The distance to the galactic

center as projected on the plane of the disk, or Galactocentric radius, is noted as

R, the azimuth is φ such that for the Sun, φ� = 0. The height above the plane

is z with the Sun lying about 20-25pc above the plane (Bennett & Bovy, 2019;

Bland-Hawthorn & Gerhard, 2016), and similarly the velocity vector of a star is

~v = (vR, vφ, vz).
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To describe an observational data set of stars, that were observed from the Earth

and lie around the Sun, a different coordinate system is more convenient (it will be

useful in Chapters III and IV: the Galactic coordinate system. It uses two angles:

latitude (l) and longitude (b), and distance to the Sun (D). The direction (l = 0,

b = 0) points to the Galactic center, and the distance between the Sun and the

Galactic center is about 8.2 kpc (Gravity Collaboration et al., 2019).

Generalized coordinates The orbits of stars can be described by their 6D phase

space made out of their 3D cartesian positions and their 3D velocities {~x,~v} in

an inertial reference frame. Depending on the symmetry properties of the system

and on the forces acting on it, it may be more convenient to work in a different

coordinate system than the Cartesian coordinate system (e.g., cylindrical coordi-

nates for the Milky Way’s stellar disk). Similarly, it may also be more convenient to

work in a different reference frame than an Inertial reference frame. For example,

if a structure perturbing a star rotates about the Galactic center at a fixed rotation

speed, then it may be useful to work in the reference frame that rotates with that

perturbation. These considerations are usually applied by means of a coordinate

transformation (~x,~v) −→ (q, q̇). The phase space can then be described in more

general coordinates, q and their time derivatives q̇.

Lagrangian In a system described by generalized coordinates (q, q̇), which can be

functions of more usual coordinates, living in a gravitational potential Φpot that

depends on position and time, the Lagrangian is,

L(q, q̇, t) = EK(q, q̇, t)−Φpot(q, t) (I.3)

with the specific kinetic energy EK = |ṽ|2
2 of the system in an inertial frame and the

potential energy taken here to be the gravitational potential Φpot of the galaxy at

the given positions q. From classical mechanics, the Euler-Lagrange equations,

d
dt

(
dL
dq̇

)
− ∂L

∂q
= 0 (I.4)
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yield the equations of motion that describe any system. In Eq. I.4, the quantity
dL
dq̇ is the momentum, p, associated to the coordinate, q, which makes this equation

analogous to Newton’s 2nd law, (here simplified by the mass since ∂Φpot
∂q is the

gravitational acceleration, ṗ = acceleration).

Hamiltonian The Hamiltonian is defined as the Legendre transformation of the

Lagrangian:

H(q, p, t) = q̇
dL
dq̇
−L, (I.5)

and it is a function of the generalized positions q and their canonical momenta

p. Combined with Euler-Lagrange equations, this definition leads to Hamilton

equations

dH
dq

= − ṗ (I.6a)
dH
dp

= q̇ (I.6b)

which yield the equations of motion.

Orbital Actions and Angles Defining a set of coordinates, θi, and their conjugate

momenta, Ji, such that Ji is a constant function of time, and consequently θi a

simple linear function of time, facilitates the description of a stellar system. Such

coordinates exist in particular potentials. In particular, the so-called ‘action-angle’

coordinates with the momenta (actions) are defined as:

Ji =
1

2π

∮
pidqi. (I.7)

with qi the generalized coordinates and pi their conjugate momenta. These actions

are integrals of motion (not derived here, see Binney & Tremaine, 2008), which

means they are conserved along the orbit. Therefore, Hamilton equations in Eq. I.6

yield
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dH
dθ

= − J̇ = 0 (I.8a)
dH
dJ

= θ̇(J) = Ω. (I.8b)

Thus, an orbit is fully characterized by its actions J and that the phase of a star

along that orbit is simply given by θ(J, t) = Ωt + const. Since J is constant along

the orbit, θ̇(J) = Ω is also a constant, which makes then integral to get θ(t) very

convenient and θ(t) pleasantly be a linear function of time.

More specifically, in a system that is well described in cylindrical coordinates

like the Milky Way disk, the actions we are going to work with are the radial action

(JR), the azimuthal action (Jφ) and the vertical action (Jz, which we are less interested

in).

For example, in the case of a harmonic oscillator-like orbit of natural frequency

κ0 in an axisymmetric potential (this is the epicycle approximation), we will have

R(t) = A cos(κ0t) and the azimuthal action will be

Jφ =
1

2π

∮
vφRdφ =

1
2π

∮
Lzdφ = Lz = angular momentum, (I.9)

and the radial action will be

JR =
1

2π

∮
vRdR =

A2κ2
0

2
. (I.10)

The azimuthal action Jφ here is reduced to angular momentum, Lz, and quantifies

the amount of rotation in the orbit, whereas the radial action, JR, here quantifies

the amount of radial motion: how much a star’s orbit deviates from a circular orbit,

how eccentric it is. It will be non-zero when the amplitude of the radial motion (A)

and when its frequency (κ0) are non zero. A convenient property of actions that

we will use in Chapter III is that these two quantities have the same dimensions

(a velocity multiplied by a distance) and units. However, they may be affected by

different physical processes, and their respective evolution may affect the shape of

the Galactic disk differently. Therefore, working with these actions will be a good

way to disentangle the different processes at play in the Milky Way with quantities
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that can be compared directly.

In practice, we only know the present-day positions and velocities of the stars

in the Milky Way. In order to derive actions for their orbits and compute the inte-

gral I.3.1, we need to make assumptions about their orbits: assume a form for the

(relevant part of the) gravitational potential of the Milky Way the stars feel on their

orbits, and integrate the orbits. Since the potential of the Milky Way is uncertain,

any action worked out for a set of data will be only approximate. Furthermore,

Eq. I.3.1 implies that actions are only well defined when orbits close, such that we

can perform the line integral. However, this is not always the case, so we want to

quantifiy the azimuthal, radial, vertical motion for all the stars more generally, by

approximating it with the question ‘if the orbit could close, what actions would be

associated to that motion?’. Several approximations exist.

Approximating Actions The work in this thesis is mostly interested in the in-plane

motions (JR, Jφ) of the stars and not so much in the vertical motions (Jz). Addition-

ally, most stars in the low-alpha disk are young and predominantly lying in the disk

midplane. Therefore, their vertical excursions are not very large such that z and vz

are small. We will therefore make the approximation that the in-plane motion of

stars is decoupled from their vertical motion (the so called adiabatic approximation

(Binney, 2012)). This will allow us to work in the 4D space of (x, y, vx, vy) instead

of the full 6D space (but the work done in Chapter III could well be generalized to

6D.).

Determining actions for stars in the Milky Way requires additional assumptions

because they require us to assume a form of the potential, that we do not know.

How to model the potential of the Milky Way? In order to calculate orbital actions

quickly for many stars (the integrals over the orbits are computationally expen-

sive), another approximation, called the Staeckel Fudge (Binney, 2012), can be used.

It consists in approximating the potential of the Milky Way with a Staeckel poten-

tial. It takes the form Φ(u, v) = U(u)−V(v)
sinh2(u)+sin2(v)

such that the functions U(u) and

V(v) depend only on one variable and the resulting Hamilton-Jacobi equations are

independent, simplifying the integral computations for the actions (two 1D integral
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instead of a nested 2D integral), see Binney (2012) or Binney & Tremaine (2008) for

details. This method has been well tested and developed in different softwares or

packages like AGAMA (Vasiliev, 2019) and Galpy (Bovy, 2015), both of which are

widely used and in this thesis, I will use this as a result.

I.3.2 Distribution Functions

To describe a system of stars in equilibrium in an axisymmetric potential, we use

the distribution functions, f (~x,~v) ~dx ~dv, which quantifies the fraction of stars (i) that

are at a position ~xi ∈ [~x,~x + ~dx] and that have velocities ~vi ∈ [~v,~v + ~dv]. This is

a distribution in a 6D space, and neither stellar positions ~x or their velocities ~v are

conserved along their trajectories. However, it is much more suitable working in

action-angle space, and express the distribution functions as a function of actions

and angles. This can be done since ~dx ~dv = ~dθ ~dJ, so the distribution functions are

f (~x,~v | Φpot) ~dx ~dv = f (~J,~θ | Φpot)
~d J̃ ~dθ =

1
(2π)3 f (~J | Φpot)

~d J̃ ~dθ, (I.11)

since (in the axisymmetric potential Φpot) the angles ~θ are uniformly distributed

on the orbit (they spend the equal amount of time in different regions of their

space). Analytical distribution functions for stars in the Milky Way disk have been

developed and fit to local data (Binney, 2010) and used to constrain the potential

Φpot of our galaxy (Ting et al., 2013).

The stellar density Chapters II and IV focus on the positions of stars, so the

distribution functions are integrated over velocities: f (~x) ~dx =
∫

velocities f (~x,~v)d~x ~dv.

Furthermore, these two chapters describe the Milky Way disk assuming that the

stars distribution is axisymmetric, is only a function of Galactocentric radius R

and height above the plane z: f = f (R, z). Since Chapter II focuses on the in-

plane distributions of the stars, I will further assume that all the stars are in the

midplane such that only the radial distribution of stars, f (R), is to be considered.

The stellar density is typically modelled with an exponential surface density profile

Σ(R) = Σ0 exp(−R/Rd), with a scale-length Rd measured to about 3 kpc.
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I.3.3 Stellar Orbit Evolution

The disk of the Milky Way contains giant molecular clouds, a bar, and spiral arms.

These structures produce a time-varying potential that induces the stars to scatter

and change orbits: they will kick the stars in velocity space, apply torques, exchange

angular momentum and so on (see Sellwood, 2014, for a review). On average, the

radial action of stars JR will tend to increase with time as the stars acquire radial

random motions, has been noticed early in the Solar neighbourhood as an increase

in stellar velocity dispersions with age σv ∝ τ0.3 (Wielen, 1977).

The most important internal processes causing stars to change orbits on long

timescales are orbital resonances between stars and structures in the disk. Let us

imagine a star orbiting the Galactic disk with an angular momentum Lz and radial

action JR, in the epicycle approximation (harmonic oscillator). Its orbital angles

will be linear functions of time with φ = ∂H
∂Lz

t = Ω0t (≈ azimuthal angle) and

θR = ∂H
∂JR

t = κ0t. The two important orbital frequencies describing the motion

of the stars are Ω0 for the rotation and κ0 for the radial oscillations. If the star

keeps meeting a structure at the same phase, then they are in resonance: their

orbital frequencies are related by integers. For example, if a spiral arm that has m

arms were to rotate as a solid body with an angular speed of ΩP, the important

resonances (among many others) will be

• Ω0 = ΩP: the corotation resonance 5

• κ0 = ±m(ΩP −Ω0): the Lindblad resonances.

The Lindblad resonances were shown to be efficient at heating stellar orbits: if a star

is on some eccentric orbit, and it its pulled out of its orbit at apocenter each time,

it becomes even more eccentric. The corotation resonance was shown to be efficient

at changing stars’ angular momenta, without heating the orbits much (Sellwood &

Binney, 2002). When the spiral perturbations that create these resonances are short-

lived, stars can undergo many trapping and torquing events over their life time, and

change orbits in a random walk-like manner. This effect causing stars to diffuse in

5see a visual description of corotation resonance trapping at https://neigef.github.io/post_
rm.html.
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orbit space was dubbed ‘migration’ or ‘churning’. In Chapter III, we will measure

how strong JR and Lz redistributions as a function of time are in the disk of our

galaxy, providing insights on what mechanisms drive the evolution of the disk.

I.3.4 Stellar Populations

The stellar surface density profile of the Milky Way disk has been well approxi-

mated with an exponential surface density profile (Bovy et al., 2012; Bovy, 2016;

Mackereth et al., 2017), similarly to the exponential surface brightness profiles that

seem to describe so well external disk galaxies. To disentangle evolutionary pro-

cesses, the density of stars can then be split by populations, as a way to find how

stars of presumably different ages and compositions are distributed at present.

Stellar populations refer to generations of stars that were born at the same time

and that have similar compositions, such that they were also presumably born from

the same gas or in similar conditions. But ages have been difficult to determine,

such that much effort was spent on a more practical proxy for stellar populations:

mono abundance populations (Rix & Bovy, 2013). Getting stellar spectra on an

industrial scale and inferring the stellar atmospheric compositions helped disen-

tangling the formation processes of the Milky Way. In particular, the enhancement

of alpha elements6 compared to iron was a very practical way to infer roughly the

birth conditions of a star: the [α/Fe] ratio correlates with age (e.g., Ness et al.,

2019b), which makes sense in terms of chemical enrichment of galaxies: half of

iron is produced in Type Ia supernovae (Maoz et al., 2014). Type Ia supernovae are

thought to come from thermonuclear exposions of white dwarfs. The delay time

between the birth of their progenitors and their explosion is greater than the delay

for core collapse supernovae, which produce most of the alpha elements. So since

it takes more time to enrich the interstellar gas with iron than with alpha elements,

it has been argued that the more a star contains iron compared to alpha, the later

it was probably born. Furthermore, the Galactic disk has a [Fe/H] gradient, such

6Alpha elements are elements that can be made with many alpha particles: the helium nucleus.
These are mostly produced in core collapse supernovae, which explode quickly after the birth of
their progenitor star.

39



CHAPTER I. INTRODUCTION I.3. THE MILKY WAY’S STELLAR DISK

that a star with a high [Fe/H] presumably formed in the inner disk and a star with

a low [Fe/H] presumably formed in the outer disk. It was found that stars seem to

have a bimodal distribution in the [Fe/H]- [α/Fe] plane (e.g., Hayden et al., 2015),

with the high-alpha mode being substantially older than the low-alpha mode.

The literature following the disk decomposition into stellar populations (Bensby

et al., 2014) then separates in two main research branches that look at the stellar

distributions differently:

1. study quantitatively the spatial or kinematic distribution of stars of given

abundances or age, p(~x|[Fe/H], [α/Fe] | model)(Bovy et al., 2016b; Mackereth

et al., 2017). This approach adresses the question ‘Where are the stars of a

specific composition’, where the composition spearation aims at disentangling

stars born at different times, from different processes or in different structures.

2. Study the observed abundance (or age) distributions at given position in the

disk p([Fe/H], [α/Fe] | R, z)(Hayden et al., 2015; Ness et al., 2016). This ap-

proach addresses the question ‘What kind (in terms of age or birth abun-

dances) of stars do we see at this specific locations?’

These two approaches differ mathematically only in which variables are condi-

tionned on which other variables. Statistically, the choice of which variable to bin is

difficult: the right hand side of the p( | ) distribution should have as few uncertain-

ties as possible, and the left hand side should be affected by as few selection effects

as possible (unless these selection effects are modelled!). But physically speaking,

they differ fundamentally in two aspects. The idea of grouping or binning stars

of similar abundances has the same philosophy as the so-called ‘chemical tagging’

(Bland-Hawthorn et al., 2010): stars born from the same gas cloud should have sim-

ilar abundances, the gas shows spatial variations of abundances, so stars that have

similar abundances were likely born close together spatially. After having formed,

then these stars can change orbits and evolve, such that the first approach mostly

traces the evolution of the stellar disk in a ‘forward’ manner.

The second method bins stars in position in the disk and shows their abun-

dances. These studies show that at a given position in the Galactic disk, a wide
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Figure I.7: Surface density profile (left) and scale-height (right) of different stellar populations in
the Galactic disk, as a function of Galactocenric radius. The top two panels illustrate that the high
alpha populations seem to all have the same radial distribution and their scale-height is uniform as
a function of radius. On the other hand, the low alpha populations are concentrated to the inner
disk if they are [Fe/H]-rich, and more radially extended if they are [Fe/H]poor. They also seem to
flare: their scale-height increases with Galactocentric radius.

range of different abundances occupy the chemical plane: stars born in many dif-

ferent conditions are present at the same position in the disk nowadays. This gen-

eralized previous findings in the Solar neighbourhood: around the Sun, stars do

not lie on a perfect relation between their age and metallicity (which would be ex-

pected: as time goes, supernovae enrich the gas from which later generations of

stars form) (Edvardsson et al., 1993; Casagrande et al., 2011).

Stringent constraints on the spatial distribution of mono-abundance populations

have been set through forward modelling (Bovy et al., 2012; Bovy, 2016). The chem-

ically older populations seem to be more centrally concentrated and form a thicker

disk than the low alpha one. These trends are reflected in Fig. I.7 that shows (1)

the surface density of stars in different [Fe/H]-[α/Fe] bins and (2) their scale-height

from (Bovy, 2016). These two disks are, in the literature, separated as two different

components. But their formation processes are still unknown and debated, and the

separation has a number of versions: thin /thick disk, outer/inner disk Haywood
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(2008); Snaith et al. (2015), and low/high alpha disk. Since (1) the exact formation

prosseses are still unknown, and it is not obvious that there is a direct continuity

between these two and (2) the high alpha disk seems older than the last important

merger (Helmi et al., 2018; Belokurov et al., 2018) which could create discontinu-

ities, I will take the cautious approach in this thesis by modelling only the younger,

low-alpha disk’s slow, secular dynamical evolution.

I.4 Inferring the Milky Way Disk’s History by Forward

Modelling the Data

Before the industrial development of spectroscopic and astrometric surveys such as

Gaia and APOGEE, our knowledge about the Milky Way was limited by the size

and the extent of datasets: how can one learn about the entire Galaxy’s history with

just a few hundred stars around the Sun? Since approximately 2015, we have access

to a lot of information (elemental abundances, ages, positions, kinematics) of tens of

thousands of stars over spatial scales of kiloparsecs. Now we need a framework to

extract information from large, high-dimenstional data, in a quantitative way. This

is the aim of this thesis. I develop and apply a forward model for the the dataset. This

method describes the entire data distribution (no conditioning) with a parametrized

story for the Galactic disk: the joint distribution of the observables in

p([Fe/H], τ,~x,~v | parametrized evolution and selection scenario). (I.12)

I.4.1 From the Idea to the Data to the Data Usage

With the recent arrival of new, large scale, high quality data from space and ground-

based surveys (e.g. Gaia, GALAH, APOGEE, LAMOST...), the field of Galactic

Archaeology and more generally astrophysics has reached a new scientific potential

that is no longer based on exploring a new wavelength range for the first time,

obtaining a new dimension in the observable space, but that is rather based on

large numbers. Datasets reach extremely large sample sizes (millions of stars) and
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are homogeneous (collected with the same instrument and reduced with the same

pipelines). It has therefore become important to develop a framework to use the

information content of these data (Ness et al., 2019a; Rix & Bovy, 2013). In view

of the next generation surveys (SDSSV, 4MOST, WFIRST etc.), there are a number

of challenges to overcome. These can be grouped in a few main points (e.g. Ness

et al., 2019a) listed in the blue box below.

Current challenges/requirements of the industrial Galactic Archaeology:

1. Designing surveys and targeting strategies allowing to use the maxi-

mum of the information content (reconstructible selection function)

2. Collecting high quality data

3. Storing these data, in publily accessible large databases;

4. Extracting the basic information from the raw data at an industrial level

and calibrating these data globally across products from different sur-

veys with suitable pipelines;

5. Developing a framework to fully utilize these data products and in-

terpret them in terms of physics: where this thesis contributes.

6. Developing the theoretical models that will allow a deep understanding

of these observational results and guide the next generations of obser-

vational programs.

The projects described in this thesis are aimed at a small-scale exploration to

explore and develop the 5th item of this list.

Items 3-4 of the above list have made tremendous progress over the past years.

And the return of statistics, machine learning and data science into astrophysics

have made possible to deliver fast and precise stellar physical quantities from large

sample sizes (millions of stars), where classical techniques would now fail (e.g. Ness

et al., 2015, 2016; Ting et al., 2019).

However, the last two items of this list, data exploitation for physcial interpreta-

tion are not fully developed yet, at least in the field of Galactic Archaeology. Once
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we have all these data, what do we do with these? The large amounts of data that

have already been collected in the past years have mostly been interpreted qual-

itatively and under-utilized, by looking at trends in the quantities derived. For

example, using the APOGEE-DR12 data products, which were released in 2015 al-

ready (Hayden et al., 2015), the spatial variations of [Fe/H]-[α/Fe] have brought

qualitative evidence that the Milky Way disk grew from inside-out and for radial

migration (Hayden et al., 2015). Only three years later, did we actually quantify

these clues using the same dataset (by then outdated), with a model parameteriz-

ing the time evolution of the disk scale-length and time-dependent distribution of

stars around their birth radius (?Frankel et al., 2019): this multi-dimentional dataset

had not been fully utilized, more data were already being released and used (in

part) to confirm qualitatively known global trends. The lack of quantitative mea-

surements have made difficult the interpretation of these results. There is now a

need to optimize our extraction of data information content for the surveys in the

coming years.

I.4.2 Modelling and Inference

Most of the results presented in this thesis are based on the same method: for-

ward modelling (and fitting) the observations we have from the Milky Way, based

on a background scenario that is parametrized. Let {~xi,obs} be a set of observ-

ables that we have for a star i. It can be for example its position, its velocity, the

elemental abundances in its atmosphere etc (the specific quantities I worked with

are described in each chapter and selected to tackle a specific question). And let

pm be the parameters that answers the question: ‘how did stars end up with these

{~xi,obs}’? The model will propose a scenario with parameters that describe quanti-

tatively the formation and evolution of the Galactic disk, the subsequent selection

of the dataset into our catalogs, and the data uncertainties.

p(~xi,obs | parametrized evolution and selection scenario). (I.13)
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From this model, we can build a likelihood function for the dataset

pL({~xi,obs} | parametrized scenario) = ∏
i

pL(~xi,obs | parametrized scenario),

(I.14)

and using prior knowledge on what is a physically acceptable parameterized sce-

nario (for example, distances, sizes, timescales should be positive and finite), we

can build a posterior for the model parameters given the dataset we are working

with

ppos(parametrized scenario | {~xi,obs})
∝ pprior(parametrized scenario)pL({~xi,obs} | parametrized scenario).

(I.15)

This summarises in broad lines the overall method used to constrain the evolution

of the Milky Way disk in my thesis. However, a few aspects make this inference

procedure difficult: probabilities need to be normalized to the volume expected

to be occupied by the data. Said differently: we need to account for the fact that

we do not see all the stars of the Milky Way disk, but only those that are selected

and end up in the data set. The difficulties are (1) the selection of the data made

by astrophysicists, and (2) the natural properties of the galaxy that prevents stars

from entering our catalog. In particular, dust in the Milky Way extinguishes stellar

light at certain wavelengths such that the stars do not meet the selection criteria.

Thus, we need to also know the 3D spatial distribution of dust in the Milky Way

disk. These two aspects are developed briefly in the coming two sections. They are

useful for chapters III and IV.

I.4.3 A Magnitude Limited Dataset

We cannot see all the stars in the Milky Way. Our instruments can only detect

stars that are bright enough, and therefore any dataset we chose to work with will

be characterized by its selection function, that is the probability that a star makes

it to the dataset given its properties (brightness, color, etc). It needs to be well

understood before drawing physical conclusions. I will enter in the details of this
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concept here, because it will be very important in Chapters III and IV where it is

not explained because these chapters focus on the physics of the Galactic disk.

Generally if a survey is limited by magnitude, it sees stars of a given intrisic

brightness up to a certain distance only. How bright a star is depends (among

other aspects) on its mass, its age, and its metalicity. Therefore, a survey that is

magnitude- or color-limited may target stars of specific ages and metallicities, and

not all the stars. To relate statistically the ages and metallicity of the stars in a

survey dataset to the underlying population in the Galaxy, one needs to account for

stellar evolution and the distribution of stars in the color-magnitude plane. Stars

burning hydrogen in their core are on the main sequence, and the more massive

they are, the hotter (bluer) and brighter they are (and also short-lived), such that

at large distances, one primarily sees young stars. After low mass stars exhaust

the hydrogen in their core, hydrogen burning continues in a shell surrounding it

and stars move off the main sequence and see their envelope expand and cool:

they become redder and brighter, moving to their next evolutionary phase: the red

giant phase. As soon as their core temperature is high enough, they start burning

helium in their core. Low mass stars burning helium in their core are on the red

clump stage. Red clum ans red giant branch stars are useful because (1) they are

bright so they can be seen from far, and (2) they are red, so the light they emit is

less extinguished by the dust present in the Galaxy (see next Section, I.4.4). This

makes them ideal targets for stellar surveys whose aim is to cover large extent of

the Galactic disk, which brings us to the APOGEE survey (named after the Apache

Point Observatory Galactic Evolution Experiment).

Figures I.8 and I.9 illustrate schematically the process of data selection. The

first panel of Figure I.8 describes (qualitatively and obviously not to scale) a disk of

stars (what we want to model and understand) and a telescope inside that disk of

stars (which is going to shape our perception of the stellar disk). Say this telescope

is designed to look at specific directions on the sky and has a limited set of stars

to observe (we cannot observe all the stars in the Milky Way: we do not have the

time or sensitivity for this, so we have to choose). The second panel of that figure

shows an example of ‘survey footprint’: the green areas show the directions in
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which the telescope is designed to observe (this is done by human decision). The

other regions, which also contain stars, will not be observed. Since the telescope

is not sensitive to all stars, it won’t see all the stars that are in the green cones

that it targets, but only a subset of these. This is illustrated in the top panel of

Figure I.9 that color codes which stars end up eligible for targeting: some are not

simply because they live outside the footprint, some of them are too faint given their

distance, and some other stars may be hidden behind a cloud that contains dust

(see legend). In the end, the stars that actually end up in the catalogue and have

suitable data are represented in green and shown in the bottom panel of the same

Figure (I.9). As the reader can see, the green stars distribution no longer reflects

the distribution of the underlying population in the Galactic disk! Therefore, to

understand the Galactic disk, one needs to model all the decisions that were made

during the selection of the dataset, and the possible effects happening to the data

until they enter the catalog.

The data used in this thesis comes primarily from two surveys: the APOGEE

spectroscopic survey and Gaia. These two surveys are both magnitude limited, but

Gaia can see stars fainter than APOGEE (in the limits where I have used them in

the present thesis), so the survey limiting the sample size is APOGEE. APOGEE

took stellar spectra in near-infrared light, the part of the electromagnetic spectrum

least affected by dust extinction (Section I.4.4), but it is still affected. This survey

targeted stars in specific regions of the sky as illustrated in Figure I.8.

I.4.4 The Effects of Dust and Interstellar Extinction

The Milky Way contains dust. The Milky Way’s disk contains, in addition to

stars and gas, dust mostly distributed in the midplane (e.g., Green et al., 2019). The

dust absorbs and re-emits light over the entire continuum of the spectrum (unlike

the gas, that is more abundant than dust but less worrying: it absorbs and emits

radiation at specific frequencies), scattering photons on their way between the stars

and us, the observers. The star will look fainter and redder than it is. Therefore, to

evaluate the brightness and color of a star, one needs to know by how much it has

been extinguished and reddenned.
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Figure I.8: Schematic illustration of the impact of a selection on a dataset. Top: schema of a galactic
disk with stars of different ages, metallicities, brightnesses, with a dust cloud and a telescope.
Bottom: lines of sight where astronomers decided to point the telescope to and observe stars (green)
or not (white).

Dust is responsible for extinction. A light beam of frequency ν and intensity Iν

that travels through absorbing medium, like dust, will see a fraction of its intensity

be absorbed or scattered over some travel distance. So after travelling a path length

s, the light beam has an intensity Iν(s) = Iν(0) exp(−τν(s)) with τν being the optical

depth of the medium, wich depends on both the frequency of the radiation and the

nature of the medium (for example, the size of dust grains). Similarly, the flux of

light we receive, as observers Fν(s) is related to the flux we would see if there were

no dust Fν(0) by Fν(s) = Fν(0) exp(−τν(s)). We can relate this to the magnitude m

of the stars through m = −2.5 log(F) + const, and get:

m−m0 = −2.5 log(Fν/Fν,0) = 2.5 log(e)τν = Aν. (I.16)
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Figure I.9: Schematic illustration of the impact of a selection on the final dataset: top: same as Figure
I.8, but stars are color coded by outcome: they pass selection criteria (green) or not (other colors)
for various reasons. Bottom: final dataset that does not directly reflect the Galactic disk but does
contain information about it, if we know and model the selection that lead to it.

Aν is the extinction coefficient, and quantifies how much fainter a star looks (when

seen through a filter for frequency ν), after the light it emits has travelled through

dust.

Dust is responsible for reddening. Since the optical depth τν is a function of ν,

the spectrum of a star will be affected differently at different frequencies. Therefore,

the apparent color of the star will be different from its intrinsic color. Typically,

dust scatters short wavelengths more effectively than long wavelengths, so a star
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will look redder than it is. If we are looking at the star in two different filters,

say J and K near-infrared bands, the observed color of the star will be (J − K) =

(J0−K0) + (AJ − AK) = (J−K)0 + E(J−K). The new term E(J−K), ‘color excess’

or reddening, indicates how much redder the stars looks than if it were not hiding

behind dust.

Accounting for these obstacles. The dust leads to two complications for the mod-

eling in the coming chapters: first, to find the distance to a star, one needs to know

by how much it is obscured by dust. Second, to know how many stars are in a

given line of sight, one needs to also know how many stars are there, but not seen,

because dust hides them.

In the coming chapters, we use several tricks to mitigate the effects of dust.

First, all the data I used were taken in near-infrared wavelengths, which are, as we

have seen before, less affected by extinction. Secondly, the stars I have used are

red clump stars: these are giant stars, which are bright and mostly red. But this

does not bring extinction and reddening to zero. The effects can be accounted for

by de-reddening the stars, to get their true color, using the assumption that in the

Rayleigh-Jeans limit, all stars have the same intrinsic color, giving the E(J−K) term

by simply taking the difference between stars observed and true colors. Applying

our favoured extinction law allows us to determine AK, which can in turn be used to

determine distances to red clump stars. To know how many stars are hidden behind

dust and thus unseen, one needs to have a clear view of the 3D dust distribution in

the Milky Way disk. This has been determined by several works (e.g. Green et al.,

2018; Rezaei Kh. et al., 2017).

50



CHAPTER I. INTRODUCTION I.5. INTRODUCTION SUMMARY AND THESIS OUTLINE

Pioneering efforts have developed methodologies to infer the Milky Way’s

properties (Sanders & Binney, 2015; Bovy et al., 2014; Bovy, 2016; Mackereth

et al., 2017; Rix & Bovy, 2013). But such studies are still rare and focused

at the time on describing the present-day Milky Way, or forward modelled only

for a subset of the available dimensions in the data (e.g., binning in mono-

abundance populations) and presented qualitative discussions of the impli-

cations for the Milky Way’s disk formation and evolution. In many aspects,

the limitations partly resided in

• the lack of precise stellar ages in large spatial volumes

• the low precision to which one can approximate surveys selection func-

tions, partly due to a limited knowledge of the 3D extinction in the

Milky Way disk

• the lack of precision in the data

At present, 3D extinction in the Milky Way disk is mapped more precisely

(Green et al., 2019), stellar ages can be determined to 30%-40% for samples

with wide spatial coverage (Ness et al., 2015, 2016; Ting & Rix, 2019), the

Gaia space mission delivered precise kinematics for millions of stars (Linde-

gren et al., 2018): it is now very timely to build on and extend the previous

inference efforts with an evolutionary model for the Milky Way’s disk.

I.5 Introduction Summary and Thesis Outline

Disk galaxies, including the Milky Way, lie in restricted regions of the observational

space. Their formation and evolution processes are not fully understood, in par-

ticular the origin of exponential surface brightness profiles, the inside-out growth

processes and the internal dynamical processes driving the secular evolution. This

thesis uses the Milky Way as a model organism to address these questions, taking

advantage of the fact that we have access to the full distributions p(~x,~v, [Fe/H], τ)
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for many of its stars.

The following chapters build incrementally a statistical model for the Milky

Way disk stars from their birth conditions to their present-day properties, tackling

at each step a different question. Chapter II investigates how strongly stars diffuse

in radius.

In Chapter III, I build on this model to investigate further how the orbits evolve

and disentangle heating processes from cold radial migration processes: orbit dif-

fusion goes as radial action change, and angular momentum diffusion.

In Chapter IV, I rewind stars to their birth properties to infer how the Milky

Way disk assembled, and quantify the amount of inside-out growth in the Galactic

disk.

In Chapter V, I synthetize the results obtained in this PhD and put them in a

larger context of galaxy formation and evolution. I discuss the limitations of the

method used in this thesis and suggest possible improvements, for the statistical

methods and drawing physical inspiration from cosmological simulations.

Chapter VI concludes on this PhD thesis and discusses briefly the implications

and future steps for this research field.
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Chapter II

Radial Redistribution of Stars

Science Question We have seen in Chapter I that the birth conditions of stars

in disk galaxies (highly structured) are different from their present-day conditions

(very smooth). And we have also seen that in the Milky Way, stars at a given radius

and age have a large scatter in [Fe/H]. This could be explained if stars were to

redistribute, or diffuse, in radius. Since physical scatter cannot be measured for

external galaxies, we are now looking at the Milky Way, to ask: "Do stars in the

Milky Way disk redistribute in radius, and by how much?"

Publication This Chapter was published in a similar form in The Astrophysical

Journal in Frankel et al. (2018) and presents the construction of a global model for

the Milky Way disk, to assess how fast stars change Galactocentric radius in the

Galactic disk.

Contributions

• I conducted the research reported in this paper: adapting and extending a

Galactic disk model from Sanders & Binney (2015) and from notes that were

written before hand by my advisor Hans-Walter Rix. I coded the equations,

took major technical decisions independently, produced the plots and wrote

the article.

• Hans-Walter Rix supervised the project by giving me regular guidance on the
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next steps or helping solving problems I encountered. He also contributed

significantly to editing the early drafts of this paper and helped constructing

the outline.

• Yuan-Sen Ting contributed through machine-learning guidance, regular inter-

actions which cleared up my mind, and detailed comments on the manuscript.

• Melissa Ness provided the data and comments on the manuscript.

• David Hogg contributed through (1) discussions with my primary advisor

leading to the birth of this project (before I start working on it), and (2) through

useful comments on the draft and help drawing the graphical models (Fig. II.7

and II.8).
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Abstract We develop and apply a model to quantify the global efficiency of

radial orbit migration among stars in the Milky Way disk. This model pa-

rameterizes the possible star formation and enrichment histories, radial birth

profiles, and combines them with a migration model that relates present-day

orbital radii to birth radii through a Gaussian probability, broadening with

age τ as σLz12
√

τ/8Gyr. Guided by observations, we assume that stars are

born with an initially tight age–metallicity relation at given radius, which

becomes subsequently scrambled by radial orbit migration, thereby provid-

ing a direct observational constraint on radial orbit migration strength σLz12.

We fit this model with MCMC to the observed age–metallicity distribution

of low-α red clump stars with Galactocentric radii between 5 and 14 kpc

from APOGEE DR12, sidestepping the complex spatial selection function

and accounting for the considerable age uncertainties. This simple model

reproduces well the observed data, and we find a global (in radius and time)

radial orbit migration efficiency in the Milky Way of σLz12 = 3.6± 0.1 kpc

when marginalizing over all other model aspects. This shows that radial or-

bit migration in the Milky Way’s main disk is indeed rather strong, in line

with theoretical expectations: stars migrate by about a half-mass radius over

the age of the disk. The model finds the Sun’s birth radius at ∼ 5.2 kpc. If

such strong radial orbit migration is typical, this mechanism plays indeed

an important role in setting the structural regularity of disk galaxies.
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II.1 Introduction

To understand how disk galaxies formed and evolved (e.g., Mo et al., 2010a; Schön-

rich & Binney, 2009b), we need to understand how our Milky Way, typical disk

galaxy, formed and evolved. In particular, we need to identify and characterize

the processes setting the radial and vertical structures of the Galactic stellar disk in

terms of stellar ages and abundances.

The present-day structure must at some level reflect both the global initial con-

ditions such as the cold gas’ total angular momentum and distribution, and the hi-

erarchical merging during the early turbulent phases of the Milky Way’s formation

(Brook et al., 2004; Bird et al., 2013; Stinson et al., 2013). The stars’ age distribution

obviously reflects the overall star formation history of the Galaxy. In addition, the

stars’ photospheric element abundances trace the gradual enrichment of the Milky

Way, which proceeded differently in different parts of the galaxy (e.g., Chiappini

et al., 2001; Schönrich & Binney, 2009b).

But for the last ∼ 8 Gyr, the Milky Way’s dynamical history has been quite

quiescent, with the large majority of stars formed since then residing in a thin disk

(e.g., Rix & Bovy, 2013; Bland-Hawthorn & Gerhard, 2016). However, even in this

quiescent regime, we cannot expect the stars’ present-day orbits to reflect their birth

orbits, as first detailed by Sellwood & Binney (2002) (SB02): there may be a great

deal of dynamical evolution on timescales longer than a dynamical time because

the Galaxy is not axisymmetric, called “secular evolution”.

In particular, radial orbit migration has been recognized as a potentially very

important process in both analytic and simulation work (Sellwood & Binney, 2002;

Roškar et al., 2008a; Minchev & Famaey, 2010a). Even if a star was born on a

circular orbit, its present-day radius may differ from its birth radius for basically

two reasons: first, a variety of perturbations in the in-plane or vertical direction

may cause increasing epicycles, a process dubbed “blurring” by SB02 to refer to

orbital heating. We know from the velocity dispersion in the Galactic disk that

for “middle-aged” stars (∼ 5 Gyr), this leads to radial excursions of about 1 kpc.

But SB02 emphasized another process, which they dubbed “churning”, that occurs
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in the presence of changing, fleeting or complex non-axisymmetric patterns (over-

densities) such as spiral arms; these exert torques on stars, and lead to an effective

change in a star’s angular momentum or mean orbital radius, without inducing

much “blurring”. Here, we focus on the changes in the (instantaneous) orbital

radius, and refer to this combined effect of “churning” and “blurring” as “radial

orbit migration” or “radius migration” throughout the present analysis.

N-body and cosmological simulations imply that radial orbit migration is very

important: the angular momentum (and hence orbit-size) may change of order

unity for any star over time-scales as short as a few Gyr (Grand et al., 2012, 2016;

Kubryk et al., 2013), in detail depending on the non axis-symmetric structures’

properties such as their pattern speeds and strengths. But to predict the actual

degree of radius migration in any galaxy quantitatively, one would need to have an

inventory of all the past spiral and bar pattern speeds and strengths.

There is well established observational evidence for the relevance of this process.

In external galaxies, it makes predictions for the outermost radial density and age

profiles of the stellar disk, which are in qualitative agreement with observations

(e.g., Herpich et al., 2017; Ruiz-Lara et al., 2017). In our Galactic disk, there is the

remarkable, longstanding observation that there is no distinct age–metallicity rela-

tion of stars in the Solar neighbourhood (few 100 pc around the Sun); and that there

is a wide spread of metallicities at the Solar radius (Edvardsson et al., 1993; Hay-

wood, 2008; Casagrande et al., 2011). Both observations would be puzzling if stars

– at a given time and Galactocentric radius – were born with a very small spread

in metallicities. This is expected from both chemical evolution models (Matteucci

& Francois, 1989) and from observations of the interstellar gas and young stars in

galaxies (e.g., Przybilla et al., 2008).

But if there is an important radial gradient in the metallicities (as observed in

the Milky Way, (e.g., Genovali et al., 2014)) then extensive radius migration, scram-

bling the orbital radii of stars while keeping their [Fe/H] unchanged, could explain

the lack of an age–metallicity–(present-day) radius relation at given radius. This

has been advocated and worked out by Schönrich & Binney (2009a,b); Roškar et al.

(2008c); Minchev et al. (2013); Hayden et al. (2018). They laid out a picture where
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three basic ingredients can explain the present-day orbit–age–abundance distribu-

tion of Galactic disk stars: 1) disk stars at all epochs and Galactocentric orbit radii

were born with a well-determined metallicity ([Fe/H](R0, τ)), 2) there has always

been an evolving outward metallicity gradient, 3) extensive subsequent mixing of

orbital radii occurred.

Much of the best observational constraints on such radial orbit migration in the

Galaxy stems from very local samples (Nordström et al., 2004; Sanders & Binney,

2015), with stars that have both abundance and age estimates; and indeed these

analysis imply very effective radius migration. But if radial orbit migration is a

global phenomenon across the Galactic disk, then it calls for a “global” test, i.e. a

test with observational data that cover Galactocentric radii that encompass a good

fraction of the Galactic disk.

Here we propose measurement of the average, or global, efficiency of radial orbit

migration, based on data over a very wide Galactocentric radial range (5 ≤ R ≤
14 kpc), with age estimates from spectroscopy. APOGEE (Majewski et al., 2017)

spectra provide the first large (∼ 20, 000) sample with consistent age estimates, τ

(Ness et al., 2016) across a large radial range in the Galaxy. Qualitatively, the young

stars τ ≤ 1 Gyr show a well defined radial metallicity gradient ([Fe/H] decreasing

outward), with a modest scatter in [Fe/H] at any given radius (see Figure II.2).

“Old" stars (≥ 10 Gyr) show no discernable metallicity – radius relation, or at least

enormous scatter in p([Fe/H] | R). The basic idea (Schönrich & Binney, 2009a;

Sanders & Binney, 2015) is that extensive radius migration has largely erased the

original radius–[Fe/H]– age relation.

This approach is related to, but not the same as “chemical tagging" (Freeman

& Bland-Hawthorn, 2002; Ting et al., 2015), which aims at identifying stars that

were born in the same cluster by their near-identical, detailed abundance patterns,

even if they are now on widely different orbits. While stars from the same cluster

were manifestly born at the same epoch and the same Galactocentric radius, the

approach in the present analysis makes a different assumption: that stars born at

the same epoch at the same Galactocentric radius have very similar [Fe/H] (e.g.,

Przybilla et al., 2008).
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Any radius migration over the course of a star’s life is best thought of as a

combination of diffusion of orbital angular momentum, or guiding radius (churn-

ing) and orbital heating (blurring), presuming it was born on a near-circular orbit.

These are two distinct processes of different amplitudes, which can be measured

separately using stellar angular momenta and radial action. But here, we focus on

the stars’ Galactocentric radii R as a proxy, as these quantities are currently available

with great fidelity and across a wide range of radii. We also restrict our analysis to

stars with ages τ ≤ 8 Gyr, as a model of gradual, secular orbit evolution may not

be applicable to the earliest phases of the Galactic (thick) disk formation.

Here we construct a forward-model that incorporates the main processes that

set the age- and abundance-dependent structure of the Galactic disk: the global

star-formation history, inside-out growth, gradual chemical enrichment and radial

orbit migration. In important aspects, this model draws on the ideas laid out in

Sanders & Binney (2015). We then compare this model to APOGEE data, thereby

constraining the strength of radial orbit migration from data across the Galaxy.

The data are presented in Section IV.2. The methodology is laid out in Section

II.3. We then present our results in Section IV.4 that quantitatively constrain radius

migration and affirm how effective it seems to be in the Galaxy. We conclude and

comment in Section II.5

II.2 Data: APOGEE red clump giants

Global constraints on radius migration of stellar orbits call for a sample of stars

that covers a wide range in Galactocentric radii at low latitudes and with precise

distances, and that has consistent [Fe/H] and age estimates. The APOGEE (Apache

Point Observatory Galactic Evolution Experiment Majewski et al., 2017) sample

of red clump giants (Alam et al., 2015; Bovy et al., 2014) is, by design, very well

suited for this purpose. Observing at near-infrared wavelengths for which dust is

nearly transparent, the APOGEE spectrograph delivered spectra for giant stars with

Galactocentric radii from ∼ 5 kpc to ∼ 14 kpc, as illustrated in Figure II.2. Stellar

parameters and abundances for this sample (originally from APOGEE DR12, Alam
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et al., 2015) were re-derived using The Cannon Ness et al. (2015). Importantly, con-

sistent ages were derived by Ness et al. (2016), using the same data-driven approach

to calibrate spectroscopic age estimates to asteroseismic data; the spectroscopic age

signature of red clump giants resides in the C and N abundances (at given [Fe/H]),

reflecting mass (and hence age) dependent dredge-up (Masseron & Gilmore, 2015;

Martig et al., 2016). Uncertainties in metallicity are of about 0.05-0.10 dex, and those

in ages (log τ) are 0.2 dex.

Red clump giants are reliable standard candles, see for example Girardi (2016),

with photometric distances precise to within 5%. The 3D position in the Galaxy can

be obtained from these, assuming the Sun is at a Galactocentric distance R� = 8

kpc and height z� = 25 pc. Bovy et al. (2014) identified ∼ 20,000 red clump giants

in APOGEE with a contamination fraction between ∼ 3% and 10% by red giant

branch stars.

The above elements provide us with a set of about 20 000 data {[Fe/H], τ, R},
and their uncertainties. For our modelling at hand, it seems sensible to apply a

few more cuts to the sample. As we are interested in radial orbit migration as

the possibly dominant orbit evolution process in the more quiescent phase of the

Galactic disk evolution (the last ∼8 Gyr), we eliminate stars with high [α/Fe], as

illustrated by the grey dots in Fig II.1. Additionally, we select stars well in the

Galactic plane with altitude |z| < 1 kpc.

II.2.1 Sidestepping the complex spatial selection function

Given a set of data {[Fe/H], τ, R}, the obvious approach would be to construct a

parameterized model to predict p({[Fe/H], τ, R}| pm), where pm are various model

parameters describing the possible evolution histories of the Galactic disk (see Sec-

tion II.3) including radial orbit migration. But such direct comparison of model

predictions to data requires to account for the selection function: the probability

that any star in the sky enters the survey catalog, given its physical properties. In

the case of the APOGEE data at hand, the selection function is (inevitably) complex:

stars must (1) belong to the red clump population, and (2) be the pointing directions

of APOGEE and have color and magnitudes to fit the APOGEE survey selection.
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Figure II.1: Illustrating the abundance-based selection of about 17,500 low-[ff/Fe] red clump stars
among the 20,000 APOGEE red clump giants (in red, below the dashed line) for this study. We
focus on those “thin disk" stars, as describing orbit evolution via gradual, secular radial orbit mi-
gration may not be applicable to the turbulent early phases of Milky Way formation, when most
high-[ff/Fe] presumably formed.

Firstly, the number of red clump stars per unit mass of a stellar population is

a strong function of age (Girardi & Salaris, 2001). Bovy et al. (2014) have calcu-

lated with stellar evolutionary models the relative fraction of stars which are in this

evolutionary stage in function of their age for a flat star formation history (this is

illustrated by the dashed line in Figure II.3).

Secondly, the APOGEE spatial selection function was shown to be a complex

function (Bovy et al., 2016a). The consequences of spatial distribution on the ra-

dial distribution of the APOGEE red clump sample used in our study is visible

in Figure II.2 where there is, for example, an over-density of stars observed at the

position of the Sun (≈ 8 kpc). Therefore, we opt not to model this complex distribu-
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Figure II.2: Number density distribution of RC stars in the plane of metallicity ([Fe/H]) and Galac-
tocentric radius, for two ages bins: young stars (less than 1 Gyr, left), and older stars (measured age
between 5 and 8 Gyr, right), assuming a solar position of R� = 8 kpc and z� = 25 pc. Measurement
uncertainties are of about 5% in radius and 0.1 dex in metallicity. This Figure, adapted from Ness
et al. (2016), shows that (1) there is a well-defined metallicity gradient among young stars; (2) at a
given metallicity, the (horizontal) spread in Galactocentric radii is larger for old stars than that for
young stars (which we interpret and model as a consequence of radius migration); and (3) the stellar
density at different radii is dominated by the complex spatial selection function of APOGEE (e.g.,
the manifest over-density at 8 kpc, reflecting the location of the Sun).

tion. Instead, we work only with the age–metallicity distribution given stellar radii

p({[Fe/H], τ} | {R}). The advantage is that the model construction is technically

simpler and more robust; but not all of the information contained in the data is

used. In particular, we are not exploiting the present-day radial distribution of stars

in the Milky Way disk p({R}).

II.3 A model for the Galactic disk evolution, including

radial orbit migration

We now lay out a simple parameterized model for the age–abundance–radius struc-

ture of the Galactic disk of low-[α/Fe] stars. This model specifies different forma-

tion and evolution aspects: when, and at what metallicity stars were born, with

which radial profile they were born, and how much they migrated, ultimately pre-
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dicting the joint distribution p([Fe/H], τ, R) and p({[Fe/H], τ} | {R}). In many

ways, this model draws on the approach laid out by Sanders & Binney (2015).

We start by stating the main assumptions underlying our model. We then

specify the individual model aspects, each described by a set of functional forms,

which result in a vector of model parameters, pm. We then combine these as-

pects to predict the age-metallicity distribution at any given Galactocentric ra-

dius, p([Fe/H], τ | R, pm), which allows us to calculate the data likelihood for the

APOGEE sample given any pm and apply Bayes’ theorem to infer the posterior

probability function for the model parameters, given the data

ppo(pm | {[Fe/H], τ, R}) = pL
(
{[Fe/H], τ} | {R}, pm

)

× ppr(pm)/ppr({[Fe/H], τ}),
(II.1)

with ppo the posterior probability density function of the model parameters, ppr(pm)

our prior knowledge on the model parameters, and ppr({[Fe/H], τ}) the evidence.

Such inference operation requires to account for data uncertainties. We assume in

the present study that the uncertainties in R and [Fe/H] are negligible (red clump

stars have ∼ 5% and ∼ 0.05− 0.1 dex uncertainties in distance and [Fe/H] respec-

tively). We presume that the uncertainties in log τ dominate and are described by a

Gaussian with σlog τ = 0.2 dex (Ness et al., 2016).

II.3.1 Basic model assumptions

In order to describe the evolution of the Galactic disk with a parametrized model,

we made several assumptions on the nature and strength of the processes at play.

Obviously, the astrophysical inferences from our modelling are only as valid as the

assumptions.

• We assume that the metallicity [Fe/H] of the interstellar medium has negligi-

ble variations with azimuth; this is perhaps the strongest assumption involved

in the modelling. This assumption is supported by observations of young stars

in the Galaxy (e.g., Luck et al., 2006; Przybilla et al., 2008; Genovali et al., 2014).

Azimuthal variations in rapidly produced α-elements have been claimed (Ho

63



CHAPTER II. RADIAL REDISTRIBUTION OF STARS II.3. GALACTIC DISK MODEL

et al., 2017; Sánchez-Menguiano et al., 2016), but those in [Fe/H] should be

less strong.

• We do not treat or model explicitly the vertical structure of the Milky Way

disk, though there are of course vertical (populations) gradients in it (e.g.

Ness et al., 2016), which are affected by radial migration (e.g., Schönrich &

McMillan, 2017a; Kawata et al., 2017a). Such gradients will only appear as

scatter at given radius, interpreted as consequence of radial orbit migration in

the present work.

• Secular evolution has been the dominant orbit evolution effect for the past 8

Gyr, which implicitly assumes that the Milky Way had a relatively quiescent

life for the past 8 Gyr. We therefore restrict our analysis to stars younger than 8

Gyr, neglecting possible recent external interactions that could be responsible

for shaping the Milky Way disk.

It follows from these assumptions that we model radial orbit migration as the only

mechanism responsible for the scatter in age–metallicity at given radius. In this

work, we interpret all scatter with radius migration, and therefore provide an up-

per limit on its strength, which should reflect the distance over which stars have

migrated radially.

II.3.2 Functional Forms for the Different Aspects of the Model

In the following, we use the assumptions stated above and lay out our adopted

functional forms for different aspect of the Galactic disk’s formation and evolution:

the distributions of (1) the global disk star-formation rate, (2) birth radii distribution

as a function of time, (3) birth metallicities at a given epoch and radius, and (4) the

strength of radial orbit migration. We summarize these functional forms in Table

II.1. These functions are combined to produce Eq II.1, from which we can sample

the posterior probability distribution function of the parameters pm.
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II.3.2.1 Star formation history and the age distribution of red clump stars

We parameterize the possible age distribution of red clump stars by

p(τ | pm) ≡ c1 · SFH(τ, pm) · fRC(τ), (II.2)

where SFH is the star formation history of the Milky Way thin disk, fRC is the

relative mass of stars at the red clump stage, and the normalization requires

c−1
1 ≡

∫ τm

0
SFH(τ, pm) fRC(τ) dτ. (II.3)

The star formation history (SFH) of the Milky Way thin disk is thought to be

extended in time (Bland-Hawthorn & Gerhard, 2016) and is manifestly still ongoing.

This motivates our choice (Mo et al., 2010b) to conventionally parametrize the star

formation rate in the Milky Way disk as a slowly decreasing exponential with time,

for which we fit the exponential decay time-scale τSFR. This is a simplification of

the Sanders & Binney (2015) model, who go further in detail and include thick disk

star formation. We write the star formation history

SFH(τ, pm) = exp
[
−(τm − τ)/τSFR

]
, (II.4)

where τm is the maximum disk age, set to 12 Gyr; τSFR is the model parameter

setting the star formation history, and is to be fit (i.e. it is an element of pm).

The expected number of red clump stars per unit stellar mass, fRC(τ), is a dis-

tinct function of age (and a weaker function of metallicity); it has been derived and

parametrized in eq (11) of Bovy et al. (2014). We illustrate fRC(τ) in Figure II.3

(dashed line) together with one particular choice of a star formation history SFH

(solid line).

II.3.2.2 Radial Birth profile and inside-out growth

We presume that disk stars are born on near-circular orbits near the mid-plane of

the disk. The sizes of their orbits is determined by the angular momentum of the
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Figure II.3: Model for the global star formation history and the age distribution of red clump stars.
We assume that the global star formation history of the (low-α) Galactic disk can be described (see
Eq II.4) by a model family SFR ∝ exp (−t/τSFR), illustrated by the solid line for a star formation
time-scale τSFR = 6.8 Gyr. The dashed line shows the theoretically expected relative number of red
clump stars per unit mass for a constant star formation history. The normalized product of these
two functions gives the current age distribution of red clump stars.

gas from which they formed. We therefore need to parametrize the radial profile of

the star-forming gas in the Galactic disk at any time. The Galactic disk is thought

to build from inside-out, as gas of first low then higher angular momentum cools

and falls into the potential of the dark matter halo (White & Frenk, 1991; Mo et al.,

1998; Muñoz-Mateos et al., 2007a; Fraternali & Tomassetti, 2012). This inside-out

growth is thought to play a determining role in the gas and stars metallicity profile

(Schönrich & McMillan, 2017a), so it is important to incorporate this aspect into our

disk model. We parametrize the possible radial birth profile of stars at any given

epoch as a decreasing exponential with Galactocentric radius, with a scale-length
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Rexp,

p(R0 | τ, pm) = exp
(
−R0/Rexp(τ)

)
/Rexp(τ). (II.5)

We then parameterize inside-out growth by allowing the scale-length to increase

(linearly) with time,

Rexp(τ) = 3 kpc
(

1− αRexp

( τ

8 Gyr
))

. (II.6)

The relative size of the disk today and at early times is set by the free parameter to

be fit αRexp (Eq II.6), bound to the interval [0, 1] with the current star-forming disk

scale-length set to Rexp(τ = 0) = 3 kpc. Note that we do not attempt to model the

radial profile of the disk beyond 8 Gyr ago, because we deem our secular evolution

model inapplicable at such early epochs. The radial scale-length of the Milky Way

stellar disk is not well constrained (see Bland-Hawthorn & Gerhard (2016) for a

review). It was shown that such scale-length varies with stellar populations (Bovy

et al., 2012). We adopt here the suggested value for the younger stars (in the chem-

ical sense: with low [α/Fe]) in the disk of ∼ 3 kpc from Bovy et al. (2012), to model

the present-day star-forming gas profile. The possible distributions of stars at birth

8 Gyr ago and today are shown in Figure II.4 for a specific choice for αRexp .

II.3.2.3 Metallicity–radius–age relation

We also need to specify with what [Fe/H] stars were born at time τ ago at Galac-

tocentric radius R0. At present, disk stars in the Milky Way are born with a tight

relation between their birth radius and their metallicities. This is qualitatively seen

in data: young sub-populations (e.g., Cepheids, Genovali et al. (2014)) of a given

[Fe/H] cover a small range of galactic radii. Open clusters metallicity spreads were

shown to be about 0.03 dex (Bovy, 2016; Ness et al., 2017; Ting et al., 2018a). This

motivates our assumption that the metallicity profile of the interstellar medium

(and hence the metallicity stars have at birth) can be modelled at any time through

a tight relation. Following the general reasoning of Sanders & Binney (2015) who

approximate the output of a simulation of Schönrich & Binney (2009a), we describe

the metallicity profile in the star-forming gas disk as the product of a radial profile,
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Figure II.4: Illustration of the models for the birth-radius distribution of stars. At any given point in
time, the radial birth profile is assumed exponential, with a scale-length growing with time to reflect
inside-out growth (here, αRexp = 0.3, see Eq II.6). Stars were born in more centrally concentrated
regions 8 Gyr ago (solid line) with a radial scale length of 2 kpc, which is about 30% smaller than
today’s assumed birth scale length of 3 kpc (dashed line).

and of a term describing the time dependency of chemical enrichment

[Fe/H] =Fm − (Fm +∇[Fe/H]Rnow
[Fe/H]=0) f (τ)

+∇[Fe/H]R.
(II.7)

Here, Fm represents the metallicity of the gas at the center of the disk at τ = 12

Gyr. We assume it to be fixed at -1 dex, a choice supported by the age–metallicity

relation of globular clusters at the center of the Milky Way (e.g., Kruijssen et al.,

2018). The parameter ∇[Fe/H] is the interstellar medium metallicity gradient in

dex kpc−1, is negative, and is to be fit with the other parameters in pm. We do not

specify the physical mechanisms behind the origin and maintenance of the (birth)
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gas metallicity gradient. Simulations show such a gradient to be a robust prediction

(Grand et al., 2015). It is presumed here to be constant in radius and time, although

the metallicity gradient may have evolved over the life time of the Galactic disk

(Minchev et al., 2018; Grisoni et al., 2018a). We discuss the possible impact of this

assumed form in Section IV.4, where different expressions are tested. We expect

young stars across the Galactic disk to provide the strongest constraints on this

model parameter. Then, Rnow
[Fe/H]=0 is the radius at which the present-day (birth)

metallicity is solar ([Fe/H]= 0). We expect this parameter to be constrained by the

current radii of the youngest red clump stars of solar metallicity. We assume the

time dependency of the enrichment to follow the power law

f (τ) =
(

1− τ

τm

)γ[Fe/H]

with the parameter (to fit) γ[Fe/H] controlling the time dependency of chemical

enrichment with time: linear if γ[Fe/H] is 1, and faster at early times if γ[Fe/H] is

less. Overall, this encapsulates that there is a metallicity gradient in the interstel-

lar medium in the disk, and that enrichment proceeded gradually over time, as

illustrated in Figure II.5.

With this parametrization, we now assume that there is an exact birth metallicity

at a given stellar age τ and birth radius R0, i.e. p
(
[Fe/H] | R0, τ, pm

)
is a δ-function

at the value of [Fe/H] that satisfies Eq IV.17. To study radial orbit migration (R−
R0), we use this functional form of the metallicity profile of the interstellar medium

as a function of time to find stellar birth radii, given stellar metallicities and stellar

ages. In other words, we invert the age–metallicity relation in Equation IV.17 and

construct the inverse relation R̃0([Fe/H], τ), which is a δ-function in R0, centered

on:

R̃0 =
[Fe/H]− Fm + (Fm +∇[Fe/H]Rnow

[Fe/H]=0) f (τ)

∇[Fe/H]
(II.8)

Such inversion requires

τ ≤ τmax([Fe/H], pm),

for R̃0 to be positive. Here, τmax([Fe/H], pm) is the maximum stellar age deemed
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radii), and at any radius (line of a given color) the interstellar medium gets enriched with time.
The position of the Sun in this plane is indicated by the blue � marker. Combinations of ages and
metallicities above the black 0 kpc line would be deemed unphysical by the model.

physical by our model evaluated for pm, given a metallicity [Fe/H]. Solving the

inequality R̃0([Fe/H], τ) > 0 for τ at a given metallicity in Eq II.8,

τmax([Fe/H], pm) =

τm

(
1− [Fe/H]− Fm

Fm −∇[Fe/H]Rnow
[Fe/H]=0

)1/γ[Fe/H] (II.9)

where we used the assumption that the metallicity gradient in the star-forming gas

is always negative; [Fe/H] decreases outward. This inequality can be visualized

in Figure II.5: combinations of [Fe/H] and τ above the 0 kpc line are deemed

unphysical. This condition, that is a function of pm, will therefore provide strong
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Figure II.6: Simple model family for radial orbit migration, illustrated by the orbit radius probabil-
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green) as a function of time after birth: 0.5, 1 and 2 Gyr (darker to lighter). The radial orbit migra-
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cause stars have a null probability to migrate to negative radii (e.g., discontinuity of the yellow line
at τ = 2 Gyr and R = 0 kpc). The distributions are modulated by the exponential radial birth profile,
with an inside-out scale parameter αRexp of 0.3, and the current disk scale-length 3kpc.

constraints on the parameters to fit in the age–metallicity – birth radius relation, in

particular on γ[Fe/H].

II.3.2.4 Radial orbit migration

We now introduce the central part of our model: radial orbit migration in order

to quantify how far stars move from their birth radii as a function of their age.

Theoretical and observational arguments suggest that radial orbit migration can

be modelled as a diffusion process. Sellwood & Binney (2002) first demonstrated
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Table II.1: Summary of the important aspects of the model.
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that non-axisymmetric structures such as spiral arms can, through repeated and

transient torques on stars at co-rotating with them, induce large changes in their

angular momenta. Further simulations confirmed this diffusion aspect of radial mi-

gration (Schönrich & Binney, 2009a; Brunetti et al., 2011). Qualitatively, data show

that at a fixed metallicity, a spread in stellar radii increases with stellar ages. This

is qualitatively evident in the different [Fe/H]–R spread between the two panels

in Figure II.2. Motivated by these arguments, we follow Sanders & Binney (2015)

and adapt their parametrization to Galactocentric radius coordinate. In its simplest

form, a solution to the diffusion equation in radius gives the following probability

for a star to be currently at a Galactocentric radius R, given that it was born at R0 a

time τ ago:

p(R | R0, τ, pm) = c3 exp
(
− (R− R0)

2

2 σ2
Lz12 τ/8 Gyr

)
, (II.10)

where σLz12, the radial orbit migration strength (our main astrophysical goal, to fit),

represents the extent of radial orbit migration for a star after 8 Gyr (the width of

the Gaussian function in Equation IV.13 at age τ = 8 Gyr). As its age increases,

the probability for a star to be on a different orbit than its birth orbit increases,

because it had more time to radial migrate. An illustration of the radial spread of

different orbits with, for example, σLz12 = 3.6 kpc is shown in Figure II.6, where the

distributions are modulated by the radial birth profile across the disk. Finally, the

normalization constant c3 satisfies

c−1
3 = σLz12

√
π

2
τ

8 Gyr
·
(

erf
( R0

σLz12
√

2
√

τ/8 Gyr

)
+ 1
)

,

to ensure that stars do not migrate to negative radii. This parametrization implies

a (presumably unphysical) net motion outwards, which has a very limited impact

on the results as discussed in Section II.5.

In this most restricted form, the only free parameter describing radial orbit mi-

gration is σLz12.
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II.3.3 Constructing the Data Likelihood Function

We use the above elements to build a parameterized model that predicts the joint

distribution p([Fe/H], τ | R, pm) at a given Galactocentric radius R for the low-α

Galactic disk. The model consists of two distinct components. The first component

is built from the aspects described in the above section for the disk younger than 8

Gyr and is aimed to be informative about the evolution of the Milky Way disk. The

second component is a simple model for the disk older than 8 Gyr; the model laid-

out above may not apply to the early phases of the evolution of our Galaxy. As this

old disk component model is a “nuisance” aspect of the current work, the model is

fairly simple and uninformative. However, as age uncertainties grow with age (0.2

dex), one cannot assign stars to a particular component of the model based on the

most likely age. We must marginalize over age uncertainties, in Equation II.24. As

the red clump sample is a fairly young population (with an age distribution that

peaks around 2 Gyr, see Figure II.3), the total likelihood will be dominated by terms

from younger stars.

We start using Bayes’ rule on

p
(
[Fe/H], τ | R, pm

)
=

p([Fe/H], τ, R | pm)

p(R | pm)

=
p(τ | pm) · p([Fe/H], R | τ, pm)

p(R | pm)
.

(II.11)

And we will now construct both the numerator and the denominator as two dis-

tinct models, summarized respectively in Figures II.7 and II.8. The numerator is

the joint distribution of all data given the model parameters p([Fe/H], τ, R | pm).

But as we do not model the spatial selection function of APOGEE, we should keep

the Galactocentric radius R as given, hence the ratio with p(R | pm). The first term

in the numerator of Eq II.11 is the age distribution of red clump stars, given in Eq

II.2. The second term in the numerator and the denominator are constructed below.

We separate stars younger and older than 8 Gyr in two terms py (young) and po

(old), as we believe that the model of secular evolution we have laid out is only

applicable to τ < 8 Gyr. But, in the presence of significant age uncertainties, we
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must acknowledge the existence of older stars in the Galactic disk without mak-

ing assumptions on their possible birth radii, enrichment history, and subsequent

radial orbit migration. For those we specify a less informative metallicity-radius

distribution

p([Fe/H], R | τ, pm) =

{
py([Fe/H], R | τ, pm) τ ≤ 8Gyr

po([Fe/H], R | τ, pm) τ > 8Gyr,
(II.12)

where the young term py([Fe/H], R | τ, pm) is derived by marginalizing the joint

distribution of metalliticy and birth radii at given time (the age-metallicity-radius

relation) p([Fe/H], R0 | τ, pm) over stellar birth radii R0. Using p([Fe/H] | R0, R, τ, pm) =

p([Fe/H] | R0, τ, pm), i.e. the metallicity of stars born at a given birth radius R0 and

time τ does not depend on their present-day position R, we marginalize

py([Fe/H], R | τ, pm) =
∫ ∞

0
p(R | R0, τ, pm)

× p(R0 | τ, pm)

× p([Fe/H] | R0, τ, pm)dR0,

(II.13)

with the three terms in the integral being the different aspects of the model. The

first two terms are radial orbit migration (Eq IV.13) and the radial birth profile (Eq

II.5), respectively. The third term is the metallicity at birth (a Dirac function due to

the tight relation Eq IV.17, or equivalently Eq II.8), which we express as a probability

distribution function for R0: p([Fe/H] | R0, τ, pm) = δ(R̃0 − R0) · |R′0|, with R̃0 the

analytical solution for the tight relation, defined in Eq II.8, and |R′0| the Jacobian

term relating the distribution in [Fe/H] and R̃0([Fe/H], τ). R′0 is defined as the

inverse of the metallicity gradient

R′0 ≡
dR0

d[Fe/H]
=

1
∇[Fe/H]

.

The Dirac function makes the computation of the integral trivial, simply evaluating

75



CHAPTER II. RADIAL REDISTRIBUTION OF STARS II.3. GALACTIC DISK MODEL

θ[Fe/H] αRexp σLz12

R0i

τ′i

Ri[Fe/H]i τi

σττSFR

i = 1, ..., N

Figure II.7: Probabilistic graphical model for the joint distribution p({[Fe/H]i, τi, Ri} | pm) for the
< 8 Gyr Milky Way (thin) disk. Our likelihood is the ratio between this model and the model
for p({Ri} | pm) presented in Figure II.8. The observed quantities are in grey circles and model
parameters are in white circles. The present-day Galactocentric radius Ri is in a dashed circle as a
reminder that the final likelihood does not predict the present-day observed radial distribution of
red clump stars. The filled black dot represents a fixed quantity, here the assumed age errors, from
(Ness et al., 2016).The θ[Fe/H] circle represents the three enrichment parameters Rnow

[Fe/H]=0, γ[Fe/H],
∇[Fe/H]. R0 are birth radii, τ′i are the true ages and τi the measured ages. We infer the parameters
which are outside of the box, the others are marginalized-out.

the integrand at R0 = R̃0 defined in Eq II.8:

py([Fe/H], R | τ, pm) = |R̃′0| p(R | R̃0, τ, pm)

× p(R̃0 | τ, pm).
(II.14)

All elements are spelled-out to be recast in py of Eq II.12, and we can now do

the same exercise with po. Guided by the data, we presume that the old term

po([Fe/H], R | τ, pm) of Eq II.12 can be well described by a Gaussian distribution

in metallicity and a decreasing exponential in radius. We deem this approximation

sufficient for the purpose at hand: this old component is uninformative on radial

orbit migration (our interest) and is constructed in order to allow us to treat the

large age uncertainties of the data appropriately: with important age uncertainties,
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αRexp τSFR

R0i τ′i

RiσLz12

i = 1, ..., N

Figure II.8: Sub-model from the model shown in Figure II.7 which is used as the denominator
p({Ri} | pm) in the ratio of probabilities used as the likelihood in this inference (see Eq II.11 and the
related text). The nomenclature is the same as in Figure II.7.

we expect a significant number of stars younger than 8 Gyr to have measured ages

greater than 8 Gyr, and vice versa. We define

po([Fe/H], R | τ, pm) = po(R|τ, pm)

× po([Fe/H]|τ, pm),
(II.15)

with a radial distribution of old stars (where we keep the variable τ given, even if

there is no explicit dependency, as a reminder that this expression holds given ages

greater than 8 Gyr.)

po(R | τ, pm) =
1

Rold
exp(−R/Rold) (II.16)

with a scale-length Rold, and similarly the metallicity distribution common to all

old stars,

po([Fe/H] | τ, pm) = N ([Fe/H], [Fe/H], std([Fe/H])). (II.17)

The model parameters part of pm here are the old stars scale length Rold, their

mean metallicity [Fe/H] and their metallicity dispersion std([Fe/H]). Now, Eq II.12

can be fully written and reintegrated into Eq II.11.

Finally, we move on to the denominator in Eq II.11, which is the predicted radial
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distribution of stars, and can be calculated by over time:

p(R | pm) =
∫ τm

0
p(R | τ, pm)p(τ | pm)dτ (II.18)

with the radial distribution of stars being determined by radial orbit migration.

Since we presume that conditions at birth are known only for τ ≤ 8 Gyr, we separate

out older stars again:

p(R | τ, pm) =

{
py(R | τ, pm) τ ≤ 8 Gyr

po(R | τ, pm) τ > 8 Gyr.
(II.19)

The old component po(R | τ, pm) is the exponential profile introduced above in Eq

II.16 with a scale-length Rold. The radial distribution of τ ≤ 8 Gyr stars is given by

the model described in the above subsection. It is determined by the birth radii of

stars of age τ, and by their further radial orbit migration after a time τ:

py(R | τ, pm) =
∫ ∞

0
p(R | R0, τ, pm) p(R0 | τ, pm) dR0.

(II.20)

When this expression is inserted back into Equation II.18, it leads to a double inte-

gral function (extracted in Eq II.21) of the four variables (R, τSFR, αRexp , σLz12).

The evaluation of such function is computationally expensive: a single evalua-

tion takes about the order of a second, making MCMC sampling on thousands of

stars and tens of thousands of MCMC steps rather slow. We therefore precompute

the integral

∫ 8

0

∫ ∞

0
p(R | R0, τ, pm) p(R0 | τ, pm) p(τ | pm)dR0dτ (II.21)

on a large number of points in the 4D space of ~x = (R, τSFR, αRexp , σLz12) to inter-

polate it with precision 0.4% using a family of highly flexible non linear functions,

f (~x) = W0 tanh
[
W1 tanh(W2~x + b2) + b1

]
+ b0, (II.22)
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where Wi and bi are matrices of coefficients found by minimizing the difference

between Eq II.21 and II.22 on the pre-computed points, using a regression gradient

descent algorithm. The interpolation intervals in the parameter space are chosen

large enough for our analysis: 3 < R < 15 kpc, 4 < τSFR < 14 Gyr, 0 < αRexp < 1

and 2 < σLz12 < 8 kpc. Possible error propagations during the sum of log likelihood

over all data (Eq II.23 just below) are discussed in section IV.4.

We can now recast all the elements spelled-out above into Eq II.11 and build the

likelihood function.

The overall likelihood of all the data is given by

ln pL
(
{[Fe/H], τ} | {R}, pm

)
=

Ndata

∑
i=1

ln pL
(
{[Fe/H], τ}i | {R}i, pm

)
,

(II.23)

where pL
(
{[Fe/H], τ}i | {R}i, pm

)
is the likelihood of the data on one object, given

the model. Our data {[Fe/H], τ, R} also have uncertainties,dominated by τ (we ne-

glect those in metallicity and radius as a first approximation) and, therefore, we

need to marginalize over these uncertainties. This marginalization smooths out the

effects of our 8 Gyr cut: stars will have a non-zero contribution to each component,

and this contribution is weighted by its possible age distribution pobs(τi | τ). There-

fore, even if an old star had its age underestimated, instead of fully constraining our

disk evolution model, it will contribute to both the young and the old component,

which prevents from giving zero net likelihood values to the informative (young)

model. This is analogous to the role of an outliers model. Of course, such non-zero

contribution of old stars to the young likelihood component may have an effect on

our inference, especially if their enrichment history differs significantly from that of

younger stars. However, this effect should be limited by the facts that (1) red clump

stars are mainly a young population, reflecting the recent history of the Milky Way

disk, and (2) we are considering only low-α stars at |z| < 1 kpc, filtering out a large
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fraction of the old stars of the red clump sample.

pL
(
{[Fe/H], τ}i | {R}i, pm

)
=

∫
pobs(τi | τ) · p([Fe/H]i, τ|Ri)dτ,

(II.24)

where τi, [Fe/H]i and Ri are the measured age, metallicity and Galactocentric ra-

dius (the values in our red clump catalog) and τ is the potentially true age of the

star. Here, pobs(τi | τ) is the error distribution in age: the probability to measure an

age τi given that the possible true stellar age is τ and measurement uncertainties.

This distribution is a Gaussian function in log space, such that for a = log10(τ),

ai = log10(τi), σai = 0.2 dex the error in age, we have pobs(ai | a, σai) = N (ai, a, σ2
ai
).

As this noise model may underestimate the errors of very young stars, we apply a

different model for stars younger than 0.5 Gyr where errors are Gaussian in linear

space with a standard deviation of στi = 200 Myr, pobs(τi | τ, στi) = N (τi, τ, σ2
τi
).

Both noise models are normalized to physically plausible age ranges: between the

theoretical minimum red clump age (Figure II.3) and the age of the Universe. Inte-

gral II.24 gets evaluated separately for each data point (given each pm). In practice,

we do not need to compute this integral over all the terms in the expression of the

distribution p([Fe/H]i, τ|Ri) (Eq II.11), but only its numerator because the denom-

inator does not depend on age τ (hence, we do not propagate the interpolation

errors of the term in Eq II.21 along this marginalization over age uncertainties).

II.3.4 Sampling the Parameter PDF

We apply Bayes’ theorem on the likelihood function constructed with the analytical

disk evolution model described in Section II.3, and APOGEE red clump giants, to

express a posterior probability distribution on the global efficiency of radial orbit

migration.
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The posterior probability distribution on the model parameters is given by

ppo(pm | {[Fe/H], τ, R}) =
pL
(
{[Fe/H], τ} | {R}, pm

)
· ppr(pm)

ppr({[Fe/H], τ}) ,
(II.25)

where we presume ppr({[Fe/H], τ, R}), the evidence term that does not depend on

the model parameters, to be a constant. We sample the vector of the 9 free pa-

rameters pm≡ { τSFR, αRexp , Rnow
[Fe/H]=0, τ[Fe/H], ∇[Fe/H], σLz12, [Fe/H], std([Fe/H]),

Rold}, by means of Equation II.1, and then marginalize over all nuisance parame-

ters { τSFR, αRexp , Rnow
[Fe/H]=0, τ[Fe/H], ∇[Fe/H], [Fe/H], std([Fe/H]), Rold} to extract

a posterior distribution for radial orbit migration ppo(σLz12 | {[Fe/H], τ, R}). This

is done using the MCMC sampler package Emcee (Foreman-Mackey et al., 2013).

In practice, we first perform a maximum likelihood estimation of the parameters

using the Nelder-Mead method (Nelder & Mead, 1965), and sample initial walker

positions for 20 Markov chains within small intervals around the best fit results. To

compromise the precision of our results and computational time, we perform sev-

eral fits on different subsets of stars. For each fit, we use a subset of 1500 stars from

our low [α/Fe] sample, after having selected further those well in the Galactic disk

with |z| < 1 kpc. Each chain is sampled with 7000 iterations. We then marginalize

over the nuisance parameters to infer the radial orbit migration strength σLz12. Our

prior on σLz12 is set by the restricted space where the interpolation of equation II.21

is valid: 2 < σLz12 < 8 kpc. Other priors are 0 < αRexp < 1, 3 < τSFR < 12 Gy.

The priors on other model parameters are also flat, we only constrain distances and

durations to be positive. As can be seen in Figure II.9, the posteriors are tightly

constrained even though we had fairly broad priors.

II.4 Results

We now summarize the results obtained from fitting our disk evolution model to the

low-α APOGEE red clump data, described in Section IV.2. The maximum likelihood

estimates (Eq II.23) for the model parameters are presented in Table IV.2. All 20
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Figure II.9: Posterior distribution of the 6 parameters of the Galactic disk evolution model. From
left to right: the main parameter of interest for radial orbit migration strength σLz12 in kpc (Eq
IV.13), followed by the nuisance parameters: star formation time-scale τSFR in Gyr (Eq II.2), the
parameter characterizing inside-out disk growth αRexp (the Miky Way disk was approximately 40%
smaller at its possible formation 8 Gyr ago, Eq II.5). Then come the three parameters characterizing
the enrichment of the interstellar medium (ISM) as a function of time and galactic radius (Eq IV.17):
the radius where the ISM metallicity is solar Rnow

[Fe/H]=0 in kpc, the power index characterizing the
gradual chemical enrichment of the ISM with time γ[Fe/H], the metallicity gradient of the ISM at the
solar radius ∇[Fe/H] in dex kpc−1. A complete version of the posterior in the 9D parameter space
(that includes the parameters of the less informative component for old stars) is in appendix.
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Table II.2: Best fit MLE parameters

pm Best fit Description
τSFR/Gyr 6.8 Star formation time-scale
αRexp 0.3 Inside-out growth
Rnow
[Fe/H]=0/kpc 8.7 R([Fe/H] = 0, τ = 0)

γ 0.3 Enrichment power index
∇[Fe/H] /dex kpc−1 -0.075 [Fe/H]ISM gradient
σLz12/kpc 3.5 radius migration strength
Rold /kpc 2.5 Scale-length old disk
[Fe/H]/dex -0.05 Mean metallicity τ > 8 Gyr
std([Fe/H])/dex 0.15 std metallicity τ > 8 Gyr

chains of the MCMC converged with 7000 iterations on subsets of 1500 stars out of

the 17,500 low-α available stars of the sample. We show the posterior distributions

for the parameters of immediate interest in Figure II.9; it shows that all parameters

are well constrained by the data, with some covariances but no degeneracies. The

full version of the figure, that shows the exploration of the whole parameter space

including all nuisance parameters, can be found in Figure II.16 in the Appendix.

We first focus on quantifying on radial orbit migration, show the model calcula-

tion for the best fit parameters, and then comment briefly on the other parameters.

II.4.1 Radial orbit migration

Fig II.9 shows that the inferred strength of radial orbit migration is very well con-

strained. Marginalizing the posterior distribution over the nuisance parameters

gives an estimate of σLz12 of about 3.6± 0.1 kpc (see Figure II.9). This represents

the length-scale over which the oldest stars (8 Gyr) have spread around their birth

radii. This radius spread could be caused by either churning, or blurring. But we

know from the stellar radial velocity dispersion in the Solar neighborhood that orbit

eccentricities (blurring) have a radial amplitude of about 1 kpc. Therefore, we in-

fer that churning needs the dominant mechanism in explaining the measured value

of σLz12. In Fig II.10, our radial orbit migration estimate σ(τ) = 3.6 kpc
√

τ/ 8Gyr is

illustrated by sampling from posterior distribution, i.e. the MCMC chains in Figure

II.9). This result quantifies that the present-day radius is a poor proxy for the birth
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Figure II.10: Radial orbit migration strength inferred in this study with respect to stellar ages.

radius, compared to the metallicity at given age.

Mathematically, σLz12 quantifies the distance between the present Galactocentric

radius of a star and the birth radius expected from the global model fit. Whenever

the quantity of interest is a “scatter” one must explore to which extent it is at-

tributable to other model shortcomings. We have therefore explored model variants

and have found that this radial orbit migration strength estimate is rather robust.

We exercised MCMC estimates holding other model parameters fixed to diverse

values, leaving the radial orbit migration strength estimate robust.

II.4.2 Other parameters

But along with the radial orbit migration strength, the model also constrains all

other aspects: star formation history, inside-out growth, and the enrichment history

84



CHAPTER II. RADIAL REDISTRIBUTION OF STARS II.4. RESULTS

of the Galactic disk. While these are mere nuisance parameters when constraining

radial orbit migration strength, they are informative about the Galactic disk evolu-

tion over the last 8 Gyr.

Star formation history: τSFR The data favor a star formation time-scale τSFR =

6 ± 1 Gyr for the Galactic low [α/Fe] disk. This value seems rather low given

prior expectations of an extended star formation in the thin disk. We find that this

estimate depends strongly on the assumed form of the age distribution at young

ages (< 1 Gyr); and it is sensitive to the details of the selection: e.g., we find a

larger star formation time-scale if we select |z| < 1 kpc stars rather than if we select

|z| < 1.5 kpc; this should be expected as the proportion of young stars is larger

near the mid-plane. Given the age distribution varies with Galactocentric radius

and height above the plane, the uneven APOGEE pointings could induce some τSFR

bias for which we do not correct. Additionally, this estimate is degenerate with the

old stars scale-length parameter Rold (Figure II.16 in Appendix). This is due to the

spatial selection function limited to 5 kpc from the center of the disk: predicting a

fast star formation (many old stars) with a small scale-length is, according to this

model, roughly equivalent to predicting a slow star formation (less old stars) but

more extended in the disk, preserving the overall observed ratio of young to old

stars (the Galactocentric radius ranges are 5-14 kpc: we do not see an old stellar

population when it is well concentrated in the inner disk). This is because these

two scenario will predict the same amount of old stars in the observed regions of the

Galactic disk. However, even if our estimate of τSFR is questionable, we note that

(1) this does not seem to affect our radial orbit migration strength estimate, and (2)

the observed age distribution of red clump stars is well reproduced, as illustrated

in Figure II.11 which shows a comparison of the observed age distribution of red

clump stars to the one predicted by the model (the details of this procedure are

described in subsection II.4.3.2).

Inside-out growth: αRexp The growth (i.e. star formation) of the Galactic disk was

modelled by the scale-length parameter Rexp(τ) = 3kpc(1− αRexp
τ

8Gyr) of newborn
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Figure II.11: Age distribution of the low-α APOGEE red clump stars sample: observed (red) and
predicted (blue) by the model evaluated at the best MCMC parameters and with reproduction of
the effects of the spatial selection function (subsection II.4.3). The peak of stars at 13.4 kpc are stars
with initially measured age greater than the age of the Universe, of which the age was brought back
to this exact value, see Ness et al. (2016).

stars. We find αRexp = 0.42± 0.09. This implies that the disk was about 40 % smaller

8 Gyr ago. This is consistent with observations of high redshift disk galaxies (e.g

van Dokkum et al., 2013). However, we report that the estimate for this param-

eter was very sensitive to the assumed functional form for the metallicity profile

combined with the age distribution, with covariances with τSFR.

Metallicity profile and enrichment history: {Rnow
[Fe/H]=0, ∇[Fe/H], γ[Fe/H]} The

metallicity profile of the cold gas in the disk is described in our model by a simple

straight line in radius with a negative gradient. The two model parameters that

characterize the metallicity profile are Rnow
[Fe/H]=0: the Galactocentric radius at which

the star-forming gas metallicity is solar, corresponding to an arbitrary zero point,
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Figure II.12: Comparison between the posteriors that contain an approximated term in black (for
computational optimization purpose) and the exact posteriors in dashed red (not normalized). We
take cuts in the posterior probability density in the three dimensions that were approximated in Eq
II.21 and compute them on 22 points for each panel. From left to right: σLz12, τSFR, αRexp . All
other parameters in pmwere taken at their best MCMC value. The black and red lines overlap well:
the interpolation errors, even after a sum of log likelihoods over 1500 stars, propagate slowly and
have no effect on where the posterior maximum is located, nor on the width of the distribution. This
gives us confidence that the ’best MCMC’ parameters and their corresponding errors were evaluated
well enough, without dramatic effects from the interpolation of Eq II.21.

and ∇[Fe/H]: the present-day metallicity gradient at Rnow
[Fe/H]=0. As these are two

"present-day" properties, the youngest stars of our sample are expected to provide

the strongest constraints on these parameters. We find the radius of solar metallicity

to be about Rnow
[Fe/H]=0 = 8.8± 0.2 kpc. The metallicity gradient ∇[Fe/H] is found

to be −0.075± 0.002dex.kpc−1. The values of these two parameters are consistent

with the left panel of Figure II.2, for which we plot the metallicity profile of the

young red clump stars. The densest region for [Fe/H]= 0 dex is close to 8kpc. We

note that Sanders & Binney (2015) find different results with their model on the

Geneva-Copenhagen Survey data (Nordström et al., 2004), with the radius of solar

metallicity of 7.37 kpc and a shallower metallicity gradient of -0.064 dex · kpc−1,

and Genovali et al. (2014) measure a gradient of −0.060± 0.002dex · kpc−1. More

recently, Anders et al. (2017) measured the stellar metallicity gradients for red giants

in different stellar age bins, and found about −0.058± 0.008dex · kpc−1 for stars

younger than 1 Gyr.

The enrichment history at any radius of the disk is described in our model by a

power law of time with index γ[Fe/H]. The best MCMC value is γ[Fe/H] = 0.36± 0.04.

The metallicity of the interstellar medium is plotted with respect to look-back time

in Figure II.5 (using the MLE results). This result is different from (semi) analytic
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models used previously in the literature (Schönrich & Binney, 2009a,b; Sanders &

Binney, 2015), where the enrichment of the interstellar medium generally increases

faster at early times and is almost flat at late epochs. Here, we find that the gas

metallicity grows continuously at all radii up to the present day. This is, however,

very much consistent with Milky Way-like simulations (Grand et al., 2018), and

further tests with different metallicity profile forms would be interesting.

The nuisance model for the disk before 8 Gyr ago We built a less-informative

“nuisance” model the Milky Way disk older than 8 Gyr, to avoid sharp age cuts.

But these stars enclose information on the star formation history of the Milky way:

in essence, they help to constrain the τSFR parameter only. The other three model

parameters that correspond to our old stars model are [Fe/H], std([Fe/H]), Rold.

The mean and variance of the old stars metallicity appear to be robust estimates and

do not show degeneracies with other parameters. The MCMC exploration shows

Roldto be about 2.4 kpc (see the full corner plot in appendix, Figure II.16). This

value is physically coherent with our prior knowledge on the disk. We note that this

Rold parameter, which we model as the “old disk scale-length", is strongly covariant

with τSFR: τSFR sets the relative fraction of old and young stars in the Milky Way

disk, and the scale-length Rold determines the present-day radial distribution of

old stars. But the observed relative fraction of old and young stars in the data is

fixed. In turn, lower values for τSFR (predicting more old stars than observed) lead

the model fitting procedure to compensate by placing the overpredicted number

of old stars at Galactocentric radii not covered by the survey (e.g. the inner 5 kpc).

This results in a small old disk scale-length estimate Rold. Conversely, higher values

for τSFR (less old stars in the disk) need the fitting to compensate by placing more

old stars at Galactocentric radii where data are seen (5 – 14 kpc) and this results

in a large scale-length estimate Rold. This is an expected short-coming when fitting

directly a scale-length without accounting explicitly for spatial selection effects.

This parameter covariance could also be a manifestation that the scale-length of

the disk is a function of the ages of the stellar population used to determine it: old

stars are more concentrated in the inner disk than young stars (Bovy et al., 2012).
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Figure II.13: Density of red clump stars in the age–metallicity plane at six Galactocentric radii: 6,
7, 8, 9, 11 and 13 kpc. The model predictions using the best MCMC values are represented by
the shaded background. Isolines on the foreground represent smoothed isocontours of [Fe/H]–τ
distributions of red clump stars data in the different radial bins. The scatter in age–metallicity is
well reproduced through the effect of radial orbit migration. The over-density (dark area) predicted
by the model (background) for ages near 2 Gyr is the effect of the selection of red clump population
(see Figure II.3 for their age distribution that peaks near 2 Gyr).

II.4.3 Tests and verifications

In this section, we examine some of the model and methodological shortcomings

or restrictions that could bias our inferences, such as the approximations made to

minimize the computational cost of likelihood evaluations and the convergence of

the MCMC. We further address the robustness of the radial orbit migration strength

estimate. Finally, we confront the predictions of our model evaluated at the best

MCMC values in the space of the data.

II.4.3.1 Technical verifications

The term p(R | pm) in likelihood function (Eq II.21, represented in Figure II.8), was

interpolated. Interpolation errors on a set of 20,000 test points are less than 0.4%.

To see whether interpolation errors have propagated during the overall product of
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the likelihood over the 1500 stars used for inference, we choose slices in the param-

eter space at the best MCMC values, and compare the (expensive) true likelihood

evaluations to the approximated values. The relative differences are small, as can

be seen in Figure II.12 that shows three slices of the posterior distribution. Addi-

tionally, the generation of mock data and the model itself p([Fe/H], R, τ|pm) do

not rely on the approximation in p([Fe/H], τ|R, pm), so comparisons between the

model prediction and the data in Section II.4.3.2 also give us confidence that the

posterior was approximated well enough for our purpose.

To address the question of the MCMC convergence and the exploration of the

parameter space, we have run several more MCMC chains, where the walkers were

started in more extended ranges than just the MLE neighborhood. The results

remained close to those presented in Fig II.9. We have also performed MCMC

on three different random batches of 1500 stars. We found that radial orbit mi-

gration strength σLz12, the present-day cold gas metallicity gradient at solar radius

∇[Fe/H], and the radius of solar metallicity in the interstellar medium Rnow
[Fe/H]=0 were

extremely well constrained. However, the star formation time-scale τSFR showed

some variability (the best τSFR varied between 5 Gyr and 7.5 Gyr) depending on the

sets of stars used, but as discussed in the subsection above, this parameter showed

to be sensitive to biases and has 1 Gyr uncertainty. Finally, we calculated the po-

tential scale reduction factor, estimating the ratio of variances within single chains

and between several chains to about < 1.03 and the autocorrelation time, to 180

steps (where the MCMC ran 7000 iterations).

II.4.3.2 Model predictions in the data space

We generated a mock data set to compare with APOGEE red clump sample, us-

ing rejection sampling on the different aspects of the model evaluated at the best

MCMC values. For comparison with APOGEE data, we reproduced the age distri-

bution of red clump stars using the same functional form as in (Bovy et al., 2014),

and introduced some scatter for the age uncertainties using our noise model (a

Gaussian of width 0.2 dex in log10 age, and a floor of στ = 200 Myr uncertainties

for stars younger than 0.5 Gyr). We imitated the possible effect of the radial selec-
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Figure II.14: Metallicity distribution functions (MDFs) at six Galactocentric radii: 6, 7, 8, 9, 11 and
13 kpc. The model predictions using the best MCMC values are represented by the red histograms.
Red clump stars MDFs are shown in grey. The metallicity distribution functions are well reproduced
and a metallicity gradient is visible (shift of the MDFs maxima to lower metallicities as R increases),
except for the outer disk where the data show the limitations due to the rigidity of our model.

tion function in our data set using importance sampling (thereby reproducing the

radial distribution of stars in our data set). This is a relevant test to do, as inference

of the parameters was performed only on a small fraction of the overall catalog: the

MCMC was performed (multiple times) on 1500 low-α stars randomly selected in

the red clump catalog. Asking if the model can describe the rest of the 17,500 stars

is therefore an interesting test. We show the results in three different plots allow-

ing data comparison. First, we map the age–metallicity plane p([Fe/H], τ|R) with

contours of both our mock data and the APOGEE red clump sample in different

radial bins, see Figure II.13. The observed trends are well reproduced in the Solar

neighborhood and inner disk, but the last panel (13 kpc) shows that the model pre-

dicts a distribution broader (in metallicity, so in the vertical direction in Figure II.13)

than the observed distribution. We suspect that the main differences between our

predictions and the data come either from our restrictive model for the evolution

of metallicity gradient, or from the fact that radial orbit migration strength could
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depend on radius whereas we fitted a global value. The effect of the metallicity

profile will be investigated in the subsection II.4.3.3.

Secondly, we integrate the age–metallicity plane p([Fe/H], τ | R) with respect

to age to show the metallicity distribution functions at given radii p([Fe/H] | R).

These distribution functions are well reproduced in most of the disk, showing the

expected positive skewness appearing due to radial orbit migration (Hayden et al.,

2015; Loebman et al., 2016; Toyouchi & Chiba, 2018). The difference between ob-

served and predicted metallicity distribution function at 13 kpc is more obvious

here.

Finally, we compare the prediction in the radius – metallicity plane; in Fig II.15,

where the radial spread at fixed metallicity clearly increases with age at similar

rates both for the observed and mock data; and the overall metallicity gradient

and the broadening of distributions with time seems to be well reproduced. At

young ages, the spread of radii at given metallicity is slightly underestimated by

the model. This is because (1) our model assigns any metallicty scatter at given

radius and age to radius migration, and at young ages, the probability distribution

of a star tends to a Dirac function (Eq IV.13) and (2) we neglected measurement

errors in metallicity. We note that if star clusters are intrinsically homogeneous but

data show additional metallicity spread at young ages for a given Galactocentric

radius, azimuthal variations of metallicity could be probed by adding one more

parameter accounting for scatter in the metallicity-radius-age relation.

II.4.3.3 Model variant

The tests presented above showed that (1) the fitting procedure went well for most

parameters and the model describes the observations well for most of the Galac-

tic disk, (2) the estimate of radial orbit migration strength is robust, but (3) the

model does not reproduce the outer disk observed metallicity distribution func-

tions. This can be interpreted in several ways: (a) The metallicity profile functional

form that we assumed is rigid: it describes a straight line for which we fit the gradi-

ent ∇[Fe/H], the zero point (after translation of Rnow
[Fe/H]=0) and the time evolution

of the zero point γ[Fe/H]. But the gradient itself could evolve with time, as pointed
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Figure II.15: Number density distribution of red clump (RC) stars (top) and mock data (bottom) in
the plane of metallicity ([Fe/H]) and Galactocentric radius, for two ages bins: young stars (less than
1 Gyr, left), and older stars (measured age between 4 and 6 Gyr, right). The total number of mock
stars equals the total number of red clump stars.

out in Minchev et al. (2018); Pilkington et al. (2012); Wuyts et al. (2016). Or the

assumption that the metallicity profile is well described by straight line could be a

too simple extrapolation of the observed gradients. Sanders & Binney (2015) used

a different functional form describing a decreasing exponential in radius:

[Fe/H] = Fm

(
1− exp(−

−∇[Fe/H](R− Rnow
[Fe/H]=0)

Fm
) f (τ)1

)
(II.26)

We tested this form with several MCMC procedures, and the estimate of radial orbit

migration with this model was σLz12 = 4.0± 0.1 kpc, which remains close to our

current result and confirms the robustness of the estimate of σLz12 in the present

study. Additionally, the outer disk was very well described by mock data from a

fit to this model. However, the model predictions in the inner disk were problem-

atic: we systematically overestimated the metallicity of stars born in the inner disk.

1with a different enrichment prescription f (τ), which we also tested separately
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Sanders & Binney (2015) reported the same high metallicity trend while modelling

the Solar neighborhood. This gives us confidence that the metallicity profile de-

scription is a key ingredient in such modelling, and any model-induced rigidity

can affect the results significantly (here: reproducing the metallicity distribution

functions, even though the estimate of radial orbit migration strength was affected

by less than 15%). (b) Another interpretation for the disagreement between model

predictions and observed metallicity distribution at 13 kpc could be that radial or-

bit migration occurs differently at different strengths at different radii. We note we

used only one global parameter to describe radial orbit migration over the whole

disk, and that outer disk stars are not well described by our global fit, suggesting

that a σLz12 is a spatial average of a Galactocentric radius-dependent radial orbit

migration strength.

II.5 Discussion and conclusions

II.5.1 Summary and implications

In this study we have quantified the global efficiency of radial orbit migration in

the Galactic disk. We have built an analytical disk evolution model, in good part

inspired by Sanders & Binney (2015), which combines the distribution of star for-

mation in radius and time with the chemical enrichment of the ISM, and with sub-

sequent diffusive migration of the stars’ orbital radii. Our model does not attempt

to differentiate explicitly whether changes in the orbital radius are to be attributed

to churning or blurring.

We have applied this to a set APOGEE red clump stars with age estimates, a

large sample with precise distances (covering 5 kpc. R . 14 kpc) and metallicities;

this is the first time that such a large and radially extensive data set with consistent

estimates of [Fe/H]and τ has been available. We sidestepped the complex spatial

selection function of this survey and accounted for the 0.2 dex age uncertainties.

This has enabled for the first time an estimate of the overall radial orbit mi-

gration efficiency throughout the Galaxy, using {R, [Fe/H], τ}i. Previous studies
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of radial migration focused on the Solar neighborhood (Sanders & Binney, 2015,

Geneva-Copenhagen Survey data). Other studies of large radial extent in the Galac-

tic disk, using e.g., APOGEE, had focused mainly on recovering the present day

stellar metallicity distribution functions without the explicit use of stellar ages (Hay-

den et al., 2015; Toyouchi & Chiba, 2018). The model draws its constraints from the

mean metallicities at each age and (present-day) radius, and from the spread of

these metallicities (growing with age).

Our basic result is that APOGEE data tell us quite directly in this modelling

context that radial orbit migration in the Galactic (low-α) disk is strong, 〈
∣∣R(τ)−

R0
∣∣〉 ≈ 3.6 kpc

√
τ/8 Gyr. This means that the characteristic distance over which

stars migrate over the age of the disk is comparable to the half-mass radius of

the Milky Way disk. Qualitatively, this has of course been implied by a number

of earlier studies, (e.g., Schönrich & Binney, 2009a); and it has been implied by

numerical studies of disk dynamics (e.g., Roškar et al., 2008c; Minchev & Famaey,

2010b). But a stringent and global modelling-based estimate of this efficiency from

stellar data across the Galactic disk had not been explored before.

This result has a number of astrophysical implications. First, it tells us that for

disk stars older than a few billion years, the current radius is not a particularly good

indicator of the stars’ birth radii. The combination of age and metallicity should be

a better predictor of R0.

For example, the Sun’s age (4.6 Gyr) and [Fe/H]≡ 0 implies in our model con-

text that it was born at 5.2 ± 0.3 kpc: it has migrated outward by about 3 kpc

since. While it is true that [Fe/H]now(R�) ≈ 0 dex, the continuous ISM enrich-

ment at all radii does not imply R� ≈ Rbirth. This quite precise Rbirth(Sun) estimate

is in agreement with the broad prediction from chemo-dynamical simulations of

Minchev et al. (2013) (between 4.4 and 7.7 kpc), but has 2 kpc difference with the

recent results of Minchev et al. (2018) (7.3 ± 0.6 kpc). Nieva & Przybilla (2012)

derived analogous constraints from chemical evolution arguments and data in the

Solar neighbourhood, inferring a birth radius between 5 and 6 kpc. These chemical

evolution arguments are in seeming tension with Solar birth location predictions

based on backward integration of Martínez-Barbosa et al. (2015), finding that the
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Sun should come from the outer disk rather than from the inner disk.

Further, our results show and confirm that – even in the absence of any signif-

icant violent relaxation in the last ∼ 8 Gyr – the stellar distribution in the Galactic

disk experiences significant “dynamical memory loss”; the angular momentum of

stars in the disk is not even approximately conserved, though many of these stars

may now still be on near-circular orbits. The value of σLz12, when combined with

the radial velocity dispersion of the disk, implies that churning is a considerably

stronger effect than blurring in the Galactic disk.

We derived these results without having to drawing on detailed chemical tag-

ging (Freeman & Bland-Hawthorn, 2002). Instead, we relied on the assumption

that the spread in birth metallicities among stars born at the same time at the same

radius was small over the last 8 Gyr; this is in some sense the most elementary

version of chemical tagging.

To the extent that our Galactic disk is typical for large disk galaxies (Rix &

Bovy, 2013; Bland-Hawthorn & Gerhard, 2016), this result helps explain why the

stellar mass density profiles of disks are smooth and approximately exponential.

Elmegreen & Struck (2013, 2016); Herpich et al. (2017) have shown that asymp-

totically efficient radial migration leads to exponential profiles. Of course, this

“thermodynamic limit” of maximal angular momentum entropy would erase all

abundance gradients, in conflict with observations. Our analysis here shows that

strong radial orbit migration may happen, and still match the radial abundance

gradients (at least [Fe/H]) in detail.

II.5.2 Current limitations and future prospects

In concluding, it may be good to recall some of our main model assumptions and

simplifications and possible limitations due to the dataset used for inference: (1) We

used a very specific radial orbit migration description, assuming it to be constant

across the disk and with a specific time dependency. Describing this as a Gaus-

sian diffusion equation in radius is strictly valid only at large radii in cylindrical

coordinates (Brunetti et al., 2011). Here, we instead renormalized the solution for

small radii (constant c3 in Eq IV.13). We expect our results to robust against this
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approximation, as most of our data constraints are more than 5 kpc away from the

Galactic center, a distance that is larger then the radial migration strength after 8

Gyr. Further, we deem it is plausible that radial orbit migration occurs over wide

range of radii and over much of the disks’ evolution history. Nonetheless, it would

be good to explore whether the extensive orbit-abundance data sets allow to con-

strain the presumably more complex radial or temporal dependence of radial orbit

migration efficiency (Brunetti et al., 2011; Kubryk et al., 2013; Toyouchi & Chiba,

2018). For example, a bar could drive enhanced migration near its resonance, but

also increase radial motions. To address this question, a modelling context that

focuses near the resonances with the bar and that considers diffusion in angular

momentum (rather than radius) and accounts for blurring would seem more ap-

propriate. (2) At a basic level, our model explained “scatter” in data with radial

orbit migration. This always begs the question whether other sources of scatter

have been considered exhaustively. For example, we treated the (dominant) age

uncertainties by explicit marginalization in the model, but did not do the same for

[Fe/H] uncertainties to save computational expense. Also, future work could gen-

eralize the assumption that the abundance scatter at a given birth radius and epoch

was zero, to the assumption that it was merely “small”. And, (3) we restricted our

radial orbit migration analysis to modelling of Galactocentric radius, while angu-

lar momentum and radial action should be modelled to best differentiate churning

from blurring. The arrival of data from Gaia DR2 (Gaia Collaboration et al., 2018a)

suggests such a generalized analysis as the next step.

We also eliminated the explicit Ri-dependence of the model, to eliminate the

model’s dependence on the detailed spatial selection function. But this approach

“to ignore the observed radius distribution” also eliminates much valuable infor-

mation. Future modelling could tackle the spatial selection function head-on (e.g.

Bovy et al., 2016a).

Our inferences are based on APOGEE-DR12 red clump stars only: while these

tracers provide excellent distances, they trace their underlying population in a very

age-biased way, which we modeled. Nonetheless, the dependence of the star forma-

tion history τSFRand inside-out growth αRexpon the age distribution of the stars (Sec-
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tion IV.4, suggests to repeat this analysis with other tracers, such as RGB stars. This

is not expected to affect our findings on radial migration, and τSFRand αRexpwere

treated as nuisance here. But we hope that future data sets can better constrain the

star formation history and inside-out growth of the stellar disk.

Finally, we have only considered [Fe/H] in this work. The vast stellar data sets

of more detailed element abundance measurements must contain much information

about where stars were born and how much they migrated. This, too, bears detailed

modelling.
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II.6 Appendix

We include here the full results of the MCMC procedure with all nuisance param-

eters, including those describing the old low-α stars in the Galactic disk, see Figure

II.16. This figure essentially shows that all nuisance parameters are rather well con-

strained, but there is a degeneracy between the old disk scale-length and the star

formation time-scale, as explained in Section IV.4.
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Figure II.16: Posterior distribution of the 9D parameter space. From left to right: the parameter
of interest σLz12 for radial orbit migration in kpc (Eq IV.13), followed by the nuisance parameters:
star formation time-scale τSFR in Gyr (Eq II.2), the parameter characterizing inside-out disk growth
αRexp (the Miky Way disk was approximately 40% smaller at its formation 8 Gyr ago, Eq II.5). Then
come the three parameters characterizing the enrichment of the ISM as a function of time and
galactic radius (Eq IV.17): the radius where the ISM metallicity is solar Rnow

[Fe/H]=0 in kpc, the power
index characterizing the gradual chemical enrichment of the ISM with time γ[Fe/H], the metallicity
gradient of the ISM at the solar radius ∇[Fe/H] in dex kpc−1. The three last parameters are those
characterizing the old star: the scale length of the old disk Ro in kpc, mean metallicity of old stars
[Fe/H]and its standard deviation std([Fe/H])in dex.

99



Chapter III

Disentangling Orbital Changes in the

Milky Way Disk

Science Question In Chapter II, I showed that stars in the Milky Way disk mix

in radius very efficiently, which implies that dynamical effects causing them to

change orbits are important. However, this is not enough to know how stars change

orbits. In particular, two different processes must be disentangled: cold migration

(stars diffuse in angular momentum, with orbits that remain roughly circular), from

heating (stars’ eccentricities or random motion increase). This chapter tackles this

question by building on the previous model, including kinematics of stars (available

thanks to the Gaia space mission).

Publication This chapter was published in a similar form in Frankel et al. (2020).

Contributions

• I conducted the research presented in this paper: I thought about the sci-

ence question and various concepts to sort which assumptions could be made,

adapted the model of Frankel et al. (2019), coded it, produced the figures and

the text.

• Jason Sanders contributed through regular guidance, help building the dy-

namical model and communicating enthusiasm.
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• Yuan-Sen Ting provided the data and helped understanding their limitations,

and commented on the draft.

• Hans-Walter Rix contributed through regular guidance and comments on the

draft.
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Abstract A star in the Milky Way’s disk can now be at a Galactocentric ra-

dius quite distant from its birth radius for two reasons: either its orbit has

become eccentric through radial heating, which increases its radial action JR

(‘blurring’); or merely its angular momentum Lz has changed and thereby its

guiding radius (‘churning’). We know that radial orbit migration is strong

in the Galactic low-α disk and set out to quantify the relative importance

of these two effects, by devising and applying a parameterized model (pm)

for the distribution p(Lz, JR, τ, [Fe/H]|pm) in the stellar disk. This model

describes the orbit evolution for stars of age τ and metallicity [Fe/H], pre-

suming coeval stars were initially born on (near-)circular orbits, and with a

unique [Fe/H] at a given birth angular momentum and age. We fit this model

to APOGEE red clump stars, accounting for the complex selection function

of the survey. The best fit model implies changes of angular momentum

of
√
〈∆Lz〉2 ≈ 619 kpc km/s (τ/6 Gyr)0.5, and changes of radial action as√

〈∆JR〉2 ≈ 63 kpc km/s (τ/6 Gyr)0.6 at 8 kpc. This suggests that the secular

orbit evolution of the disk is dominated by diffusion in angular momentum,

with radial heating being an order of magnitude lower.
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III.1 Introduction

What dominates the secular orbit evolution of nearly isolated disk galaxies? The

Milky Way’s last major merger is thought to have occurred before 7-8 Gyr ago (e.g.

Rix & Bovy, 2013; Bland-Hawthorn & Gerhard, 2016; Belokurov et al., 2018; Helmi

et al., 2018), leaving a long subsequent period for internal processes to dominate the

dynamical evolution of the disk: non-axisymmetries ( e.g. , bar, spiral arms) and

giant molecular clouds can rearrange stellar orbits in different ways (e.g. Sellwood,

2014; Sellwood & Binney, 2002), as they resonantly interact or scatter.

The change in a star’s orbit can be decomposed into (1) ‘cold processes’: the or-

bit’s size or angular momentum changes, but remains circular, and (2) ‘heating pro-

cesses’: the orbit’s eccentricity and vertical extent change. Sellwood & Binney (2002)

dubbed the first process “radial migration" and postulated that it could be impor-

tant for restructuring stellar discs. Pure radial migration occurs when stars are near

corotation of a non axisymmetry and can change angular momentum (Lz) by some

amount ∆Lz, without significant change in their radial action (JR): ∆JR = 0∆Lz.

Such secular change of angular momentum can be very substantial – at least in

dynamical simulations – indeed of order unity (Roškar et al., 2008b; Minchev et al.,

2011; Kubryk et al., 2013; Halle et al., 2015; Loebman et al., 2016). Nonetheless, the

bar, and coupling between non-axisymmetries including the bar, can boost radial

migration significantly in N-body simulations (Minchev & Famaey, 2010b; Minchev

et al., 2011; Brunetti et al., 2011). Additionally, Daniel et al. (2019) showed that ra-

dial migration should come with non-zero changes in JR due to possible resonance

overlaps between, for example, co-rotation and Lindblad resonances of different

non-axisymmetries, or higher order resonances. But this effect could also increase

the angular momentum changes. Heating processes could arise from interactions

with non-axisymmetric perturbations through other resonances, or other heating

agents such as satellites (e.g. Velazquez & White, 1999). The different components

of the velocity dispersion have been measured to increase with stellar ages both

in the Solar neighbourhood and over the disk (Wielen, 1977; Soubiran et al., 2008;

Sanders & Das, 2018; Ting & Rix, 2019; Mackereth et al., 2019).
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There is now persuasive evidence that radius migration in the Galactic disk is

strong. In ? we measured this radius migration, which must be the combined effect

of radial heating and angular momentum diffusion. We modeled radial migration

as a global process, fitting the distributions p(R|R0, τ) of present-day Galactocentric

radii (R) as a function of their birth radii (R0) and age (τ) over a wide range of radii.

We assumed that stars were born on initially tight metallicity-birth radius relations,

and it is the radial diffusion that introduces the observed present-day scatter in this

relation (Edvardsson et al., 1993; Casagrande et al., 2011). Inferring radial migration

this way was originally proposed in the seminal paper by Sellwood & Binney (2002).

Our global model fits turned out to constrain the overall migration scale well, to

σRM = 3.6kpc
√

τ/8 Gyr: the typical star migrates about by a scale-length over the

age of the disk.

However, this work did not disentangle diffusion in angular momentum from

the increase in radial action, but only measured the combined effect of ‘heating’

and ‘cold Lz diffusion’ as ‘orbit migration’. Therefore, the relative contributions

of ∆JR (or ‘blurring’ in the terminology of Sellwood & Binney, 2002; Schönrich &

Binney, 2009a) and ∆Lz (or ‘churning’) to the evolution of the stars’ orbits in the

Milky Way has yet to be quantified. Indeed, whether heating alone is sufficiently

strong to account for all observed radial mixing is still questioned (Haywood et al.,

2013, 2016). Here we set out to separate the importance of these two processes

quantitatively.

We now set out to build on the model of ?Frankel et al. (2019) and disentangle

the strength of diffusion in angular momentum from that of increase in radial ac-

tion. We will do this by generalizing the model of F18 from constraining the radius

migration, i.e. the ‘diffusion rate’ in R, to constraining the secular orbit evolution

in the disk plane, by quantifying the diffusion rates of both actions Lz and JR. In

Section IV.2, we describe our data set. We then construct the model and data likeli-

hood in sections III.3 and III.4 and present the result best fit model in section III.5.

We discuss the implications in Section III.6.
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Figure III.1: Distributions of the adopted sample of red clump stars (drawn from APOGEE DR14,
low-α) in angular momentum (Lz), radial action (JR), age (τ), [Fe/H], and Galactocentric radius
(R). The Lz and R distributions are clearly affected by spatial selection effects due to APOGEE’s
footprint. The sample’s age distribution, with a prominent peak at 2 Gyr, reflects the combination of
the ‘underlying’ age distribution and (most prominently) the age- or mass-dependent time duration
of the core helium burning evolutionary stage (red clump).

III.2 Data: APOGEE-DR14 Red Clump Giants

Since the disk build up and its secular dynamical evolution involve processes oc-

curring on large spatial and time scales, our science case requires a sample of stars

with extensive coverage of the Galactic disk, a wide range of ages, and accurate

and reliable 6D phase-space coordinates to calculate orbits. In practice, this re-

quires spectroscopic and astrometric information, precise distances (as these are

the dominant uncertainty in the action determination, as shown in e.g., Coronado

et al., 2018), and a way to limit the impact of dust extinction at low Galactic lat-

itudes. A crossmatch of the APOGEE-RC catalogue (Bovy et al., 2014; Majewski

et al., 2017; Abolfathi et al., 2018) with Gaia DR2 (Gaia Collaboration et al., 2018b;

Lindegren et al., 2018) satisfies these desiderata: red clump stars are bright standard

candles and APOGEE collected their spectra in near-infrared (limiting the effect of

extinction).

III.2.1 Data Selection and Catalogs

We start with the stars from the 14th data release of the APOGEE near-infrared

spectroscopic survey and restrict to the low-α sample as in ?, with stars mostly

born between ∼ 8 Gyr ago and now. We further select high-fidelity red clump stars

derived by Ting et al. (2018b) cross-matched with Gaia DR2.
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Red clump stars are low-mass stars in the core helium burning stage. They

are good standard candles (to ∼ 0.1 mag, Girardi, 2016; Hawkins et al., 2017; Hall

et al., 2019; Sanders et al., 2019; Chan & Bovy, 2020), allowing the determination of

a precise photometric distance. The identification of the red clump stage, done in

Ting et al. (2018b), relies on spectroscopic estimates of the asteroseismic parameters

∆ν and ∆P which contain information on the evolutionary stage and stellar mass.

We further restrict our sample to the low latitude (|b| < 25 deg) “short cohort”

(as defined in Zasowski et al., 2013) fields of APOGEE, which consists of the bright-

est stars with H band apparent magnitude 7 ≤ H ≤ 12 to ease our modeling and

reduce the fraction of stars with large uncertainties. Stars in longer cohorts are

fainter, so at larger distances, have greater distance uncertainties and are more ex-

tinguished. Including them would increase computational expenses and complicate

the selection function without commensurately increasing the information content.

So we restrict the analysis to the short cohort stars for which we can work out the

probability that they were selected for targeting in APOGEE (i.e. we can deter-

mine the selection function). We reject all APOGEE “special targets” in our data

set as well as all the stars that are in APOGEE fields for which we could not work

out a probability of selection (see Frankel et al., 2019). Since the number of cross-

match failures between the red clump sample and Gaia DR2 is negligible (< 1%),

we assume in the following that the selection of our data is purely determined by

APOGEE selection function, and that Gaia is complete within the APOGEE’s short

cohort selection cuts.

III.2.2 Basic Data and their Uncertainties

We use eight basic pieces of information: Galactic longitude (l), Galactic latitude

(b), distance (D), line of sight velocity (vlos), metallicity ([Fe/H]) from APOGEE,

proper motion in right ascension (µα) and declination (µδ) from Gaia, and age (τ)

derived from the full spectrum in Ting & Rix (2019), which are calibrated to astero-

seismology.
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The photometric distances (D) were determined to about 7% in Ting & Rix

(2019), using near-infrared and Gaia G photometry for red clump stars as standard

candles, exploiting the fact that interstellar extinction is weaker at longer wave-

lengths (e.g., Indebetouw et al., 2005; Wang & Chen, 2019). The line of sight velocity

(vlos) is taken from the APOGEE-DR14 catalog, and the proper motions (µα, µδ) from

Gaia DR2. Spectroscopic age estimates τ for this sample were obtained by Ting &

Rix (2019) from a data-driven method built to determine ages from the APOGEE

spectra, trained on the APOKASC2 red clump sample (Pinsonneault et al., 2018);

this approach has a precision of about 0.15 dex, with possible systematics at large

ages, because the C and N spectral features tracing the age, (e.g. Martig et al., 2016;

Ness et al., 2016) vary more weakly at large ages and hence contains less informa-

tion. A more extensive discussion on the possible implications of such systemat-

ics on the modeling, and comparisons of different age estimates can be found in

Frankel et al. (2019). The metallicity estimates ([Fe/H]) are taken from the ASPCAP

pipeline with typical uncertainties below 0.05 dex (Holtzman et al., 2018).

III.2.3 Galactocentric Rest Frame and Orbital Actions

From these basic data, we extract and pre-compute the quantities that are more di-

rectly used in our model, and propagate uncertainties via Monte Carlo sampling of

80 points. In particular, we compute the Galactocentric radius (R), height above the

plane (z), azimuthal velocity (vφ) and radial velocity (vR) in Galactocentric coordi-

nates, assuming the distance between the Sun and the Galactic center R� = 8.2 kpc

(Gravity Collaboration et al., 2019), and the Sun’s height above the Galacctic plane

z� ≈ 20.8 pc (Bennett & Bovy, 2019). We also assume the Solar velocity with respect

to the Local Standard of Rest v� = [−11.1, 12.24, 7.25] km.s−1(Schönrich et al., 2010)

and the tangential velocity of the Sun 247.4 km/s (Gravity Collaboration et al., 2019;

Reid & Brunthaler, 2004).

We further compute the orbital parameters relevant to our modeling of the

Galactic disk; going from phase-space coordinates (~x,~v) to orbits, as quantified e.g.

by their actions, requires the adoption of a gravitational potential. We compute the

stars’ angular momenta (Lz, which are the azimuthal actions Jφ in an axissymmet-
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ric potential) and radial actions (JR) using the Python package Galpy (Bovy, 2015)

based on the algorithm of Binney (2012). The orbits are integrated over the po-

tential MWPotential2014 of this package, which is also the potential used in our

model, scaled to the Galactocentric rest-frame as described above. The 1D marginal

distributions of angular momentum, radial action, age, [Fe/H] and Galactocentric

radius are illustrated in Figure III.1. The distributions in angular momentum and

Galactocentric radius are directly affected by the APOGEE on-sky footprint and im-

plicit distance limit; else we would expect these distributions to be approximately

exponential. The age distribution shows a prominent peak at at ∼2 Gyr, reflecting

the mass dependence of the RC lifetime (Girardi, 2016; Bovy et al., 2014).

III.3 Chemo-dynamical Model for the Evolution of the

Galaxy’s Low-α Disk

We now present a global model for the formation and evolution of the Galaxy’s low-

α disk, building directly on Sanders & Binney (2015), ? and Frankel et al. (2019).

The most important astrophysical assumption of the model is that stars form on

near-circular orbits from chemically well mixed cold gas with an inside-out star

formation history. Over time, the orbits of stars evolve, and the gas is enriched in

metals. The combination of age and [Fe/H] in this model implies a birth angular

momentum Lz,0 or a birth radius. Radial heating of stellar orbits is modeled as an

increase of their mean radial action JR and radial migration is modeled as a global

diffusion process in angular momentum Lz. In our modeling, vertical heating is

only implicit: we ignore the (weak) coupling between in-plane and vertical mo-

tions, and model an age-dependent vertical profile for the disk to incorporate the

3D spatial selection function (see Section III.4). The overall model for the dataset

pdataset(l, b, D, [Fe/H], τ, vR, vφ|pm), and how it is combined with the Galactic disk

model pMW(Lz, JR[Fe/H], τ|pm) is summarized in Figure III.2 and in Table III.1.

The model aspects are then combined together in the following section in a likeli-
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Figure III.2: Probabilistic graphical model for the joint distribution p(xi, vi, [Fe/H]i, τobsi} | pm) of
the APOGEE data set. This simplified model reflects the combination of a global model for the Milky
Way disk, APOGEE selection function, and the marginalization over the data uncertainties. The
circles filled in gray contain the APOGEE red clump stars’ observables to be modelled. The circles
inside the large contain the variables in which model is cast : the true birth angular momentum, true
age, true action vector, true metallicity. The ellipses outside the rectangle contain the global model
parameters to be fit: scale length at birth, star formation time-scale, inside-out parameter, secular
evolution parameters and chemical enrichment parameters. The black points are fixed aspects of the
model: present-day potential of the Milky Way, noise model and APOGEE selection function.

hood function, used to constrain its parameters. In this way we can disentangle the

strength of radial migration and radial heating and compare them, but only under

a set of (physically sensible) assumptions that we will now lay out in some detail.

III.3.1 Model Assumptions

Our modelling assumptions are as follows:

1. Stars are born with a tight relation between [Fe/H] and Lz,0 at any given τ.

This is a ‘weak chemical tagging’ assumption, supported by Krumholz & Ting

(2018) and Ness et al. (2019b), who showed that in the low-α disk, [Fe/H]and

age can predict present-day Lz precisely (and we here attribute the scatter in
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that relation to radial migration). This assumption is also well supported by

extragalactic observations of a sample of spiral galaxies, which showed that

the azimuthal variations and scatter in the interstellar medium’s [O/H] is low

(< 0.05 dex in e.g. Kreckel et al., 2019) . We parametrize this tight relation

(Section III.3.6) and fit for the parameters.

2. Secular processes (processes happening on time scales longer than a typical or-

bital time scale) have dominated the evolution of the Galaxy’s low-α disk. As

the last major merger presumably occurred before the formation of the low-

α disk (e.g., Rix & Bovy, 2013; Bland-Hawthorn & Gerhard, 2016; Belokurov

et al., 2018; Helmi et al., 2018), the Milky Way is thought to have evolved in

near isolation (i.e. interacting mainly with itself and occasionally with lower

mass satellites, e.g., the Sagittarius dwarf galaxy) for the past 7-8 Gyr, which

leaves a lot of time for slower, more gradual processes to occur and affect the

Galaxy’s evolution. We assume that secular processes cause orbits to diffuse,

and set out to measure the strength of this diffusion, but we do not make as-

sumptions on the nature of this process nor try to identify the agents driving

them.

3. We assume that the present-day potential of the Milky Way is sufficiently well

approximated by the axisymmetric potential MWPotential2014 in the Galpy

package (Bovy, 2015), and that the present equilibrium state of the Milky Way

disk can be described by separable distribution functions

p(J) = p(Lz)p(JR|Lz)p(Jz|Lz), (III.1)

where the vertical motion is independent of the radial action (the so-called

adiabatic approximation, Binney, 2010). This is manifestly an approximation

since we know the disk is not axisymmetric, nor in equilibrium: there are

spiral perturbations, a bar and a warp (Bland-Hawthorn & Gerhard, 2016;

Beane et al., 2019).

4. When computing the actions, we use the Stäckel approximation (Binney, 2012)

as implemented in the Galpy package (Bovy, 2015). Furthermore, we implicitly
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assume in the models that the height above the plane z and vertical velocity

vz are independent of the radial action (the adiabatic approximation, Binney,

2010). We use this approximation because we wish to focus on the in-plane

distributions p(JR|Lz)p(Lz) and for our considered orbits, which predomi-

nately lie close to the Galactic plane, the approximation is valid.

III.3.2 Modeling the Gradual Build-up of the Stellar Disk

We now describe the parameterized version of our modeling for the successive

build-up of the Galactic stellar disk, encompassing the star-formation history with

inside-out growth.

We model the time-integrated distribution of angular momenta at birth as

p(Lz,0|pm) =
Lz,0

〈Lz,0〉2
exp

(
− Lz,0

〈Lz,0〉

)
, (III.2)

where we define the mean angular momentum at birth as 〈Lz,0〉 = Rd0× 235km.s−1,

to fit for and interpret the parameter Rd0 as a global scale-length. This scale-length

is time-integrated and reflects the global profile of the disk after all stars are born.

For a cold disk at birth, this model is approximately equivalent to an exponential

surface density profile (Σ(R0) ∝ exp(−R0/Rd0)) with a scale-length Rd0. But the

actual spatial scale-length of the disk at birth may be different since the spatial

distribution of stars will depend on gradual changes of the potential due to the on-

going build up of the disk. The possible inside-out growth (illustrated in Fig. III.5)

is modeled through an Lz,0-dependent star formation, where the star formation

time-scale depends linearly on birth angular momentum, causing the inner disk to

form stars on shorter time-scales than the outer disk. The star formation history is

adapted from Frankel et al. (2019), but now taken to be a function of birth angular

momentum (rather than birth radius):

SFH(τ | Lz,0, pm) = c(Lz,0, pm)

× exp

[
1

τSFR

(
(1− xio

Lz,0/235 km s−1

8.2 kpc
)τ − τm

)]
.

(III.3)
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Here, c(Lz,0, pm) is a normalization constant such that
∫

SFHdτ = 1 at any given

Lz,0. Since the star formation history is not the primary focus of this work, we treat

it as a nuisance aspect of the model. We fit for and marginalize over the parameters

xio and τSFR. The parameter τm corresponds to the maximum stellar age we consider

in the low-α disk, fixed to 6 Gyr.

III.3.3 Present-day Gravitational Potential

We assume that the present-day gravitational potential of the Milky Way disk is well

described by the MWPotential2014 in the Galpy Package. In the present work, we

only use the present-day potential of the Milky Way disk and its derived quantities

(circular velocity vcirc, epicyclic frequencies κ and ν etc.) and make no assumptions

about its past evolution.

As the Milky Way’s stellar disk has gradually grown from inside-out over the

past 7-8 Gyr (Subsection III.3.2), the mass distribution of the stellar and gas disks

have changed, and the potential Φpot(τ) has evolved accordingly. Linking stellar

birth radii R0 to their birth angular momenta Lz,0 would require to know exactly

how the potential has evolved. This could be done by modeling the mass distri-

bution in different Milky Way components, including a growth for the stellar disk.

But the present-day contributions of each component of the Milky Way are already

fairly unconstrained today (e.g., de Salas et al., 2019; Eilers et al., 2019), so we do not

attempt to infer them in the past. Instead, our modeling is fully based on linking

birth actions to present-day actions rather than birth positions. In an axisymmetric

potential, if the gradual build up of the disk is slow and adiabatic, then the actions

of stars should be conserved: stars on the same orbit but at different phases will, if

the change in potential is sufficiently slow, experience the same changes of potential

(averaged over a period) and thus conserve their actions. However, stellar velocities

and positions should change: as the disk mass increases, stars will on average sink

to orbits closer to the Galactic center. Therefore, measuring a change of orbital ac-

tion ∆J bypasses other orbital changes of the stars and gives direct insights into the

secular processes in the disk.
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III.3.4 Modeling the Angular Momentum Evolution

We follow the argument of Sellwood & Binney (2002) that the radial orbit redis-

tribution of stars is caused by a sequence of stochastic processes, of some nature

that we do not determine (which could be, for example, short-lived spiral perturba-

tions). In this limit, stars follow a random walk in angular momentum so that radial

migration can be modeled as a diffusion process in angular momentum, dubbed

“churning” by Sellwood & Binney (2002). Following Sanders & Binney (2015) we

adopt the parameterized angular momentum diffusion equation

∂ f
∂t

=
∂

∂Lz

(
−D(1) f +

σ2

2
∂ f
∂Lz

)
. (III.4)

The nature of the radial migration process determines the diffusion coefficients of

this diffusion equation. For simplicity, we assume that the diffusion coefficients in

the equation above do not depend on Lz and that σ is independent of time. These

assumptions imply that we are only constraining an effective global mean (in radius

and time) of the overall Lz diffusion.

Herpich et al. (2017) showed that if radial migration were asymptotically effi-

cient, the angular momentum distribution in a disk should go as

f (Lz) = exp(−Lz/〈Lz〉)/〈Lz〉, (III.5)

and their model predictions match the observed angular momentum profile of ex-

ternal galaxies well. On the other hand, surface brightness profiles of disk galaxies

have been observed to have exponential or de Vaucouleur profiles (de Vaucouleurs,

1948), which would correspond to (in the limit of circular orbits) an angular mo-

mentum distribution f (Lz) ∝ Lz exp(−Lz/〈Lz〉) to which a bulge could be added at

the center. Since we are not modeling a bulge in the present work, our model will

in any case be inadequate in the inner few kpc of the Milky Way.

Drawing on these considerations, we impose that the steady state solution for

the Lz diffusion equation is either the exponential distribution in Lz, or the expo-
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nential surface density profile. At Lz >> 〈Lz〉1, these distribution are similar and

constrain the diffusion coefficient D(1) to D(1) =
−σ2

Lz12
2〈Lz,0〉τm

, where we pose the mean

specific angular momentum 〈Lz,0〉 = 235km.s−1Rd0. This ensures approximate con-

servation of angular momentum. In the microscopic limit, Schönrich & Binney

(2009a) model this process with each star having a probability to move to a radius

ri proportional to the stellar mass mi at that radius. This ensures that the number of

stars migrating from radius i to radius j is proportional to mimj, which is equal to

the number of stars migrating from j to i, thereby conserving the total disk profile.

However, in reality the total disk angular momentum need not be conserved, as ex-

ternal torques, e.g. exchanges with the halo, could change it; here we do neglect this

effect, since it is not well quantified or understood even in simulations: Buck et al.

(2020) show that some Milky Way-like simulated galaxies see their scale-length in-

crease over time (net outward migration), while others don’t. Here, with our fixed

choice of D(1) disk profile remains constant with a mean angular momentum 〈Lz,0〉.
But individual populations of age τ born on profiles with 〈Lz,0〉(τ) < 〈Lz,0〉 will, on

average, broaden, and those born with 〈Lz,0〉(τ) > 〈Lz,0〉 will, on average, shrink.

The present day angular momentum of a star of age τ would then be related to

its birth angular momentum by

p(Lz | Lz,0, τ, pm) = N(pm)

× exp

(
− (Lz − Lz,0 − D(1)τ)2

2σ2(τ)

)
(III.6)

where σ(τ) = σLz12

√
τ

τm
is the radial migration strength in angular momentum

units (kpc km/s−1). The parameter σLz12 is to be fit and N(pm) is a normalizing

constant such that
∫ ∞

0 p(Lz | Lz,0, τ, pm)dLz = 1 (there are no counter rotating stars

in the disk). τm is the maximum age of the disk we consider, which is fixed to 6

Gyr here since there are so few constraining stars in the data at larger ages (see 3rd

panel in Fig. III.1).

1The region Lz ≤ 〈Lz〉 corresponds to the inner 3 kpc of the disk, where we currently do not have
data, see the right most panel of Fig. III.1
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III.3.5 Radial Heating

We assume that stars are born on near-circular orbits, and that their mean radial ac-

tion increases with time as their orbits are kinematically heated (dubbed “blurring”

by Sellwood & Binney (2002)). We adopt the isothermal disk model from Sanders

& Binney (2015); Binney (2010), and we fit for the increase of mean radial action as

a function of age and final position. The radial action distribution is then written as

p(JR | τ, Lz, pm) =
1

2π

κ

σ2
R

exp
(
− κ JR

σ2
R(τ, Lz)

)
, (III.7)

with κ = κ(Rcirc(Lz)) the frequency of radial motion (the epicycle frequency), which

depends on the guiding radius Rcirc, the radius of circular orbit of angular momen-

tum Lz. The velocity dispersion σR = σR(τ, Rcirc(Lz)) traces the heating history of

stars in the disk:

σR(τ, Rcirc(Lz)) = σvR0

(
τ + τ1

τm + τ1

)β

× exp
(

8 kpc− Rcirc

RσR

)
,

(III.8)

where σvR0 is the velocity dispersion of stars of age τm = 6 Gyr in the Solar neigh-

bourhood (to be fitted), τ1 is set to reflect a dynamical time, ∼ 110 Myr, as in

Sanders & Binney (2015) and allows stars to be born with small but non-zero ec-

centricity. The scale RσR represents a possible decay of the velocity dispersion with

Galactocentric radius, as in Sanders & Binney (2015) (to be fitted). Note again that

the radial actions are adiabatic invariants, and so the gradual build up of the disk

should not influence the radial action of stars after their birth.

III.3.6 Weak Chemical Tagging: [Fe/H]-τ-Lz,0 Relation

For the current modeling, we use [Fe/H], and assume that it is approximately only

a function of time and Lz,0; in some sense, this is the weakest form of “chemical

tagging”.

We model the [Fe/H]-τ-Lz,0 relation as a a power law in time and a broken line in
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Figure III.3: Functional forms to fit for [Fe/H](Lz,0, τ, pm), showing [Fe/H] as a function of Lz,0 in
the left panel, and as a function of look-back time in the right panel (for a set of birth angular
momenta). The model parameters chosen here are γ[Fe/H]= 0.45, ∇[Fe/H] = −0.093 dex.kpc−1 and
[Fe/H]max = 0.70 dex. The present-day gradient ∇[Fe/H] sets the ‘outer’ metallicity profile, the
power index γ[Fe/H] sets the time dependence and [Fe/H]max sets the present-day [Fe/H] at the
center of the Galaxy. We show the position of the Sun marked with an � symbol, at [Fe/H]� = 0
dex and τ� = 4.6 Gyr.

the variable Lz,0 with an inner disk radial gradient of −0.03 dex/kpc for Lz,0 < 3×
235 kpc km/s. Since we have no constraining data on the inner metallicity profile

in the disk, we use two external arguments to motivate this imposed flattening in

the inner disk: (1) the observed metallicity profile in the stars is flatter in the inner

disk/bulge (Pietrukowicz et al., 2015), and (2) chemical evolution models predict

a flatter metallicity profile in the gas in the inner disk (e.g., Schönrich & Binney,

2009a). Namely,

[Fe/H] =[Fe/H]max f (τ) + b[Fe/H]

+∇[Fe/H](Lz,0)
Lz,0

235 kms−1

(III.9)

where the gradient

∇[Fe/H](Lz,0) =




∇inner Lz,0

235km.s−1 < 3 kpc

∇[Fe/H] otherwise.
(III.10)
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with the inner metallicity gradient ∇inner fixed at −0.03 dex.kpc−1 and the outer

metallicity gradient ∇[Fe/H] is to be fitted. As in ?, ∇[Fe/H] is assumed constant

in time, since its time dependence is poorly constrained with a variety of chemical

enrichment models predicting different time evolution, (e.g. Pilkington et al., 2012;

Schönrich & Binney, 2009a; Grisoni et al., 2018b). b[Fe/H] is introduced so the

overall profile is continuous at Lz,0 = 3× 235 kpc km/s:

b[Fe/H] =





0 Lz,0
235km.s−1 < 3 kpc

(∇inner−∇[Fe/H])Lz,0
235 km s−1 otherwise.

(III.11)

The central metallicity is governed by the parameter [Fe/H]max and we use a time

dependence of

f (τ) =
(

1− τ

12 Gyr

)γ[Fe/H]

. (III.12)

The set of model parameters we fit for are ∇[Fe/H], γ[Fe/H], and [Fe/H]max. These

functions are plotted in Fig. III.3.

III.3.7 Vertical Distribution of Stars

The vertical distribution of stars in the Milky Way disk is not the primary focus of

this work (since we are essentially interested in the in-plane motions), but we must

model it because the spatial selection of our data is in three spatial dimensions

and so we require a 3D model for the disk. For simplicity, we model the vertical

distribution of stars in the disk with the best fit model of Ting & Rix (2019) in the

regime of the isothermal disk:

p(z | Lz, Lz,0, τ, pm) =
1

2hz(Lz, Lz,0, τ)

× sech2
(

z
hz(Lz, Lz,0, τ)

)
,

(III.13)

where the scale height

hz = az

√
2Jz(Lz, Lz,0, τ)

ν(R)
, (III.14)
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with the vertical frequency ν defined such that ν2 = ∂2Φ
∂z2 . Jz(Lz, Lz,0, τ) is the mean

vertical action of stars of angular present momentum Lz, birth angular momentum

Lz,0 and of age τ. Ting & Rix (2019) studied the vertical heating history of the

Galactic disk using an APOGEE red clump data set, and published an analytic fit

for Jz(Lz, Lz,0, τ). We model the age- and radial-dependent vertical distribution of

red clump stars according to this form. Since the model of Ting & Rix (2019) used

different age dependencies and birth radii scales than those in our work, we allow

for an overall scaling of their heating law parametrized by az, which we anticipate

will be near unity (see resulting fits in Table III.1).

III.4 The Likelihood of the APOGEE-RC × Gaia DR2

Data

To determine how this model is constrained by our data, we must construct the

data’s likelihood for any given set of model parameters, and on this basis sample

the parameter’s posterior probability distribution, pdf. We now lay out how to

implement this.

For each star, our ‘data’ are

D = {l, b, D, τ, [Fe/H], vR, vφ} (III.15)

with their associated uncertainties (see Section IV.2). As noted in Section IV.2, these

data are not sampled directly from the underlying Milky Way disk distribution: the

sample very much reflects both the distribution of stars in the Milky Way pMW(D),
and the selection process S(l, b, D, τ) ≡ p(select|D). Therefore, the probability

distribution of the data given our model parameters is

pdataset(D | pm) = C · pMW(D | pm)

× S(l, b, D) fRC(τ)
(III.16)

where pMW(D | pm) is the model of the Galactic disk, which is a combination of
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Table III.1: Summary of the main model aspects (described in Section III.3) and best-fit parameters
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the model aspects described above as detailed in Appendix III.8. C is a normalizing

term specified in Eq. III.17 and Section III.4.1. S(l, b, D) = p(select| l, b, D) is the

selection function, or the probability that a star ends up in the catalog given its ob-

servable properties. The observables for each star are a combination of its intrinsic

properties and its position and velocity with respect to us, and the evolutionary

stage is determined using the spectrum (Ting et al., 2018b). Typically the selec-

tion function is a strong function of apparent magnitude. In the case of standard

candles where the apparent magnitude is a function of distance (and extinction)

only, such as RC stars, the selection function essentially reduces to a function of

(l, b, D). Finally, the term fRC(τ) is the probability of a star to be on the red clump

evolutionary stage given its age τ (Bovy et al., 2014).

We determine the spatial selection function of APOGEE following the methods

laid out in Rix & Bovy (2013); Bovy et al. (2014) and Frankel et al. (2019), and

extend the methodology to the DR14 data which includes APOGEE-2. The main

difference in the APOGEE-2 target selection for the main disk fields with respect

to APOGEE-1 is the inclusion of two color bins: blue ((J − Ks) < 0.8 mag) and

red ((J − Ks) > 0.8 mag) (Zasowski et al., 2017). This makes the selection function

more complex because the fraction of selected stars of different stellar types differs

between APOGEE fields. However, we are not affected by this complexity because

we are working with RC stars, assumed perfect standard candles (with (J − K)0 =

0.68 mag, Hawkins et al., 2017) lying fully in the blue color bin, such that we need

not account for the selection fractions of the red color bin. In practice, the spatial

selection function, S(l, b, D), is a piece-wise function in each APOGEE field, such

that for a field i centred at (l, b)i it can be expressed solely as a function of distance

Si(D). The dependence on distance is more complex than a constant between Dmin

and Dmax set by the stars absolute magnitude and the survey’s magnitude cuts,

due to the 3D spatial distribution of dust, which limits the fraction of stars seen at

a given absolute magnitude and distance. We model this using the 3D dust map

of Green et al. (2019). A detailed description of how this is incorporated into the

model can be found in Frankel et al. (2019)2.

2The selection function is published with a tutorial of its use at https://github.com/NeigeF/
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III.4.1 Normalization of the PDF: Survey Volume

To make pdataset a probability density function, it must be normalized by

C−1 = VS(pm) =
∫

D
pMW(D | pm)S(l, b, D)dD (III.17)

which is a 7-dimensional integral over all the physical properties of the data We

refer to VS as the ‘survey volume’. Two of the integrals (l, b) can be transformed

into a sum over APOGEE fields, if we assume that the properties of stars in the sky

within a single APOGEE pointing are uniform. This is a valid assumption as the

APOGEE fields are typically 3 deg across. We compute VS in the next subsection,

and assemble the data likelihood in Subsection III.4.2.

Expanding Eq. III.17, the survey volume can be written

VS(pm) = ∑
field i

∫

Data space
pMW(τ, Lz,0, JR, Lz, z, | pm)

× Si(D) fRC(τ)ΩiD2dLz,0dDdvRdvφdτ,
(III.18)

This integral is not straightforward to compute. The integrand is proportional to a

probability density that we cannot fully compute, but that we can sample. There-

fore, we compute this integral through iterative importance sampling (details in

Appendix III.9). We start with a ‘blind’ optimization of the data likelihood by nor-

malizing the likelihood with samples generated from a model with initial plausible

guesses for the model parameters pm,prop. We then use these best fit parameters to

generate new samples, which better reflect the shape of the likelihood and can be

used normalize the likelihood for further calculations.

III.4.2 Data Likelihood Function and Parameters Posterior

The overall Milky Way disk model combined with the selection function predicts

the likelihood of the data for any star in the sample. Assuming all measurements

are independent, we write the total likelihood of the entire data set given our model

apogee_selection_function
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with parameters pm as

pL({[Fe/H], τ, l, b, D, vR, vφ}|pm)

=
Nstars

∏
i=1

pdataset([Fe/H]i, τi, li, bi, Di, vR,i, vφ,i|pm).
(III.19)

We use uniform priors with wide ranges in the parameter space, and enforce dis-

tances, spatial scales and time-scales to be positive. We first maximize the likelihood

(Nelder & Mead, 1965), which gives the results in Table III.1. We start the optimizer

from different initial conditions to lower the chances of the optimizer becoming

stuck in local maxima. Using the MCMC sampler emcee (Foreman-Mackey et al.,

2013), we then sample the posterior,

ppos(pm | {[Fe/H], τ, l, b, D, vR, vφ})
∝ pprior(pm)pL({[Fe/H], τ, l, b, D, vR, vφ} | pm)

(III.20)

using 12,000 iterations (> 50 times the auto-correlation time) and 52 walkers. We

initialize the MCMC sampling uniformly in a hypercube (of size greater than 8

times the error bars quoted in Fig III.4) centered on the maximum likelihood esti-

mates.

The posteriors of the model parameters are illustrated in Fig. III.4. The pa-

rameters of interest are the dynamical parameters: {σLz12, σvR0, β, RσR}, in red and

orange in Fig. III.4. We treat the other model parameters as nuisance parameters

and marginalize over them, although we comment briefly on them in Section III.5.

There are no degeneracies and only weak covariances. In particular, the estimate

of radial migration (or spread in angular momentum) σLz12 is slightly correlated

with the metallicity gradient. This is expected because the information on radial

migration comes from the scatter in metallicity. Stars born in a galaxy with a shal-

lower metallicity gradient will need to migrate larger distances to produce the same

metallicity spread. The other notable covariance is between σvR0 and β, which to-

gether quantify heating in the radial direction: σvR0 is the strength, and β the time

dependency. If most of the sample is dominated by stars of a given age (here 2
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Gyr), then the two ways to reproduce the local velocity dispersion of stars of that

age is to either have a greater strength, and a faster time evolution (small β), or a

smaller strength and a more linear time evolution (larger β).

The other model aspects also seem well fitted since the overall distributions of

the data are well recovered by the model (Fig. III.1) and their estimate is robust

to the tests we have performed (Subsection III.5.4). This shows that the best fit

model is also qualitatively a good fit. The parameter analogous to the scale-length

of the disk at birth is about 2.9 kpc. The covariances are more important for the

inside-out growth model aspects, which are treated as nuisance parameters in the

present work. The measurements of inside-out growth are consistent with our

previous estimate in Frankel et al. (2019) with xio ≈ 0.7, where the implications and

shortcomings of fitting data with large age uncertainties are discussed extensively.

III.5 Best fit Milky Way Disk Model

Fig. III.4 illustrates that all model parameters are well constrained, that the pdfs are

approximately Gaussian, and that for most parameter combinations the covariances

are small. The model seems to be well-posed for and well-constrained by the data

set. This holds true for its dynamical aspects (brown in Fig. III.4), inside-out growth

(green), and ISM enrichment (blue). The best fit model is illustrated in a schema in

Fig. III.5.

In the following subsections, we look at these different aspects more closely.

III.5.1 Migration strength and Age-Radial Velocity Dispersion

The strength of radial migration is encompassed in the model aspect σLz12(τ), the

width of the distribution of stars of age τ about their mean angular momentum.

We find σLz12(τ) = 567 kpc km/s
√

τ/6 Gyr. With a circular velocity of about 235

km/s, this corresponds to a migration scale of 2.4 kpc for the 6 Gyr stars.

Radial heating leads stars to increase their random motion in the radial direction.

Using Eq. III.8, we find that the velocity dispersion at the Sun is about 43 km/s for
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Figure III.5: Schematic illustration of the four main model aspects (left and middle panels), shown
for the best-fit model in the right panel. Each panel represents a realization of the Milky Way
disk model presented in Section III.3 with given model parameters (see legend). The radial axis in
polar coordinates is Galactocentric radius. The angle in each quadrant represents time, increasing
clockwise. For the top quadrants, time follows the evolution of the Galaxy. For the bottom quadrants,
time is time since the birth of a star, tracing the evolution of its orbit. Each quadrant of the disk
is color-coded by one of the model aspects. Going clockwise from top left, they display (i) the
gradual enrichment of the gas in iron (top left, blue), (ii) the gradual build up of the disk (top right,
green), (iii) the radial range occupied by stars born at 4, 8, and 12 kpc due to their radial motion
(epicycle volume, bottom right, orange) and (iv) the probability density of the same stars to have
their guiding radius at different places in the disk due to radial mixing (bottom left, red). At birth,
stars are assumed to be on near circular orbits so, as can be seen in all panels, the three orbits born
at 4, 8, and 12 kpc can be easily disentangled. Model 2 (middle) is undergoing strong radial mixing
and strong radial heating, which mixes the orbits such that the pdfs of the stars cover almost the
entire disk. Model 1 (left) has only modest radial heating and migration. The actual best fit model
(right) falls in between these two regimes, where stars mix significantly, but not enough to erase all
dynamical memory of their birth conditions.

the ∼ 6 Gyr stars, in line with Nordström et al. (2004) and Mackereth et al. (2019),

and that the age dependency is τ0.3. In the epicycle approximation, radial heating

leads to epicycle amplitudes typically of Aepi =
√

σ2
r (τ)/κ2 ≈ 1.5kpc for the older

stars, as illustrated in Fig. III.5. The parameter RσR best fit value is ≈ 27 kpc,

whereas it has been commonly assumed to be of order 2 × disk scale length (∼
6− 7 kpc). The original motivation for the exponential decay of the radial velocity

dispersion was to keep a n overall disk with a constant global scale height hz and a

constant ratio σr/σz (van der Kruit & Searle, 1982), with σz ∝ hz
√

ρ ∝ exp(−R/2Rd).

But (1) the agents driving the evolution of the vertical and radial motion are likely

different (e.g Sellwood, 2014) so σr and σz need not be related, and (2) populations

of given age in the Galactic disk are now known and expected to flare (Ting
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& Rix, 2019; Minchev et al., 2015; Bland-Hawthorn & Gerhard, 2016; Bovy et al.,

2016b; Kawata et al., 2017b; Sanders & Das, 2018; Mackereth et al., 2017, 2019): the

scale height of coeval stellar populations increases with radius, hence there is no

expectation for RσR to be small at a given age. This is distinct from the population-

integrated properties of the Galaxy, which, in a manifestation of Yule-Simpson’s

paradox, can even show opposite trends to the coeval populations (see Fig. 1 of

Minchev et al., 2019).

III.5.2 Inside-out Growth and the Metallicity Profile

The model fit favors a global inside-out growth of the disk, where stars formed first

from low angular momentum gas, and star formation moved gradually to higher

angular momentum (x = 0.68). This is in accord with the results of Frankel et al.

(2019), who used a similar model in radius on the APOGEE-RC data set of the 12th

data release. Our model is illustrated for different values of x, as well as for the best

fit, in Fig. III.5 in green (top right quadrants). As the disk forms from inside-out,

the enrichment in metals (here iron, [Fe/H]) proceeds with a radial gradient and

still on-going enrichment (Figure III.3).

III.5.3 The Orbit-Age-Abundance Distributions

The distributions most directly affected by radial mixing are the metallicity distri-

bution functions of stars at given radius p([Fe/H]|R) (Hayden et al., 2015; Loebman

et al., 2016), whose shape is influenced by the amount of metal-rich stars incoming

from the inner disk the metal-poorer stars coming from the outer disk, and the ini-

tial metallicity profile of the gas from which stars formed, set by the inside-out star

formation history (Schönrich & McMillan, 2017a; Schönrich & Binney, 2009a).

The available data, and the framework we developed in this work, allow us

to make comparisons in more dimensions, reproducing the entire data set’s 5-

dimensional distribution p([Fe/H], τ, JR, Lz, R) resulting from the global evolution

of the Milky Way disk (and selection procedures). Figure III.6 illustrates the dis-

tributions p([Fe/H], τ, JR, Lz, R) observed in the data set (brown) and predicted by
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tantly the 2D dististributions and the entire shape of the density the 5 dimensional data space agrees
well. The age-metallicity-orbit structure of the dataset seems well recovered.

the best fit model for the data set (green). Overall, the observed distributions are

globally well recovered by the model fit. The metallicity radial profile (bottom left

panel of the corner plot in Fig III.6), which arises from (1) chemical evolution and

(2) subsequent orbit evolution is well described, and illustrates that the metallicity

distribution functions p([Fe/H], R) and the age-metallicity distributions (4th panel,

bottom), usually the main diagnostic used in the literature, are all well reproduced.

The distributions in Lz and JR reflect both the secular evolution of the disk and

APOGEE’s spatial selection function.
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III.5.4 Verifications: Model Variants and Parameter Recovery

During the construction of this model, we tested a set of model variants. We first

tested the parameter recovery on noised mock data, and rejected all models for

which we could not recover the true parameters. For example, we could not add a

parameter to quantify how much angular momentum is actually conserved while

stars diffuse in angular momentum (by e.g., fitting for a simple form of diffusion

coefficient D(1) from Eq. (III.4)) because there is a degeneracy with the enrichment

model.

Once the best model candidate (which is presented in Section III.3) was iden-

tified, the best fit parameters found with MLE, and the posterior sampled with

MCMC, we performed a series of additional tests to verify different aspects of our

results. We investigated whether uncertainties in our integral calculations intro-

duced systematics or biases in the estimation of the parameters, by computing it

using different model realizations (by changing the model parameters) and Monte

Carlo samples of different sizes, and found no change in the results within 1σ (for

both the data used in the present paper and mock samples generated from our

model). We generated and fitted mock data with different noise levels (increasing

or decreasing the formal uncertainties by a few percent), and the best fit parameters

are well recovered too.

We studied the effect of varying the model of the potential on the estimates

of the dynamical parameters. Using the default MWPotential2014 in Galpy with a

circular velocity of 220 km/s at 8 kpc, we found small changes in the estimates of

σLz12. These changes are however expected and quantifiable. The estimate for radial

migration dropped by about σLz220 ≈ σLz12 × 220
235 , which is what one expect since

the metallicity scatter, and the radial metallicity gradient in the stars are the same,

and σLz12 ≈ σ[Fe/H]vcirc/∇[Fe/H]. But a full exploration of alternate gravitational

potentials is beyond the scope of the present work. The potential model we are

currently using is well constrained by external data (Bovy & Rix, 2013; Bovy, 2015).
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III.5.5 Model Limitations

Forward modeling the orbit-age-[Fe/H] structure of the APOGEE×Gaia dataset,

with an interpretable model that accounts simultaneously for diverse aspects of

Galaxy evolution, data uncertainties and the survey selection function, provides a

framework with a great potential for Galactic archaeology. The best fit model is

well tested and reproduces the observed trends and distributions of the data set

well. However, at present our model lacks some features that one might desire

from a full physical model of the Galaxy:

1. Radial migration of stars in the Milky Way is measured indirectly through its

impact on the age-metallicity distributions. The strongest assumption we have

made in that direction is that the birth age-metallicity relation was tight and

monotonic, and that our choice of functional forms to model the evolution

of [Fe/H] were flexible enough and adequate. However, any inadequacy or

inappropriate rigidity in that model will be measured as radial migration in

this context, so σLz12 could be a lower limit on the strength of radial migration.

2. Our description of Lz change is only an approximation of the solution to the

diffusion equation (Eq. III.4) that is valid far from the Galactic center, and is

not self-consistent. It is likely that the strength of migration is a function of

radius and time (e.g. Kubryk et al., 2013; Toyouchi & Chiba, 2018), which in

our simple diffusion picture is ignored. Additionally, Eq. III.4 should con-

tain a source term for star formation, which we have modeled separately.

This should not impact the results drastically, as the two extreme regimes are

recovered: in the limit where radial migration is asymptotically inefficient,

stars’ current Lz distribution is a Dirac function of their birth distribution, and

the overall Lz distribution is the exponential profile used for initialization in

Eq. III.2. In the limit where radial migration is asymptotically efficient, our

imposed steady state solution for the Lz distribution recovers the results of

Herpich et al. (2017) for a flat circular velocity curve, with the same scale

length Rd0.
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3. The secular evolution processes in the disk (diffusion in Lz and increase in JR)

were treated independently. However, they are expected to be covariant. The

covariance depends both on the heating agents, (e.g. as in Eq. III.27) and the

likelihood of a star of given actions to be trapped at corotation resonance and

thereby migrate radially (Daniel & Wyse, 2018; Solway et al., 2012; Vera-Ciro

et al., 2016; Minchev et al., 2012a) . Ideally, we should treat the entire Fokker-

Planck equation in action space. However, we argue that this should have only

a small impact on the present results, because the disk remains relatively cold

(JR does not increase much) and Lz diffusion is stronger by an order of mag-

nitude. Additionally, in our modelling, both heating and migration are con-

ditioned on time, making their conditioning on each other included implicitly

. This may blur out such covariances on large spatial and time-scales. How-

ever, in the Solar neighbourhood, there are indeed clear over-densities in the

Lz − JR plane, some of them arising along Lindblad resonances with the bar

or other non-axisymmetries (Sellwood & Binney, 2002; Trick et al., 2019a,b)).

These portray the impact of the most recent set of non-axisymmetries.

4. The treatment of radial heating, with the time dependence β could depend

on angular momentum. Indeed, as shown in simulations, the heating time

dependence β could depend on spiral arms and Galactocentric radius (Aumer

et al., 2016a; Binney & Tremaine, 2008). The radial dependence of β in the age-

velocity dispersion relation in the Milky Way disk was confirmed in Mackereth

et al. (2019). The present model fit leads to β ≈ 0.3, which is typical and agrees

with the largest part of the disk values in Mackereth et al. (2019), but not in

the outer disk where their β decreases, possibly due to the weakening of spiral

strength.

III.6 Astrophysical Implications and Discussion

Secular processes drive stellar orbits to evolve, which can have a large impact on a

disk galaxy’s evolution. If strong, such diffusion processes lead to a near complete
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Figure III.7: Secular evolution of the Milky Way disk implied by the best fit model, as diffusion
in angular momentum (top) and radial action (bottom) drawn from the MCMC samples illustrated
in Fig III.4 and using the model equations, Galactocentric radii 6, 8 and 12 kpc. The right-hand
side y axis shows the equivalent in distance units. Top: we assumed a constant circular velocity
curve Rcirc = Lz/vcirc with vcirc = 235 km/s. Bottom, shown for the Solar Galactocentric radius: we
assume the radial spread about the guiding radius due to the epicycle motion corresponding to a

radial action JR at R is
√
〈(R− Rg)2〉 = √JR/κ = A/

√
2 with κ the epicycle frequency and A the

epicycle amplitude.
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dynamical memory loss, challenging efforts in Galactic archaeology to try to infer a

galaxy’s history from its present-day properties. Radial migration is such a process

and was shown to be strong in simulations (e.g. Minchev et al., 2013), but had not

been well quantified across the Milky Way disk.

We have presented the first global model relating stellar ages, chemistry, and

dynamics, which we have fitted to high-quality data over a large extent of the

Galactic’s low-α disk, accounting rigorously for data uncertainties and selection

effects. The model builds on and extends Sanders & Binney (2015)’s pioneering

framework. The previous modeling to ? was based on more local data and did

not incorporate stellar ages. In this work, we have forward-modelled the distribu-

tions of stellar ages, [Fe/H], Lz and JR with a radially-dependent star formation

history accounting for the inside-out growth of the disk, a parametric chemical

evolution model, and birth and action-based radial heating and radial migration

orbit-evolution model. We have fitted all aspects of this model simultaneously, but

focus on the orbit evolution, and treated the other model aspects as a nuisance. We

have used the APOGEE×Gaia red clump sample, a dataset that covers a large part

of the Galactic disk, from R ∼ 4 kpc to 13 kpc, a scale larger than the typical radial

migration scale of a few kpc.

Large efforts have been made to measure the strength of radial migration in the

Milky Way, but previous works lacked data on large spatial scales, making quanti-

fying a large scale diffusive process a hard task. Furthermore, previous approaches

did not use stellar ages (e.g. Sanders & Binney, 2015) instead relying more tangen-

tially on the known local relationships between stellar age and kinematics. Other

methods measured a scatter in the [Fe/H]-[α/Fe]-R directly, but without account-

ing simultaneously for the galactic evolution processes that could contribute to it,

thus lacking a framework that could use and describe the entire dataset (e.g. Hay-

den et al., 2015). In ?Frankel et al. (2019), we developed a framework accounting for

the main evolution aspects of the Milky Way disk, with a radially-dependent star

formation history, chemical evolution of the disk, and evolution of the stars’ Galac-

tocentric radius. This model constrained a global orbit migration scale of about 3

kpc
√

τ/6 Gyr, implying that radial mixing happens on scales comparable to the
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scale-length of the Milky Way disk. However, this description of the disk only mea-

sured diffusion in Galactocentric radius, and not angular momentum, so failed to

disentangle the two major processes causing stars to change Galactocentric radius

(‘churning’ and ‘blurring’).

III.6.1 Secular Dynamical Evolution

Our model describes the in-plane secular evolution of the Milky Way’s low-α disk

and disentangles the contributing processes: diffusion in angular momentum (‘churn-

ing’) and increase in radial action (‘blurring’, or ‘radial heating’). As both processes

are diffusion in action space, we can quantitatively compare their strengths in a

meaningful way, and here we choose to inspect the root-mean-squared (rms) devi-

ation in the actions.

We first work out the rms deviations of the actions expected in the Solar neigh-

bourhood from external data, and will then show that our more global model re-

covers this particular case. From a simplistic perspective, the rms deviation in the

radial action is related to the disc properties as

√
〈(∆JR)2〉 ≈

√
2σ2

R
κ

. (III.21)

Taking the ‘textbook’ quantities for the radial epicyclic frequency κ ≈ 37 km/s/kpc

and σR ≈ 38 km/s for old stars from Binney & Tremaine (2008), we find
√
〈(∆JR)2〉 ≈

55 kpc km/s. Likewise, the rms deviation in the angular momentum can be simply

expressed as √
〈(∆Lz)2〉 ≈

vcircσ[Fe/H]

|d[Fe/H]/dR| . (III.22)

Using approximate values for the solar neighbourhood of σ[Fe/H] = 0.2 dex for the

metallicity dispersion (Nordström et al., 2004), |d[Fe/H]/dR| = 0.062 dex/kpc for

the radial metallicity of young stars (Luck & Lambert, 2011) and vcirc = 235 km/s

we find
√
〈(∆Lz)2〉 ≈ 750 kpc km/s. These simple calculations confirm that plausi-

bly
√
〈(∆Lz)2〉 is an order of magnitude larger than

√
〈(∆JR)2〉.

Expanding to the greater extent of the disk with our full model, from Eq. III.6,
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the variance of the angular momentum distribution of a stellar population of age τ

is

〈(Lz − Lz0)
2〉 = σ(τ)2 + (Dτ)2. (III.23)

where the drift term (Dτ)2 is subdominant, contributing only ∼ 20% to 〈(Lz −
Lz0)

2〉.
Similarly, the variance of the radial action of a population of age τ is

〈(JR − JR0)
2〉 = 2〈JR〉2 + 2J2

R0 − 2JR0〈JR〉, (III.24)

with JR0 the radial action at birth, which we assume here is zero since in the model

stars are born on near-circular orbits. 〈JR〉 = σ2
R/κ is the mean radial action as

defined in Eq. III.7. Both of these quantities are plotted as functions of τ in Fig. III.7.

Using a reference age of τm = 6 Gyr, we find at 8 kpc (see Fig. III.7 for the spatial

variations)

√
〈(Lz − Lz0)2〉 ≈ (619 kpc km/s)

(
τ

6 Gyr

)0.5

,

√
〈(JR − JR0)2〉 ≈ (63 kpc km/s)

(
τ

6 Gyr

)0.6

.

(III.25)

We note that up to a factor between 1.2 and
√

2, these quantities are very close

to σLz12=572 kpc km/s and the mean radial action 〈JR〉 = σ2
R/κ = 45kpc km/s

respectively, so our general conclusions do not depend much on the details of our

choice of reference quantities (i.e. σLz12versus
√
(∆Lz)2).

A spatial representation of the diffusion in angular momentum and increase

of radial action is illustrated in Fig. III.5. We show two examples for the secular

evolution of the disk for the first two panels (weak mixing and heating, and strong

mixing and heating), and the best fit in the third panel. The second y axis of Fig. III.7

also illustrates this more quantitatively.

Using the same APOGEE RC dataset, ?Frankel et al. (2019) measured a migration

strength in Galactocentric radius of 3.1 kpc
√

τ/6 Gyr, which is slightly larger than

we have found here. These models were purely spatial and ignored the dynamics.
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The spreads in the metallicity distributions in these models are wholly accounted

for by the radius migration and its strength is more simply linked to the radial

metallicity gradient (as in Eq. (III.22)). In the new dynamical model presented here,

spreads in the metallicity distribution are due to a combination of both migration

and heating, the latter of which introduces more extreme metallicity stars from

the inner and outer disc at their apo- and pericentres respectively, and so further

broadens the metallicity distributions. This reduces our measured radial migration

strength to
√
〈(∆Lz)2〉/vcirc = 2.6 kpc

√
τ/6 Gyr with the difference coming from

the radial heating.

III.6.2 Implications of a Strong Lz Diffusion Process

If the strength of angular momentum diffusion, of the order of the mean angular

momentum of the Galaxy, is typical to all disk galaxies, this redistribution has im-

portant implications for galactic archaeology for external galaxies. For the Milky

Way, the strength of radial migration can be measured through a physical [Fe/H]-

age-Lz scatter, obtained by data for individual stars. Such a framework may not

be applicable in external galaxies beyond the Local Group, where all properties

are integrated. Studying stellar populations in external galaxies may lead to good

present-day age histograms and present-day mass-weighted age gradients, but re-

flect only mildly the formation of galaxies due to important dynamical memory

loss: i.e. age and metallicity radial gradients weaken (Frankel et al., 2019).

As argued in Herpich et al. (2017), an asymptotically strong redistribution of

stellar angular momenta in cold disks could naturally lead disk profiles to fol-

low exponential distributions, as is observed in disk galaxies (e.g., de Vaucouleurs,

1948; Freeman, 1970). Since disks are not always expected to form with exponential

profiles (e.g. Roškar et al., 2008b), a strong diffusive process that leads to an expo-

nential profile irrespective of the initial conditions could reconcile the observations

with simulations of galaxy formation.

Even though mixing processes are strong, they are not strong enough to erase

all gradients in which case even using chemical-age information would not rewind

stars back to their birth conditions because the final state of the system would be
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independent from its initial state. In the Milky Way, metallicity and age radial

gradients are weakened, but not erased.

However, any modelling of the Milky Way’s chemical evolution requires us to

account for the strong radial orbit redistribution. For instance, a local age distribu-

tion might reflect better the global star formation history of the disk rather than the

local star formation history, as a local sample of stars, even those on circular orbits,

may contain stars born kiloparsecs away and lack stars born locally.

III.6.3 Disentangling Lz-Diffusion from Heating

Dynamical processes produce correlated changes in the actions of stars. Assuming

∆JR = f (∆Lz), the general function f will depend on the specifics of the dynamical

interaction. In the present work, we do not explicitly model the possible interac-

tions leading to radial heating and angular momentum diffusion; we only measure

their effect over 6 Gyr of evolution with an effective model, and find that across the

disk √
〈(JR − JR0)2〉 ≈ 0.1

√
〈(Lz − Lz0)2〉. (III.26)

This result can already provide some global constraints on the nature of dynamical

processes across the Milky Way, but not on the details of the secular interactions.

The net changes are not directly comparable to the changes expected over single

migration events ∆JR = f (∆Lz). To zeroth order, near the main resonances of a

non-axisymmetry rotating at a constant pattern speed ΩP (e.g. the bar or a spiral

wave), the change of radial action is related to the change in angular momentum

through (e.g. Sellwood & Binney, 2002)

∆JR =
ΩP −Ω

κ
∆Lz. (III.27)

Here κ and Ω are the radial and azimuthal frequencies. Sellwood & Binney (2002)

point out that near corotation (Ω = ΩP), ∆JR should be very small even though

∆Lz can be large – a star can move from circular orbit to circular orbit. Therefore,

there is no dynamical evidence that a star found on a near circular orbit at radius R

136



CHAPTER III. DISENTANGLING ORBITAL CHANGES III.6. ASTROPHYSICAL IMPLICATIONS

today was not born on a different circular orbit. Around the Lindblad resonances,

where κ = ±m(Ω−ΩP), interactions with non-axisymmetries tend to heat the disk

∆JR = ±∆Lz/m. More recent works argue that ∆JR = f (∆Lz) is not necessarily

linear, and that angular momentum redistribution at corotation might not always

occur without changes in JR: resonances can overlap, leading to non-linear effects

and stochastic motions of the stars (e.g Minchev et al., 2011, 2012b; Daniel et al.,

2019). In this model context, our findings suggest that migration near corotation

was important.

In addition to these non-linear effects, ∆Lz and ∆JR may deviate from Eq. III.27

if spiral perturbations do not rotate as solid bodies as seen in simulations (i.e. with

a pattern speed that changes with Galactocentric radius Quillen et al., 2011; Grand

et al., 2012) or indirectly with extragalactic observations (Merrifield et al., 2006;

Masters et al., 2019), or if their pattern speed is a function of time.

The simulations described above, as well as those of Brunetti et al. (2011) and

Loebman et al. (2016), have brought understanding of the processes involved in the

secular evolution of disk galaxies and the processes at play in radial orbit migration,

and have pioneered qualitative comparisons with Milky Way data. However, they

are not directly comparable to observed data in the Milky Way because observed

data are noisy and do not represent the full Milky Way disk. More importantly, the

present view of the Milky Way only represents the equivalent of the final snapshot

of a simulation as argued in and must be modeled as such (e.g. Aumer et al.,

2016a). This means age-kinematic relations differ from heating histories (as much

as time differs from age) and our effective models cannot be used to recover robustly

the full evolutionary history of the Galaxy. Simulations are necessary to guide the

construction of realistic and physically motivated forward models and to make

the link between the global measure of
√
〈(JR − JR0)2〉,

√
〈(Lz − Lz0)2〉 and the

instantaneous changes ∆JR and ∆Lz.

III.6.4 Implications for the Sun and the Solar System

In a model with significant radial migration, the Sun potentially formed quite far

from its present Galactocentric radius. Here we analyse the most likely history of

137



CHAPTER III. DISENTANGLING ORBITAL CHANGES III.6. ASTROPHYSICAL IMPLICATIONS

the Sun using our model.

Using Eq. IV.17 with the Sun’s age of τ� = 4.6 Gyr (Bonanno et al., 2002) and

[Fe/H]0 = 0± 0.05 dex (Asplund et al., 2009), we find the birth angular momen-

tum of the Sun was Lz0� ≈ 1824± 127 kpc km/s . If, at the time of its formation,

the circular velocity corresponding to this angular momentum were 235 kpc km/s,

this would correspond to a birth Galactocentric radius of 7.8± 0.6 kpc, which is

5% closer to the Galactic center than today. This is quite different from previous

estimates of the Solar birth location in ? (5.3 kpc), but in better agreement with

Minchev et al. (2018) (7.3 kpc) and Haywood et al. (2019a). We interpret this signifi-

cant change of Solar birth location from our previous estimates as a consequence of

two model modifications. Firstly, the introduction of the drift term D towards the

inner disk in the diffusion equation III.4. In ?, D was set to zero, which resulted in

global outwards migration due to the negative density gradient, with a disk profile

that broadens with time. Here, we approximately conserve angular momentum,

with a disk profile remaining approximately constant over time. As a result, stars

have a higher probability to migrate inwards than outwards. Secondly, our chemical

enrichment description (Section III.3.6) is different: it is a function of birth angular

momentum and not birth Galactocentric radius, and we have imposed a flattening

of the [Fe/H] profile in the inner disk, which is more physically and observationally

motivated.

The Solar birth Galactocentric radius is still widely debated and not well con-

strained. Most chemical evolution arguments lead to birth radii estimates between

its present-day radius and 3 kpc closer to the Galactic center (e.g. Wielen, 1977;

Nieva & Przybilla, 2012; Minchev et al., 2018; Sanders & Binney, 2015; Feltzing

et al., 2020; Kubryk et al., 2015; ?), except for Haywood et al. (2019a) who argue that

the Sun is a typical outer disk star. Even though different models infer different

birth radii for individual stars, the overall radial migration rate estimate remains

similar in all models, as shown in Feltzing et al. (2020). Finally, Martínez-Barbosa

et al. (2015) use backward integration over the Sun’s lifetime, concluding that the

Sun was born in the outer disk. However, without knowledge of the past evolution

of the Milky Way’s potential, such an exercise is not trivial. Better estimates of the
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Solar birth place may additionally produce tighter constraints on the environment

in which the solar system has evolved (e.g. encounters with Giant Molecular clouds

Kokaia & Davies, 2019). However, knowing both the Solar birth and current orbits

does not imply that the Sun has always remained between the two: it could well

have migrated back and forth to the same place, since the typical migration distance

for a 4.6 Gyr old star is about 2 kpc .

III.6.5 Application to the Solar Siblings’ Orbit Distributions

We estimate the possible present-day Lz and JR ranges occupied by stars that were

born with the same Lz,0, the same [Fe/H], and at the same time as the Sun with

Eq. III.6. Assuming solar siblings undergo phase mixing rapidly (the Sun has

undergone ∼ 20 Galactic orbits), there is then no dynamically noticeable differ-

ence between ‘sharing the same birth cluster as the Sun’ and ‘being born with the

same Lz,0, and time’. From our model fit, 95% of these stars should currently have

550 ≤ Lz ≤ 2770 kpc km/s and JR ≤ 130 kpc km/s. This is roughly consistent with

the results of Webb et al. (2019), who used simulations to investigate the present-

day positions of solar siblings in the (Lz, JR, Jz) space in different possible potentials

and constrained present-day solar siblings angular momenta to 353 ≤ Lz ≤ 2110

kpc km/s and JR ≤ 116 kpc km/s. The exact values of these bounds should depend

on the detailed history of the Milky Way disk, but their model gives an angular mo-

mentum range of about 2000 kpc km/s, which is close to our 2σ(τ) value.

However, if the abundance profile of the gas in the Galactic disk is really axisym-

metric, then there is no chemical information on the phase to disentangle whether

a star is born in the same birth cluster as the Sun, or just at the same Galactocentric

radius (or Lz,0). Therefore, the Sun could well have been born in a (possibly now

fully disrupted) birth cluster that is different from the usual candidate cluster M67,

which is known to have a similar age and metallicity as the Sun (Yadav et al., 2008;

Heiter et al., 2014). Recent work has shown M67 is unlikely to be the Sun’s birth

cluster, but this is not fully ruled out (Webb et al., 2019; Jørgensen & Church, 2020).

Instead the Sun’s birth cluster could have formed at the same radius and time, but

at a distinct azimuth from M67 . The recent analysis of Ness et al. (2019b) shows
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that stellar orbits and abundances can be well predicted with only [Fe/H] and age,

implying that our present analysis contains the most essential elements for chemical

tagging.

III.6.6 Limitations and caveats

The physical limitations of our modeling were discussed extensively while present-

ing the best fit Milky Way disk model in Subsection III.5.5: the model could improve

by allowing a time- and radius-dependent strength of radial migration and radial

heating.

We now discuss another approximation we have made while constructing the

model: the model for the population selection of the red clump stars. In practice,

the red clump selection is based on a neural network trained to classify stellar

evolutionary stage from their spectra, trained on asteroseismic data (Ting et al.,

2018b). In the model, we have approximated the selection of red clump stars as

a cut in logg-Teff-color space as in Bovy et al. (2014). This approximation is well

motivated because (1) the classifier is currently one of the best methods to obtain a

pure and complete sample of red clump stars given their spectra (Ting et al., 2018b),

and (2) the modeled cut in logg-Teff-color space is, in theory, a good approximation

to selecting core helium burning stars.

However, this approximation is conceptually not satisfying (as for other meth-

ods based on data driven selection functions), and with no known applicable and

rigorous solution: our treatment of the population selection function in the model is

conceptually inconsistent with the actual selection of stars. The actual data-driven

selection of stars is not trivial to forward model: this method takes a star’s spectrum

as input and returns asteroseismic parameters ∆ν and ∆P, thereby disentangling RC

and secondary RC. Therefore, to assess selection effects in our forward model prop-

erly, we should generate a set of theoretical spectra of various ages, Teff, log g and

various abundances, add noise and instrumental effects, and then pass these spec-

tra to the neural networks that selected the red clump stars to evaluate the fraction

of generated stars that becomes classified as red clump, as a function of age and

metallicity (or any stellar quantity that we wish to model). Hence, if for example
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the neural networks were to fail in some areas of the parameter space (where e.g.

the training data are sparse), the effects would be fully modelled.

As machine learning-based selection functions are (justifiably) becoming impor-

tant in the field of astrophysics, they will also need come with a consistent modeling

framework in the future.

Instead, we have approximated this population selection effect as a function of

age from Bovy et al. (2014) as in ?Frankel et al. (2019) and assumed it was sufficient

for the purpose of our work. We argue qualitatively that this should have only a

small impact on the present work: such a selection should mainly affect the distri-

bution of ages (at large ages, were the training sample was sparse) of our sample,

that is most closely linked to the star formation history in our modeling context.

However, we treat this star formation history as a nuisance aspect and marginalize

over it, and assume the red clump selection does not bias significantly the dynam-

ical parameters of the stars (beyond the covariances between age and kinematics,

which we do model), and we focus on radial migration and diffusion in action

space. As can be seen in Fig. III.4, the dynamical parameters are not correlated

with the star formation history.

III.7 Summary

We have presented and applied a global model for the secular evolution of the

Milky Way’s low-α disk. The model accounts for an inside-out star formation his-

tory, [Fe/H] gradual enrichment, and the subsequent evolution of a stars’ orbits as

diffusion in action space. Applying this model to the APOGEE red clump stars, we

have fully accounted for the selection function of the survey and for data uncer-

tainties. The data are constraining, and the model fit with MCMC implies, in this

context, that

1. Lz redistribution evolves as
√
〈(Lz − Lz0)2〉 ≈ (619 kpc km/s)

(
τ

6 Gyr

)0.5
, which

corresponds to a migration distance of about 2.6 kpc for the 6 Gyr old stars

(see Fig. III.7). In other words, for a coeval population of stars, 68% of them
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will be within 2.6 kpc
√

τ/6 Gyr of their birth radius and the remaining 32%

will have migrated further;

2. JR evolves as
√
〈(JR − JR0)2〉 ≈

(63 kpc km/s)
(

τ
6 Gyr

)0.6
. This shows that redistribution in angular momen-

tum is stronger than increase of radial action, by a fator ∼ 10, leading us to

conclude that radial migration dominates the evolution of the Galaxy’s low-

α disk. This leads the disk to remain kinematically cold, but with a strong

dynamical memory loss, making it necessary to use chemical and age infor-

mation to recover the birth conditions;

3. the Sun’s birth angular momentum inferred from the best fit is relatively close

to its present-day angular momentum with Lz0,� ≈ 1824± 127 kpc kms−1, but

its siblings may have a large distribution in action space with a width of 2000

kpc km/s in Lz and 130 kpc km/s in JR.

We have demonstrated that our approach can disentangle the diversity of dynamical

phenomena that have shaped the Milky Way’s disk. However, our parametric model

is purely effective so does not capture the real complexities of individual dynamical

processes, but only their average effect on the Milky Way. We hope that this may

be solved in the future, by applying and coupling this model to more detailed

simulations of galaxy evolution.
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III.8 Combining the Model Aspects into a Global PDF

III.8.1 Global Milky Way Disk model

We show here how the different model aspects presented in subsections (III.3.2,

III.3.4, III.3.6, III.3.5, III.3.7) are combined together to build the overall model for

the Milky Way disk. Applying the probabilistic chain rule, and marginalizing over

the dummy variable Lz,0, the different aspects of the model appear:

pMW(τ, [Fe/H], JR, Lz, z|pm) =
∫

p(Lz,0|pm)p(τ|Lz,0, pm)

× p([Fe/H], JR, Lz, z|R0, τ, pm)dLz,0

=
∫

p(Lz,0|pm)p(τ|Lz,0, pm)p([Fe/H]|Lz,0, τ, pm)

× p(z|Lz,0, τ, pm)p(JR, Lz|Lz,0, τ, pm)dLz,0.

(III.28)
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The first term on the right hand side is the stars’ birth angular momentum distri-

bution (the first part of Subsection III.3.2). The second is the star formation history

conditioned on birth angular momentum, resulting from an inside-out star forma-

tion history (second part of Subsection III.3.2). The third term is the distribution

of metallicity in the star forming disk in function of time (modeled here as a Dirac

function, since we are assuming a tight Lz,0− τ− [Fe/H] relation, Subsection III.3.6),

the fourth term is the vertical distribution of stars in the disk, and the last one is

the joint distribution of in-plane orbital properties (which we take as the azimuthal

action, or angular momentum, and the radial action). It can be split

p(JR,Lz | Lz,0, τ, pm) = p(JR | Lz, Lz,0, τ, pm)p(Lz | Lz,0, τ, pm), (III.29)

where the first part corresponds to radial heating, and is conditioned on both birth

angular momentum and present-day angular momentum. Heating through scat-

tering should happen over the entire trajectory of the star, so in some sense at an

average of the birth and final angular momenta, but we will drop the dependence on

birth angular momentum as an approximation (see Subsection III.3.5). The second

term corresponds to radial migration, modelled as diffusion in angular momentum.

Here it shows the probability of a star to be at angular momentum Lz given it was

born at Lz,0 a time τ ago (see Subsection III.3.4). Each of these model aspects are

presented in Section III.3 and assembled together to form the Milky Way model in

Section III.4.

III.8.2 Modeling the Dataset: Noise Model, Selection Function,

and the Observables

The Milky Way model described above cannot be directly applied to our dataset,

since the stars were selected in a given survey and the data are noisy. We therefore

write the model for the data set, in the space of the noisy observables (with subscript

’obs’). We (1) marginalize over uncertainties, and (2) apply the selection function to
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the model:

pdataset = pdataset(l, b, Dobs, vX,obs, vY,obs, [Fe/H]obs, τobs|pm, œ)

=
∫

pdataset(l, b, Dtrue, vX,true, vY,true, [Fe/H]true, τtrue|pm)pnoise(obs | true, œ)dntrue

=
1

Vs(pm)

∫
pMW(l, b, Dtrue, vX,true, vY,true, [Fe/H]true, τtrue|pm)

× S(l, b, Dtrue) fRC(τtrue)pnoise(obs | true, œ)dntrue

=
1

Vs(pm)

1
(2π)2

∫
pMW(Lz, JR, z, [Fe/H]true, τtrue|pm)D2

true cos(b)

× S(l, b, Dtrue) fRC(τtrue)pnoise(obs | true, œ)dntrue.

(III.30)

From the first to the second line, we marginalize over data uncertainties with a noise

model pnoise(obs | true, œ) where ‘noise’ denotes all the noisy variables used here

(those which have subscript ‘obs’), and the uncertainty parameter array σ reflects

the uncertainties described in the Section IV.2. From the second to the third line,

we split the dataset model as the product of the Milky Way model extensively

described in Section III.3 and the selection function S(l, b, D, τ). From the third to

the fourth line, we describe the disk in the 2D space of actions (JR, Lz) instead of the

4D phase space (x, y, vx, vy). We note the slight inconsistency in the actual action

calculation based on the Staeckel approximation (Binney, 2012) which uses the full

6D phase space information, and our simplified modelling assumption based on the

adiabatic distribution functions (Binney, 2010). This assumption should not matter

much since we restrict to the thin (|b| < 25 deg), young (red clump), low-α disk

where vertical excursions are very limited. The D2
true cos(b) term is the Jacobian to

change from Galactic to Cartesian coordinates. In practice, we perform this integral

by sampling the true values (in phase space and propagating directly to action

space) from an approximate noise model p(true|obs), and then we use importance

sampling (weighting the integrand with p(obs|true)/p(true|obs)) and Monte Carlo

integrate by summing the remaining terms over these samples. The p(obs|true)

term is the uncertainty model as described in Section IV.2.
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III.9 Accounting for the Survey Volume VS(pm)

The survey volume in Eq. III.17 is a 7 dimensional integral (or 5, after having in-

tegrated over (l, b) by assuming the distribution function does not vary over an

individual APOGEE field). We choose to compute this integral by importance sam-

pling. This method works best if the proposal distribution pproposal is similar to the

target distribution. Ideally, we would like to generate from our full models using a

set of realistic parameters pprop. We could then systematically use these samples in a

Monte Carlo integration of the survey volume corresponding to a new set of model

parameters. The advantage of this method is that our samples approximately trace

the best fit model so provide an accurate computation of the normalization with a

minimal number of samples. It also provides a tractable way to handle the selection

function in the survey volume which is automatically incorporated in our sampling

distribution.

However, one cannot sample points directly from our full models because they

are constructed in a complex and un-normalized way. As a workaround, we choose

to sample from the full model in two steps, using a simpler Galaxy model as an

intermediate distribution. First, we sample stars from the simple proposal dis-

tribution that is easy to normalize. Then, we down-sample these data through

importance sampling using our proposal model. The simple Galaxy model ps

is an exponential disk of constant scale length Rds and scale height hzs chosen

close to the analogous parameters in the overall model (e.g. Rd,prop). Given their

positions in the disk, stars velocities are sampled from a Gaussian centered on

(vR, vφ) = (0, vcirc(R)) with large standard deviations that envelope the known ve-

locity dispersion.

To generate Nprop samples from our proposal distribution, we use the following

procedure:

1. For every APOGEE field i, we sample on-sky positions (l, b) using bound-

aries defined by the selection function. We then sample distances D using the
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cumulative distribution function of

ps(D | l, b) ∼ D2 cos(b) exp(−R(l, b, D)/Rds)sech2(z(l, b, D)/hzs). (III.31)

2. We down-sample from these positions using the relative normalization of the

simple model in each field. The field that contains the greatest number of stars

is not down-sampled, and the other fields are down-sampled by accepting the

points with probability

Paccept(point | field i) = Fproposal(li, bi)/Fmax, (III.32)

where

Fproposal(li, bi) =
∫ Dmax,i

Dmin,i

ps(D | li, bi)S(li, bi, D)dD (III.33)

and Fmax = max(Fproposal(li, bi)). After this step, the samples have a distri-

bution that follows our simple Galaxy model but now accounts fully for the

spatial selection function of APOGEE and the 3D extinction.

3. We now sample the remaining variables from our simple model before a fur-

ther downsampling. Ages are sampled from a uniform distribution. Birth

angular momenta Lz,0 are sampled from a normal distribution centered on

R × 235 kpc km/s with a standard deviation that increases as σ ∼ √τ (to

mimic radial migration). The strength σ is chosen larger than the analogous

parameter in the global model (σLz12) such that this distribution envelopes the

radial migration model. Radial and azimuthal velocities (vR, vφ) are sampled

from normal distributions centered on 0 and vcirc(R) respectively.

4. We further down-sample these points by accepting them with a probability

Paccept =
pproposal(Lz, JR, τ, Lz,0, z | pprop) fRC(τ)

ps(Lz,0, R, z, vr, vφ)
, (III.34)

where pproposal(Lz, JR, τ, Lz,0, z | pprop) is our full proposal model with fixed

parameters pprop. The term fRC(τ) contains the age-dependent fraction of
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stars on the red clump evolutionary stage. This down-sampling leads to a set

of Nprop points.

Our Nprop samples are now drawn from the pdf

S(l, b, D) fRC(τ)pproposal(Lz, JR, τ, Lz,0, z | pprop), so we can calculate the survey vol-

ume as

VS(pm) =
∫

D
pmodel(D | pm)S(l, b, D) fRC(τ)dD

=
∫

D
pmodel(Lz, JR, τ, Lz,0, z | pm)

pproposal(Lz, JR, τ, Lz,0, z | pprop)

× S(l, b, D) fRC(τ)pproposal(Lz, JR, τ, Lz,0, z | pprop)dD

≈ 1
Nprop

Nprop

∑
i

pmodel(Lzpropi, JRpropi, τpropi, Lz0propi, zpropi | pm)

pproposal(Lzpropi, JRpropi, τiprop, Lz0propi, zpropi | pprop)
.

(III.35)

This integration has several advantages over using a regular grid (which is ineffi-

cient as the number of dimensions in the data increases) or re-sampling the nor-

malization sample each time with new parameters. First, we only need to produce

Monte Carlo samples once, not each time we need to evaluate the model, which

is computationally more efficient. Secondly, since the initially generated samples

are fixed, we need not recompute actions from these samples each time the model

is evaluated, which saves additional computation time. Thirdly, as highlighted by

McMillan & Binney (2013), for fixed samples the stochastic noise is limited and

the overall normalized model is a smooth function of the model parameters which

is a desirable property when we want to optimize the likelihood to fit the model

parameters).

Step 2 of our procedure (down-sampling from the points generated at step 1) is

in principle not mandatory. But in practice, the more alike the two distributions in

the integral are, the greater the effective sample size.

We have tested this integration method on mock data, and the results remain

robust as long as the proposal distribution is broad enough to envelope the distri-

bution that we want to normalize. Additionally, we have tested the overall opti-

mization scheme (MCMC ran on a model using this integration method) on mock
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data, and recovered the true parameters largely within the uncertainties.
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Chapter IV

Quantifying the Inside-out Growth of

the Milky Way Disk

Science question In the previous two chapters, I have shown that most of the

dynamical evolution of the Galactic disk was cold and kinematically untractable

(diffusion). However, using the metallcity and age of stars combined with their

kinematics made it possible to rewind stars to their birth positions. This gives us a

direct insight into the build up of the Galactic disk. We can now use the Galaxy as a

model organism, quantify whether it grew from inside-out and by how much, and

compare it to both the z=0 IFU galaxies and the redshift-size relations of Figure I.6.

Publication This chapter was published in a similar form in Frankel et al. (2019).

Contributions

• I conducted the research presented in this paper: I spent time pondering on

the scientific question, adapted the model of Frankel et al. (2018), coded it,

produced the figures and the text.

• Jason Sanders contributed through regular guidance, and patiently let me ex-

plain to him each step I had taken to derive the selection function of APOGEE

survey, advising and validating the procedure. He also indirectly contributed

to the draft through paper discussions that benefited to my scientific maturity.
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• Hans-Walter Rix contributed through regular guidance and comments on the

draft, helping with the science more broadly.

• Yuan-Sen Ting provided the data and helped understanding their limitations,

and commented on the draft.

• Melissa Ness provided additional comparison data and commented on the

draft.
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Abstract We quantify the inside-out growth of the Milky Way’s low-α stel-

lar disk, modeling the ages, metallicities and Galactocentric radii of APOGEE

red clump stars with 6 < R < 13 kpc. The current stellar distribution dif-

fers significantly from that expected from the star formation history due to

the redistribution of stars through radial orbit mixing. We propose and fit

a global model for the Milky Way disk, specified by an inside-out star for-

mation history, radial orbit mixing, and an empirical, parametric model for

its chemical evolution. We account for the spatially complex survey selection

function, and find that the model fits all data well. We find distinct inside-out

growth of the Milky Way disk; the best fit model implies that the half-mass

radius of the Milky Way disk has grown by 43% over the last 7 Gyr. Yet,

such inside-out growth still results in present-day age gradient weaker than

0.1 Gyr kpc−1. Our model predicts the half-mass and half-light sizes of the

Galactic disk at earlier epochs, which can be compared to the observed red-

shift -size relations of disk galaxies. We show that radial orbit migration can

reconcile the distinct disk-size evolution with redshift, also expected from

cosmological simulations, with the modest present-day age gradients seen in

the Milky Way and other galaxies.
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IV.1 Introduction

The star formation history is a key formation and evolution aspect for any disk

galaxy, as it governs its resulting stellar structure. Subsequent orbit mixing pro-

cesses can redistribute the stars and remove dynamical memory of their birth con-

ditions. Constraining galaxy evolution requires knowledge of both the initial for-

mation distribution and the importance of orbit mixing.

Galaxy disks are thought to grow from inside-out. Peebles (1969) first postulated

that gas disks acquire their angular momenta from tidal torques; with the low

angular momentum gas cooling, settling and forming stars on shorter time-scales

than the high angular momentum gas (Larson, 1976). (semi-)Analytic hierarchical

models for disk formation in a cosmological context (e.g., Fall & Efstathiou, 1980;

Mo et al., 1998; Somerville et al., 2008; ?) have predicted that galaxy disks must

grow from inside-out to reproduce the observed size-luminosity-velocity relations

(Tully & Fisher, 1977; Courteau et al., 2007). Similarly, cosmological and zoom-

in simulations show disks with star formation time-scales that increase with the

distance to the galactic center or gas accretion of higher angular momentum at later

times (Avila-Reese et al., 2018; Grand et al., 2017; Aumer et al., 2014; Brook et al.,

2006, 2012; Pilkington et al., 2012; ?). Measuring the rate at which stellar disks grow

can give insight to constrain the interplay between the physical processes involved

in gas accretion, cooling and forming stars, as well as the global evolution of disk

galaxies.

Observationally, a number of independent measurements suggests that disk

galaxies grow from inside-out. Several studies indicate that disk galaxies of a given

stellar mass are smaller at higher redshift (Ferguson et al., 2004; Barden et al., 2005;

Franx et al., 2008; Buitrago et al., 2008; van Dokkum et al., 2013; van der Wel et al.,

2014; Rodríguez-Puebla et al., 2017). Likewise, in massive disk galaxies of the lo-

cal Universe, integrated light from older stellar populations, as traced by color,

is more centrally concentrated than that of younger populations, and star forma-

tion is more spatially extended than the overall stellar distribution (e.g. MacArthur

et al., 2004; Muñoz-Mateos et al., 2007b; Boissier et al., 2008; Muñoz-Mateos et al.,
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2011; ?; Pezzulli et al., 2015). Similarly, resolved stellar observations of Local Group

galaxies (e.g, NGC300, M33 and more recently NGC7793) using the Hubble Space

Telescope showed that old populations are often more centrally concentrated than

young populations (Gogarten et al., 2010; Williams et al., 2009; Sacchi et al., 2019).

However, this does not appear to be the case in M31 (Bernard et al., 2015). Fi-

nally, integral field spectroscopy surveys, such as MaNGA (Bundy et al., 2015) and

CALIFA(Sánchez et al., 2012) have led to the detection of mostly weak age radial

gradients in massive disk galaxies (Goddard et al., 2017; García-Benito et al., 2017;

González Delgado et al., 2014; Pérez et al., 2013).

Most of the described galaxy observations are consistent with inside-out growth,

but are restricted to studying present-day galactocentric radii of stellar popula-

tions, instead of considering their (unknown) birth sites. Dynamical processes in

disk galaxies rearrange the stars, often weakening or erasing any formation gradi-

ents (e.g. ?). Therefore, to state anything quantitative about inside-out growth from

these observations requires knowledge of the strength of these dynamical processes.

The importance of dynamical heating from non-axisymmetric perturbations such

as spiral arms and molecular clouds has long been recognised (e.g. Lacey, 1984;

Carlberg & Sellwood, 1985; Sellwood, 2014; Aumer et al., 2016b). Transient spiral

patterns produce changes in angular momentum and heating around the Lind-

blad resonances, restructuring the disc (Lynden-Bell & Kalnajs, 1972). Sellwood &

Binney (2002) recognized that at corotation, a star could be scattered in angular

momentum without associated increase in random motion. This process is known

as ‘radial migration’ or ‘churning’ and is generally distinguished from ‘blurring’

which describes changes in angular momentum with associated heating. A truly

radial-migrated population will appear dynamically identical to a population that

has not experienced any dynamical mixing (Sellwood, 2014), making their separa-

tion hard. In this work, we ignore kinematics of the stars so cannot distinguish

between the different dynamical processes that scatter stars radially, and consider

the combined effect as ‘radial orbit migration’. If radial mixing is strong, then the

age gradients expected from inside-out growth can be severely weakened. An old

star at a large Galactocentric radius can have formed at a smaller radius, erasing
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evidence for inside-out growth. All these aspects (inside-out star formation, radial

migration) must be accounted for simultaneously in any modeling as demonstrated

in Schönrich & McMillan (2017a); ?); Frankel et al. (2018).

For the Milky Way, we have an opportunity to disentangle the effect of inside-out

formation from radial orbit migration as we have access to positions, chemical com-

positions and ages of individual stars from spectroscopic observations. Although

dynamical processes cause stars to lose dynamical memory of their birth sites, they

are thought to retain chemical memory. With assumptions on the past history of

the Galaxy, these observations allow the linking of stars to their birth locations from

their chemistry or ages through ‘weak chemical tagging’, (different from the classi-

cal ‘chemical tagging’ as described in Freeman & Bland-Hawthorn (2002) and Ting

et al. (2015) for example) such that the dynamical processes can be ‘rewound’ and

the formation properties measured (e.g., Schönrich & Binney, 2009a; Sanders & Bin-

ney, 2015; Hayden et al., 2015; Schönrich & McMillan, 2017b; Frankel et al., 2018;

Minchev et al., 2018).

The recent advance of wide spectroscopic surveys of the Milky Way disk has pro-

duced pioneering work in Galactic archaeology enabled by unprecedented samples

samples of ∼ 105 − 106 stars well beyond the solar neighbourhood. Earlier work

considered the distribution of abundances at each Galactic location p([α/Fe], [Fe/H] | R)
(e.g. Hayden et al., 2015) or p(R | [α/Fe], [Fe/H]) (e.g. Bovy et al., 2012), finding that

stars with high [α/Fe] were more centrally concentrated. But [α/Fe] was used as

a chemical clock proxy for stellar age, and the focus was on the basic differences

between the high-α and the low-α disks. More recently, stellar ages have become

available for many stars, making it feasible to study the age distribution at different

locations, and the spatial distributions of mono age populations p(R | τ, [Fe/H]) –

a more explicit measure of the history of the Galaxy (e.g. Bergemann et al., 2014;

Bensby et al., 2010; Mackereth et al., 2017). However, as the Galaxy evolves it is non-

trivial to relate these distributions to the star formation history of the disk. Here,

we set out to build a model for where and when stars were born over a large range

of Galactocentric radii p(R0.τ), with direct use of stellar ages, and accounting for

radial orbit migration. We focus on the low-α disk only (the last 8 Gyr of the Milky
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Way evolution), propose an evolution scenario through parametrized equations and

fit the parameters using APOGEE data.

This paper is the second in a series, developing and applying a framework for a

global evolutionary Milky Way disk model introduced in Frankel et al. (2018), with

emphasis on inside-out growth. We present the data we model in Section IV.2. In

Section IV.3, we describe aspects of the model itself: (1) the survey selection function

and (2) the Galactic disk; this model is an extension of Frankel et al. (2018), where it

is described in some detail. We then present the results of the model fit to the data

in Section IV.4. Finally, we interpret these in a more global context of galaxy disk

formation and evolution and compare them to disk galaxies observed at different

redshifts in Section IV.5, and discuss the limitations in Section IV.6.

IV.2 Data: APOGEE Red Clump Giants

We use asteroseismically calibrated ages, [Fe/H] and 3D positions of red clump

stars from the 12th data release of the APOGEE near-infrared spectroscopic survey

(Apache Point Observatory for Galactic Evolution Experiment, Alam et al., 2015;

Majewski et al., 2017). Red clump stars are low mass core helium burning stars

that have gone through the helium flash. Since they have similar core masses, they

have similar luminosities, which make them good standard candles and suitable

for Galactic archaeology studies that require precise distances. The core helium

burning stage life-time is longer for initially more massive stars. Therefore, the

overall red clump population is fairly young, with an age distribution that peaks

around 2 Gyr (Girardi, 2016), as can be seen in Fig. IV.1.

Bovy et al. (2014) describes the selection of the red clump population from the

APOGEE data. It is based on cuts in stellar parameters log g, Teff and infra-red

photometry (J − K)0 and H. We cross-match this red clump catalog with that of

Ting et al. (2018b) to remove possible contaminants. Ting et al. (2018b) used a

data-driven approach trained on APOKASC2 (Pinsonneault et al., 2018) to predict

asteroseismic parameters (and hence the evolutionary stage) from stellar spectra,

and evaluate their contamination fraction to 3%.
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Figure IV.1: Age distribution of the APOGEE red clump stars from the low-α Galactic disk, used in
the analysis presented here. These ages were determined in Ting & Rix (2019), tied to asteroseismic
mass estimates. Age uncertainties are σlog10 τ ≈ 0.15 dex, resulting in about 30% age uncertainties, as
illustrated for three ages: 2 Gyr (green), 6 Gyr (purple), 10 Gyr (orange). The peak in the distribution
at 2 Gyr does not reflect the age distribution of the “underlying” stellar population, but is expected
from theory and can be modeled quantitatively: it reflects the mass dependence – and thereby age
dependence – of the life time of the core helium burning evolutionary stage that defines red clump
stars.
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Figure IV.2: Galactocentric radius distribution of the red clump stars (as in Fig. IV.1), used in this
analysis. They span a range of 6 kpc to 13 kpc, with the vast majority of sample stars beyond the
Solar radius; this latter property traces back to the Galactocentric radius R distribution of the initial
Bovy et al. (2014) parent sample and the subsequent selection cuts we have imposed (Section IV.2).

We further restrict our sample to the low alpha stars as in Frankel et al. (2018),

tracing the most recent evolution of the Milky Way disk, in order to cut down unde-

sired information from older stars. In addition, we consider only the ‘short cohort’

fields of APOGEE, as defined in Zasowski et al. (2013), which contain the brightest

and closest objects (with approximately 7 < H < 12). Stars further away, in longer

‘cohorts’ because they are fainter, may have higher extinctions, at a level where

modeling extinction may be challenging. We restrict our sample to the APOGEE

fields where the median extinction of APOGEE stars is less than ≈ 0.6 in H band.
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After these cuts, our sample consists of ∼ 5381 stars in 142 APOGEE fields.

We use metallicities [Fe/H] known to about ±0.05 dex and 3D positions (l, b, D)

with (l, b) standing for Galactic longitude and latitude and with photometric dis-

tances D, known to about 7% for such standard candles, from Ness et al. (2016).

The ages τobs known to about 30% are taken from Ting & Rix (2019). APOGEE has

delivered measurements of 15 chemical abundances, which we could, in principle,

use. We choose to restrict to [Fe/H]and age, because they are sufficient for our

purpose: at given [Fe/H]and τ, other abundances [X/Fe] of the low-α disk can be

predicted with good precision (Ness et al., 2019b).

The ages were determined using neural networks trained on stars that have as-

teroseismic age estimates from APOKASC2 (Pinsonneault et al., 2018). The neural

networks were trained to predict ages from stellar spectra in Ting & Rix (2019). This

age determination method applies the same philosophy as the work described in

Ness et al. (2016), who used a quadratic model to map from stellar spectra to ages

rather than non-linear functions. It was shown, in a separate works using respec-

tively asteroseismic ages (Martig et al., 2016; Silva Aguirre et al., 2018) and Bayesian

isochrone fitting (Feuillet et al., 2016; ?), that most of the spectral information on

the stellar mass (and hence stellar age) comes from surface abundances of the CNO

cycle elements brought up during the mass dependent dredge-up process.

Since the largest source of uncertainties comes from the ages (i.e. the age un-

certainties are much larger than metallicity and distance uncertainties), we will

account for them through a noise model, and treat the distances and metallicities

as noise-free variables. The observed age distribution of the resulting sample is

illustrated in Figure IV.1, and the Galactocentric radius distribution is shown in

Figure IV.2. Most of the stars of our sample are young and located in the outer

8-12 kpc of the Milky Way disk. Therefore, our modeling will describe mainly the

recent evolution of the outer disk. Our final data set consists of these 5381 stars

with D = {l, b, D, [Fe/H], τobs}.
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Table IV.1: Main variables and parameters used in the model.
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Figure IV.3: Distance-dependent fraction of observed red clump stars in the APOGEE pointings
used here. This is the product of the fraction of photometrically eligible stars in each of the 142
fields that were spectroscopically targetted (Eq. IV.4), and the distance-dependent probability that a
star of red clump luminosity does not have prohibitive dust extinction, as calculated from the Green
et al. (2018) extinction map (Eq. IV.5).

IV.3 Modeling the Data Set

We set out a global model for the data described above: D = {l, b, D, [Fe/H], τobs}
and their uncertainties. We make a clear difference between the measured age τobs

and the true age τ that we use for the modeling, to account rigorously for age

uncertainties (see Section IV.3.3). For clarity, all the model variables and parameters

are summarized in Table IV.1. We start by splitting this model in three main terms:

(1) the model for the selection of the disk stars in the APOGEE survey, (2) a global

forward model for the Galactic disk with model parameters in an array pm and (3)

the normalization constant over the observable space limited by the selection as in
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Rix & Bovy (2013).

p(D | pm, selection) =
S(l, b, D) fRC(τ)p(D | pm)

Vs(pm)
(IV.1)

where p(D | pm, selection) is the normalized model of the data set, VS(pm) is a

normalization constant, p(D | pm) is the physical model for the Galactic disk, and

S(l, b, D) = p(selection | l, b, D) is the survey selection function: the probability

that a star ends up in the catalog, given its properties: position (l, b), magnitude

H or distance D in our particular case for a standard candle, deredenned color

(J − Ks)0, and integrated extinction AH(D) along the line of sight (Section IV.3.1).

The term fRC(τ) is the fractional stellar mass contained in the red clump population

at given age. It can be determined assuming an initial mass function and using stel-

lar isochrones. Generally, selecting stellar populations through cuts in observables

implies biasing the sample in age and metallicity. For the red clump population,

Bovy et al. (2014) showed that fRC is as strong function of age, and a weak function

of metallicity. Therefore, we neglect the weak metallicity dependence and adopt the

fit of fRC as a function of age from Bovy et al. (2014).

The normalization constant (or survey volume) can be computed by integrating

the unnormalized model over the observable space:

VS(pm) =
∫

D
p(D | pm)S(l, b, D) fRC(τ)dD, (IV.2)

which is a 5 dimensional integral over all the physical properties of the data. The

integrals over (l, b) are obtainable analytically and can be transformed into a sum

over APOGEE fields, assuming that the properties of stars do not vary in (l, b) over

a single APOGEE pointing (of about 1.5 degree radius). We evaluate this integral

in subsection IV.3.4. Expanding out the data and writing the spatial distributions in

Cartesian coordinates (X, Y, Z), we have

p(l,b, D, τobs, [Fe/H] | pm)

= D2 cos(b)p(X, Y, Z, τobs, [Fe/H] | pm),
(IV.3)
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where p(X, Y, Z, τ, [Fe/H] | pm) is our model for the Galactic disk described in

Section IV.3.2, and its relation to the similar term in Eq. IV.3 is the convolution over

age uncertainties as described in Section IV.3.3.

IV.3.1 Modeling APOGEE Selection Function

The APOGEE survey targeted stars in different lines of sights, or pointings, centered

on directions (l, b). Therefore, a spatial histogram of the stars contained in the

APOGEE catalog does not reflect the spatial density of stars in the Milky Way

disk. Using these stars to infer the spatial structure of the Milky Way disk requires

forward modeling of this selection process.

The details of the APOGEE-1 selection function are described in Zasowski et al.

(2013). We apply and summarize here the general method laid-out in Rix & Bovy

(2013); Bovy et al. (2014) and refer the reader to these references for details 1. For

most stars of the APOGEE sample, we can assign a probability that this star was

observed given its location, magnitude and color (selection function), which is then

combined with a probability for this star to be at this location (the density model).

In most APOGEE disk fields, stars were selected according to simple magnitude

cuts in the H band and cuts in dereddened (J − K)0 color from the photometric

sample 2MASS (Skrutskie et al., 2006) which is assumed complete within these

cuts. The de-reddened colors were obtained in Zasowski et al. (2013) using the

Rayleigh Jeans Color Excess method (Majewski et al., 2011), based on combinations

of photometry in different near- and mid-infrared bands and on the assumption

that most stars have a similar intrinsic color in the Rayleigh-Jeans part of their

spectrum. When too many stars in a pointing satisfy these criteria, the subset

of stars to observe was drawn roughly randomly from the 2MASS. This subset

contains a fraction Si of all available stars, ?,

Si =
# ? in APOGEE field i

# ? in 2MASS matching selec. criteria in i
. (IV.4)

1we have additionally made the selection function for fields used here available as a fits table at
https://github.com/NeigeF/apogee_selection_function with a tutorial
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We focus on the main disk fields of APOGEE that are not dominated by ancillary

programs (Eq. IV.4 is approximately valid only for targets drawn randomly from

2MASS, not for targets chosen for a specific purpose). We also remove the fields

for which the selection criteria were complex to model (see a detailed description

of the numerous particular cases in Zasowski et al. (2013)) or irrelevant to the scope

of the present work, e.g., halo fields which contain fewer disk stars.

In addition, a fraction of stars in each field in the Milky Way disk is too ex-

tinguished by interstellar dust to be detectable within the magnitude limits of

APOGEE (Bovy et al., 2016a). This is a function of distance, and can be mod-

eled, if we have a model for the extinction spatial distribution in H band. We use

the Bayestar17 3D extinction map (Green et al., 2018), which predicts the extinction

distribution in different bands at any (l, b, D). We convert the map’s output values

to H band using the extinction coefficient 0.468 and assume the extinction law of

Indebetouw et al. (2005) (AH/AK = 1.55) to convert the K band extinction values

stated by APOGEE, to the H band. Assuming red clump stars are standard candles

of magnitude HRC = −1.49 (Laney et al., 2012), the probability that a red clump star

can be seen at a given distance D within APOGEE magnitude limits Hmin and Hmax

is the fractional area of the field at this given distance that is not hidden by dust

extinction AH. The map’s highest resolution (3.4’) allows computation of this ratio

by counting the distance-dependent fraction of pixels that satisfy the inequality

fi(D | field i) =
# pix(Hmin < H(D, HRC, AH) < Hmax)

# pix in field i
. (IV.5)

We can finally recast this into the overall selection function, dubbed ‘effective selection

function’ when it accounts for both the probability to select a star from the photo-

metric sample and for the probability to see a star given dust extinction, plotted in

Figure IV.3,

S(li, bi, D) = Si × fi(D | field i). (IV.6)

This is one of the three terms to cast in Eq. IV.1, and we are left with the two others:

global model for the Galactic disk, and normalizing integral.
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Figure IV.4: Model star formation rate as a function of time and birth Galactocentric ra-
dius for different scenarios considered here. We show the star formation rate surface density
ΣSFR(R0, τ | τSFR, τm, x), normalized to yield unit total stellar mass, as a function of birth radius
R0, lookback time τ and inside-out growth degree x as defined in Eq. IV.11. The panels reflect star
formation histories for different ‘inside-out growth parameters’ x, from left to right: strong inside-
out growth (x = 1) that would predict a flat star formation history at 8 kpc, uniform star formation
history (x = 0), and strong outside-in growth, where the disk formed stars initially on a larger scale
length than at present.

IV.3.2 Global Model for the Galactic Disk Evolution

We aim to model the Galactic disk in terms of the distributions p(τ, [Fe/H], R, Z | pm)

of ages, metallicities, Galactocentric radii and heights above the plane. To fit the

large data set efficiently, we build the different model aspects (star formation his-

tory, enrichment, radial mixing) from parametrized functional families. These are

not designed to describe the exact physics in a self-consistent manner, but are phys-

ically plausible, fast to compute and have parameters that can be physically inter-

preted. This methodology permits us to disentangle different effects at play and

measure the scales on which they happen. Applying the probabilistic chain rule

and marginalizing over the birth Galactocentric radius R0, we introduce the differ-
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ent model aspects:

p(τ, [Fe/H], X, Y, Z | pm)

=
∫

p(R0, τ | pm)p([Fe/H] | R0, τ, pm)

× p(X, Y, Z | R0, τ, pm)dR0.

(IV.7)

The first term in the integral is the birth radius-age distribution of stars and is

closely related to the star formation history, (subsection IV.3.2.1). The second term

is the distributions of metallicity in the star forming gas as a function of time, which

we adopt from Frankel et al. (2018) and re-fit. The last term is the spatial density

resulting from radial orbit migration and vertical heating. It can be split into a

radial component (the main focus here) and a vertical component, which depends

on the distance from the Galactic mid-plane Z:

p(X, Y, Z | R0, τ, pm) = p(X, Y | R0, τ, pm)

× p(Z | R0, R, τ, pm).
(IV.8)

The first term on the right hand side is the present-day surface density of stars of

true age τ and birth radius R0 (subsection IV.3.2.2), and the second term is the

present-day vertical profile of the disk resulting from the vertical heating of stellar

orbits between their birth radius and their present-day radius over time (subsection

IV.3.2.3).

IV.3.2.1 Radial Dependent Star Formation History

We model the distribution of stars at birth as

ΣSFR(R0, τ | pm) = Σ(R0 | pm)SFH(τ | R0, pm), (IV.9)
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where the time integrated surface density profile at birth is an exponential in birth

radius R0

Σ(R0 | pm) ∝ exp
(
−R0

Rd

)
, (IV.10)

and the radially-dependent normalized star formation history SFH is a function of

age τ

SFH(τ | R0, pm) = c(R0, pm)

× exp
[

1
τSFR

(
(1− x

R0

8kpc
)τ − τm

)]
.

(IV.11)

The inside-out growth is encoded in the dimensionless parameter x. If x = 0, the

star formation time-scale is constant across the disk: no inside-out growth. If x > 0,

stars form on a shorter time-scale in the inner disk than in the outer disk: there

is inside-out growth. If x < 0, the star formation time-scale decreases to the outer

disk: this would be outside-in growth. We fit for x by maximizing the likelihood,

without imposing any prior. The values taken by ΣSFR(R0, τ | pm) for three different

values of x (1, 0 and -1) are illustrated in Figure IV.4. More generally, x sets the

strength of the linear dependency of the star formation history with Galactocentric

radius. For positive x and τSFR, there is always a Galactocentric radius RSFR0 such

that the star formation rate is a decreasing function of time inside RSFR0, and is

an increasing function of time outside RSFR0. In the particular case where x = 1,

the star formation history is constant at 8 kpc, decreasing in the inner 8 kpc, and

increasing in the outer 8 kpc. This is illustrated in the left panel of Figure IV.4, where

at the radius R0 = 8 kpc, the contour lines are vertical. Finally, the normalization

constant c(R0, pm) is such that the SFH in Eq. IV.11 is normalized between 0 and

τm. The model parameters to fit for are {τm, τSFR, x, Rd}. This equation is related to

the first term of Eq. IV.7 through

p(R0, τ | pm) = 2πR0 ΣSFR(R0, τ | pm). (IV.12)
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IV.3.2.2 Radial Orbit Migration

Since the present-day Galactocentric radii of stars may be different from their birth

positions, we model the effect of radial orbit migration in order to ‘rewind’ back

to the birth properties of stars. We use the radial orbit migration prescription from

Frankel et al. (2018) for the probability of a star moving from birth radius R0 to

current radius R in a time τ. This is modeled as a global diffusion process with a

diffusion strength σ(τ) = σLz12
√

τ/7 Gyr,

p(R | R0, τ, pm) = N(pm, τ, R0) exp
(
− (R− R0)

2

2 σ2(τ)

)
(IV.13)

with N(pm, τ, R0) a normalization constant. We re-fit for σLz12.

The surface density profile of migrated stars of age τ and from birth radius R0 is

p(X, Y | R0, τ, pm) =
1

2πR
p(R | R0, τ, pm), (IV.14)

and is the first term in Eq. IV.8.

IV.3.2.3 Vertical Distribution of Stars

Since the present work focuses on the radial structure of the Milky Way disk, we are

essentially not interested in its vertical structure. However, we must not ignore it

as the survey selection function is three dimensional. We therefore adopt a descrip-

tion for the vertical profile that is good enough to characterize the vertical heating

history of the disk, and for which we only fit a single parameter.

The Milky Way disk scale height depends on the ages of stellar populations,

and the vertical profile of populations of given age flares (e.g., Mackereth et al.,

2017; Bovy et al., 2016a). We model the vertical structure of the Milky Way disk as a

function of age and Galactocentric radius, using the approximation of an isothermal
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disk and the harmonic limit (e.g., Binney & Tremaine, 2008):

p(Z | R, R0, τ, pm) =

1
2hz(R, R0, τ)

sech2
(

Z
hz(R, R0, τ)

)
,

(IV.15)

where the scale height is modeled as

hz(R, R0, τ) = az

√
2Jz(R, R0, τ)

ν(R)
. (IV.16)

We fit for the dimensionless parameter az and adopt the terms in the square root

from the literature: Jz(R, R0, τ) is the mean vertical action of stars of age τ born at

R0 and now at Galactocentric radius R. Ting & Rix (2019) have studied the vertical

heating history of the Galactic disk using an APOGEE red clump data set and

Gaia data (Gaia Collaboration et al., 2018b; Lindegren et al., 2018), and provided

a functional form for Jz(R, R0, τ), which we adopt here. We calculate the vertical

frequency ν such that ν2 = ∂2Φ
∂2z using the MWPotential2014 potential of the Galpy

python package (?), which is the same gravitational potential Φ used by Ting & Rix

(2019) to infer the orbital actions of their data.

IV.3.2.4 Chemical Evolution

We model the chemical evolution of the gas as in Frankel et al. (2018): the metallicity

of a star at birth is modeled as a simple function of its birth Galactocentric radius

R0 and time after birth τ:

[Fe/H] =Fm − (Fm +∇[Fe/H]Rnow
[Fe/H]=0) f (τ)

+∇[Fe/H]R
(IV.17)

with the time dependency

f (τ) =
(

1− τ

12 Gyr

)γ[Fe/H]

. (IV.18)
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We fit for the model parameters {∇[Fe/H], Rnow
[Fe/H]=0, γ[Fe/H]} and keep Fm = −1

dex fixed. This chemical evolution model makes the following assumptions:

• there is a tight, unique relation between the birth location and time and the

metallicity of a star,

• there is always a negative radial metallicity gradient in the ISM (modeled

through ∇[Fe/H])

• at any Galactocentric radius, the [Fe/H] of the ISM only increases with time

(modeled through the exponent γ[Fe/H]).

These assumptions are supported by several chemical evolution models for the

late evolution of the Milky Way disk (the past 8 Gyr) after the last major merger

(e.g. Schönrich & Binney, 2009b; Grisoni et al., 2018b). Since this model is purely

parametric and fitted to the data, it has the important advantage of bypassing the

large uncertainties currently present in chemical evolution models, for example the

coupling between the star formation history, possible gas inflows, outflows, radial

flows, enrichment sources, supernovae progenitors, supernovae models and nucle-

osynthesis yields. However, the shortcoming of this model is that it does not con-

tain a self-consistent link between the chemical evolution description and the star

formation history. Our approach comes closer to ‘weak chemical tagging’, where

[Fe/H](R0, τ) is used to tag stars to their possible birth radius (e.g. Minchev et al.,

2018; Schönrich & Binney, 2009b; Sanders & Binney, 2015).

IV.3.2.5 Accounting for an “Old” Disk Component

The evolution model presented above may not be valid at early times in the evo-

lution of the Milky Way; yet, the size-able age uncertainties mean that we have to

incorporate the existence of an “old” (still low-α) disk component. We aim to intro-

duce an uninformative model for this old low-α disk by presuming there is an old

star fraction ε in our data set with an uniform age distribution between τm and 12

Gyr, where τm remains part of the formal model fit. After some experimentation,

we have adopted empirically ε = 0.05, as this leads to astrophysically sensible τm.
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We model the old star metallicity distribution as a Gaussian centered on so-

lar metallicity with 0.2 dex spread (inspired from Frankel et al. (2018)), the radial

distribution as an exponential of scale length Rold for which we fit, and the vertical

distribution as a sech2 function of scale height hold = 0.85 kpc (which is roughly con-

sistent with the local scale height of old stars (Mackereth et al., 2017) ). We do not

fit for the vertical scale height of the older stars, but instead use prior knowledge

that old stars have generally dynamically hotter orbits (so greater scale heights)

than younger stars. This makes our separation between ‘young’ and ‘old’ better

informed in the presence of large age uncertainties at large ages.

IV.3.3 Model for Age Uncertainties

To account for age uncertainties, we convolve the evolution model with a noise

model:

p(τobs,D′ | pm) =
∫ τm

0
p(τ,D′ | pm)pobs(τobs | τ, σlog10 τ)dτ

(IV.19)

where here D′ is all assumed noise-free observables (position and metallicity, see

Table IV.1), and σlog10 τ is our noise parameter. We assume that age uncertainties are

Gaussian in log age with a spread of σlog10 τ = 0.15 dex, which we calculated by mea-

suring the standard deviation of the difference in inferred log age and APOKASC2

test set. pobs

(
log10(τobs) | τ, σlog10 τ

)
represents the probability of measuring an age

τobs given the true age τ:

pobs

(
log10(τobs) | τ, σlog10 τ

)
∼ N

(
log10(τ), σlog10 τ

)
. (IV.20)

The integral in Eq. IV.19 must be computed numerically for each of the 5381 stars,

which makes the fitting procedure computationally expensive.
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IV.3.4 Normalization of the Probability Density Function: Survey

Volume

The probability density function must be normalized over the observables. The

survey volume, as defined in Equation IV.2, is

VS(pm) =
∫

D′′
p(D′′ | pm)S(l, b, D)dD′′

=
fields

∑
i

∫∫∫
p(τ, R0, X, Y, Z | pm)Si(D)ΩiD2dDdR0dτ,

(IV.21)

with D′′ = {l, b, D, R0, τ} and Ωi =
∫∫

field i cos(b)dldb the solid angle of plate

i. In the second line of Eq. IV.21, we sum over fields instead of integrating over

the entire sky (S is zero outside the fields), and we have performed the inte-

gral over (l, b) in each field assuming the density varies slowly across the (small)

angular size of the field. We have also implicitly integrated over metallicity as∫
p([Fe/H]|R0, τ)d[Fe/H] = 1 and the selection function is assumed independent

of metallicity. We compute the sum of the remaining 3D integrals using trapezoidal

integration on a regular grid of [D, R0, τ] with 42, 38 and 36 points in each dimen-

sion respectively. VS(pm) is a function of the model parameters only, so is only

evaluated once per optimization step and not for each star.

IV.3.5 Constructing the Likelihood

We can now cast the model aspects back into Eq. IV.7, and build Eq. ?? from Equa-

tions IV.3 and IV.6. In practice, our model is a mixture of the evolution model and

the old, uninformative model:

ptot(Di | pm, selection) =(1− ε) · p(Di | pm, selection)

+ ε · pold(Di | pm, selection),
(IV.22)

with an ‘old fraction’ ε = 5%. Assuming all measurements are independent, we

construct the log likelihood L that the model parameters pm generated the data D
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from our model

L(pm, {D}) = ∑
i

ln ptot(Di | pm, selection). (IV.23)

To optimize calculations, we compute the survey volume once per optimization

step as it is not a function of the observables. We perform a maximum likelihood

estimate of the parameters pm of the global model for all the 5381 stars. We are

mainly interested in three parameters: the star formation time-scale, the inside-out

growth parameter x and the scale length of stars at birth Rd. However, we fit for all

ten parameters in the model (summarized in Table IV.2) because the global model

needs a good description of the Milky Way disk in all aspects in order to describe

inside-out growth correctly.

IV.4 Results

The parameter values that maximize the likelihood are presented in Table IV.2,

where the uncertainties quoted are determined from 10 samples of bootstrapped

data. We comment below the direct implications and describe the main tests carried

to verify the results.

IV.4.1 Inside-out Growth

We quantify the radial dependence of the star formation history with x = 0.75

for the Milky Way’s low-α disk. The resulting star formation history is illustrated

in Figure IV.5. According to this fit, the star formation processes that generated

our data set started about τm = 7.5 Gyr ago. This maximum age differs from

the measured age of the oldest star in the data set because (1) a fraction of old

stars constrain the old component of the model more than the young one, and (2)

this parameter is in units of the dummy variable ‘true age’ of the model, which

is convolved over age uncertainties. Therefore, τm is different from a best fit that

would not account for age uncertainties, where it would take the value of the oldest

173



CHAPTER IV. INSIDE-OUT GROWTH IV.4. RESULTS

0 2 4 6 8
Lookback time τ [Gyr]

0.00

0.05

0.10

0.15

0.20

S
ta

r
fo

rm
at

io
n

h
is

to
ry

4 kpc

6 kpc

8 kpc

10 kpc

12 kpc

14 kpc

τSFR = 3.9 Gyr, τm = 7.5 Gyr

x = 0.75

SFH ∝ exp
[

1
τSFR

(
(1− x R0

8kpc)τ − τm
)]

Figure IV.5: Star formation history SFH(R0 | τ) implied by the best fit model at different Galactocen-
tric birth radii R0 (from dark to light: 4, 6, 8, 10, 12 and 14 kpc). The best fit model has parameters
x = 0.75, τm = 7.5 Gyr and τSFR = 3.9 Gyr. This yields a star formation rate decreasing with time in
the inner disk (dark green arrow), flat at 10.5 kpc, and increasing with time in the outer disk (light
green arrow).

star of the ‘young sample’ (where the ‘young sample’ would be defined as the

95% youngest stars of the APOGEE sample because of our split in young and old

components, see Section IV.3.2.5).

The best fit value of x implies that the star formation rate has been constant at

∼ 10.5 kpc, a decreasing function of time in the inner ∼ 10.5 kpc, and an increasing

function if time in the outer ∼ 10.5 kpc. This means that the Milky Way disk is still

forming stars, with a slower decay in the outer disk than in the inner disk. The star

formation history decayed slowly in the Solar neighbourhood.
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Parameter pm best fit
Inside-out growth x 0.75± 0.17 (0.69)a

Star formation time-scale τSFR
Gyr 3.9± 1.5 (1.4)

Star formation onset τm
Gyr 7.5± 0.5 (7.6)

Disk scale length Rd
kpc 3.1± 0.4 (2.9)

Radial orbit migration σLz12
kpc 3.9± 0.2 (3.7)

Radius of solar [Fe/H]
Rnow
[Fe/H]=0

kpc 8.3± 0.3 (8.9)
Enrichment exponent γ[Fe/H] 0.19± 0.03 (0.212)
Metallicity gradient ∇[Fe/H]

dex kpc−1 −0.073± 0.002 (-0.078)

Old disk scale length Rold
kpc 1.3± 0.9 (2.2)

Vertical adaptive scale az 0.85± 0.03 (0.79)
a Numbers in parentheses are fits using the Bayestar19 extinction map in

240 fields and 7600 stars as a check described in subsection IV.4.3.2.

Table IV.2: Maximum Likelihood Estimates of pm

IV.4.2 Other Parameters

Even if the present work focuses on the radius-dependent star formation history of

the Milky Way disk, the processes determining the evolution of the Milky Way are

multiple and complex. We therefore constructed a global model to account for the

effect of several of them, in particular radial orbit migration and chemical evolution.

We find a radial orbit migration strength of about σRM = 3.9 kpc
√

τ/7 Gyr.

This value is greater than, but consistent with, the amount of radial migration in

Frankel et al. (2018) who found σRM ≈ 3.4 kpc
√

τ/7 Gyr. The difference results

from the different age sets used between that work and the present study. The

current age catalog is, on average, younger. So the stars have had less apparent

time to migrate the same distance, which pushes the radial orbit migration strength

up accordingly. The effects of different age catalogs is discussed more extensively

in Sections IV.4.3.4 and IV.6.

IV.4.3 Tests

We test the robustness of the results to various numerical approximations and data

uncertainties, and discuss the most important aspects below.
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Figure IV.6: Radial profile of the stellar age distribution in the Galactic disk. The observed data are
shown brown, and samples from the best fit model, after applying the APOGEE selection function,
are shown in green; the thick lines reflect the mean age and the filled areas are the age dispersion.
The jaggedness of the median age is a consequence of the spatially complex selection function, not
an indication of spatially discontinuous star formation. This is why the model (green), combined
with the APOGEE selection function, is able to reproduce these features even with a smooth star for-
mation history. This Figure illustrates that the observed, present-day age distribution as a function
of radius, can be modeled well by our model.

IV.4.3.1 Basic Tests

We perform a series of simple tests to ensure that (1) model prediction in data

space compare well to our data set, (2) a density model recovers similar work in the

literature, (3) integrals are computed with the necessary level of accuracy, (4) the

optimization scheme recovers parameters correctly.

1. To verify that the fitting procedure has worked, we produce a mock data
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Figure IV.7: Radial metallicity profile of the observed data (brown) and samples from the best
model (green), analogous to Fig.IV.6. The solid lines are the median metallicity profiles using all
stars, and using a best fit metallicity gradient of −0.073 dex kpc−1 (see Table IV.2). The 16% and
84% percentiles of two age bins are also plotted: the shaded area for stars younger than 1.5 Gyr, and
the dashed lines for stars with ages 2.5 < τobs < 5 Gyr. The metallicity scatter increases with age
due to radial orbit migration, and seems well reproduced by the model. The slight differences in
the inner disk are expected because there are few data points at radii less than 7 kpc. Our model
reproduces well both the metallicity gradient and the age-dependent metallicity scatter.
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set from the best fit parameters using the APOGEE selection function and

compare it to the real data. The mass-weighted age profile is well recovered,

but the predicted age scatter is greater than observed (see Fig. IV.6 and Section

IV.6.3). Overall, the best fit evolution model reproduces well the observed

scatter in age-metallicity at given Galactocentric radius, as shown in Fig. IV.7.

The mean metallicity profile is well reproduced, indicating that our parametric

prescription for the gradual enrichment of the gas was well fitted. In Figure

IV.7, there is an apparent flattening of the metallicity profile at R < 7 kpc,

both in the model and in the data. In the present work, these are purely

due to selection effects, since our chemical evolution model has a constant

metallicity gradient in space and in time. The inner disk APOGEE fields tend

to point to high Galactic latitudes away from the mid-plane (Fig. IV.3). Since

there are vertical metallicity gradients rising from vertical heating of older,

metal-poorer stars, the data set lacks the metal rich stars from the inner mid-

plane, underrepresented due to the spatial selection. Of course, this is not an

issue in our case because these effects are fully accounted for in our model.

But it highlights the importance of accounting carefully for selection effects

when using data from surveys to draw conclusions on the evolution of the

Galaxy.

2. We set out a model for the 3D density of the Galactic disk p(X, Y, Z | [Fe/H], τ),

as in Bovy et al. (2016a); Mackereth et al. (2017). Qualitatively, fitting for the

scale lengths and heights in age-metallicity bins gave consistent results with

Mackereth et al. (2017), where at given age, the distribution of metal-rich stars

peak in the inner disk and those of metal-poor stars peak in the outer disk.

And at given metallicity, the distributions of old stars are in broader ‘donut-

like’ structures than those of young stars.

3. We verify that the normalizing integrals of our global model were evaluated

with enough accuracy. Varying the ranges and regularity of the integration

grids, we find that increasing the accuracy further does not influence the best

estimate results presented here.
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4. To ensure that the optimization scheme (Nelder-Mead algorithm) does not get

stuck in local maxima, we optimize the likelihood several times, with different

initial parameters. Additionally, we check that the optimization scheme was

able to recover the true parameters. We sample 5400 mock data points with

various parameter values (as well as the best fit) and add noise to their ages

from our noise model, Eq. IV.20. We fit these data, and recover the parameters

with good precision. The enrichment parameters used to tag birth radii, and

the radial orbit migration strength are recovered to 4%, τm is recovered to

0.5%, x to 7% and τSFR to 15% (depending how much noise is added to the

ages, here for σlog10 τ = 0.15 dex). The scale length of the disk is recovered to

3% and az to 0.9%.

IV.4.3.2 Modeling Extinction

We verify the consistency of the effective selection function of this work (Eq. IV.6),

using the Bayestar17 extinction map (Green et al., 2018), with the more recent extinc-

tion map Bayestar19 (Green et al., 2019). Since we have excluded all the APOGEE

fields where the median extinction of the APOGEE sample is greater than AH = 0.6,

the Bayestar17 map is largely sufficient for our description of the disk in the 142 re-

maining disk fields and yields the same effective selection function as the Bayestar19

map. However, the effective selection function differs significantly in the Galactic

mid-plane where there are more extinguished fields, which we have excluded. As-

suming we can trust the Bayestar19 dust map for such fields, we have fitted the

parameters again using the 7600 stars present in the 213 disk fields including those

high extinction fields. The best fit parameters are listed in parentheses in Table

IV.2. We find a similar estimate of the disk scale length R0, which is the parameter

that would have been most affected by variations in the effective selection function

(direct density modeling). The star formation time-scale τSFR changes significantly

after including more stars from the inner disk (due to co-variances with the scale

length of the old disk component and the fact that the data set has changed but

not our outlier fraction ε), but the inside-out growth parameter x remains strongly

positive.
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IV.4.3.3 Modeling Age Uncertainties

Stellar ages are challenging to determine. They are modeled quantities rather than

direct observables, so using stellar ages relies on assumptions in the underlying

stellar evolution models. Ages are heteroscedatic, their uncertainties not well quan-

tified, and their systematic behaviors unknown. In the present work, we assume

that asteroseismic ages are the ground truth, and that age errors arise when map-

ping from stellar spectra to asteroseismic ages through data-driven methods. For

the data set we have used, these errors are approximately constant in log age, and

the standard deviation of log age on a test set (APOKASC2) is roughly 0.15 dex in

decimal logarithm, (Ting & Rix, 2019). We used a noise model based on this value,

where the measured log age is normally distributed around the true value with

a 0.15 dex spread (Eq. IV.20). This assumes that the neural network used to map

stellar spectra to log age produces Gaussian errors of 0.15 dex.

To benefit from the direct use of stellar ages, we need to test and understand the

impact of the (unknown) uncertainties on our conclusions. We test the robustness of

the results to the assumed noise model by varying the value of this scatter between

0.12 and 0.17 dex, and optimizing the likelihood with these new values. We find

noticeable changes in the total age of the low-α disk (parameter τm) and a (weak)

dependency on the inside-out growth parameter x that takes values between 0.6

(underestimate errors) and 0.82 (overestimate errors). This leaves our conclusions

on inside-out growth unchanged (with a strongly positive x), but it affects the com-

parisons between model predictions and the data set for old stars. So the best fit

parameter τm should not be seen as the age of the Milky Way disk, but rather as the

maximum age at which we trust our model - based on the age scale and assumed

uncertainties of our data.

IV.4.3.4 Different Age Determination Methods

In the era of large surveys and data-driven methods, there are at present multiple

catalogs of parameters derived for the same stars in large homogeneous data sets.

The values inferred from different methods have systematic differences, which are
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Age set x Rconst
Ting18 0.75 11 kpc
Ness16 0.62 12 kpc
Ness18 0.50 16 kpc
Ness19 1.1 8 kpc

Sanders18 -0.3 –

Table IV.3: Inside-out results using different ages

sometimes significant. It is central to realize how these systematics influence our

understanding of Galaxy evolution. We test a total of five age catalogs (described

in details in Appendix IV.8), on the exact stars that we presented in Section IV.2

(with some minor loss during the cross-match), keeping metallicity and position

the same and changing only the age data column in the likelihood optimization.

As expected, the best fit values changed between age sets, see Table IV.3 where the

best fit parameter x is summarized, as well as the Galactocentric radius at which

the star formation rate is a constant in time Rconst. The first data (which we will

refer to as ‘Ting18’) set was used for the analysis described above. The ages of the

other sets were derived either using The Cannon (Ness et al., 2015, 2016, 2019b) or a

combination of data-driven mapping from abundances to ages and stellar evolution

models (Das & Sanders, 2019; Sanders & Das, 2018). and are named from these

references (see Table IV.3).

These five data sets, composed of the same stars but with different age esti-

mates, lead to five different best fit values for inside-out growth x due to system-

atic differences between methods. These differences in inside-out growth best fit

arise naturally from the different radial age gradients present in each data set: the

data set containing the strongest age radial gradient (Ness19) leads to the strongest

inside-out growth best value (x = 1.1), and the data that show the weakest age

gradient (or the least negative, Sanders18) also has the least positive inside-out

growth (x = −0.3). Apart from the Sanders18 age set, all data are consistent with

an inside-out growth formation scenario for the Milky Way disk, with some slight

difference on the decay of star formation with Galactocentric radius. We found that

the Sanders18 age set might over estimate stellar ages at large distance: this is the

only method making direct use of Gaia parallaxes, and comparing these ages to the
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four other spectroscopic ages (with no known bias with distance) shows systematic

differences as a function of distance. The systematic zeropoint issues with the Gaia

parallaxes are now well studied (Leung & Bovy, 2019) which bias the ages via the

the strong mass-luminosity degeneracy for giant stars. Folding this distance bias

with the APOGEE spatial selection function can produce an inversion of the overall

age gradient in the data set.

IV.4.3.5 Comparisons with Literature Results

The test presented above consists in comparing inference results from the same

stars, of the same population (red clump), but using ages derived from different

methods. In complement, we now use the best fit parameters from these five age

sets to make predictions that can be compared with literature. We compare the

model predictions to the age distributions from Xiang et al. (2018), who measured

ages from turn off and sub-giant LAMOST stars (Cui et al., 2012) with a 0.12 dex

precision on log age. They corrected for selection effects, and derived selection-

corrected age histograms in Galactocentric radius bins. To compare, we simulate

this procedure. We sample stars of all populations (not just red clump) from our

best fit evolutionary model and select them in Galactocentric radius bins as in Xiang

et al. (2018). We then add 0.12 dex of noise to the ages, to emulate their age his-

tograms. We find that the best fit parameters obtained from the Ting18 sample (the

ages we have focused on during the analysis) are more consistent with the trends

in Xiang et al. (2018) than those from the other age sets, at young ages (where it

matters and where the data are constraining). The model predictions and those of

Xiang et al. (2018) differ significantly at large ages: we under predict the number

of old stars. This could come from that our model is mostly constrained by young

stars, and that we only model the low-α disk, whereas Xiang et al. (2018) derived

these age histograms considering all stars.
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IV.4.3.6 Inside-out Model Variants

We test several models for the distribution of Σ(R0, τ) in order to (1) see whether the

general result ‘the Milky Way disk grew from inside-out’ is robust to model varia-

tions and to our definitions, and (2) set out to understand what the best description

for inside-out growth is. We describe two of them below.

(1) Time-varying Disk Scale length We first build a model of a birth surface

density profile with a time varying scale length, where

Σ(R0, τ) = SFH(τ)Σ(R0 | τ), (IV.24)

inspired by that in Frankel et al. (2018). The star formation history is simply a

universally-decreasing exponential, where stars started forming 12 Gyr ago on a

time-scale τSFR, and Σ(R0 | τ) is an exponential profile of the disk with a varying

scale length Rd(τ) = Rd,0(1− αRexp
τ

8Gyr). The fitted parameter quantifying inside-

out growth is αRexp . The fit results in overly strong inside-out growth, αRexp going

to 1 (which confirms and amplifies the inside-out growth results found here). But

this model is conceptually deceiving: integrated over time, it predicts an overall

disk with a profile that deviates significantly from the expected exponential for

disk galaxies. Additionally, this model is restrictive: by construction, it is (1) unable

to describe outside-in growth in a physically plausible way, (2) unable to describe

very strong inside-out growth, which would result in stars born with a negative

scale length.

(2) Radius-varying Star Formation Peak We test another model, where inside-

out growth is not described by a radially-varying star formation time-scale as in

equation IV.11, but rather with a radially-dependent star formation peak. This raises

the question of what inside-out growth is: do stars form on a longer time-scale at

large radii, or does star formation begin later at large radii? Unfortunately, the

second question, ‘when do stars begin to form?’ requires data that are constraining

at large ages, which are currently not available due to the red clump selection. The
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best fit parameters are not in contradiction with inside-out growth and samples

from that model reproduce the observed data better than the model we chose to

show in this analysis. But the fitting procedure is unfortunately not more conclusive

in a quantifiable way. This is because age errors at large ages are so large, and

old data are so sparse, that our likelihood function is almost flat in the parameter

quantifying the radial dependency in the star formation peak.

IV.5 Astrophysical Implications

We have constructed and constrained a model that describes how the Milky Way’s

low-α disk may have built up and grown over time. We discuss below the implica-

tions in the more general context of the formation and evolution of galactic disks,

and show that under the assumptions of this work, the Milky Way is typical in this

aspect.

For external galaxies, there exist two families of observational constraints for

inside-out growth. Redshift-size relations are obtained by measuring the size of

the visible disks (half-light radius, or effective radius), assuming exponential or de

Vaucouleur (de Vaucouleurs, 1948) profiles. These observations reflect the overall

size of galaxies of fixed stellar mass (derived from their observed light) at given

lookback times, and show that on average, disks were smaller in the past. Since

these observations are made on populations of galaxies of a given stellar mass at

all redshifts, they do not reflect the time evolution of individual galaxies (especially

as, due to star formation, the stellar mass of a galaxy should in principle increase

with time). In this picture, a star-forming disk galaxy’s stellar mass and size should

grow with time. Interpreting the evolution of scaling relations with time requires

modeling (e.g., Mo et al., 1998).

On the other hand, galactic archaeology approaches have studied the present-

day positions of different populations of stars in individual galaxies, including the

Milky Way. But stellar ages have large uncertainties, and present-day stars Galacto-

centric radii are not their birth radii. If stellar ages indicated the lookback time at

which stars formed, and if present-day stellar positions reflected well their birth po-
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Figure IV.8: Size evolution of the Milky Way’s low-α stellar disk over the past 7 Gyr, according to
the best fit model (as computed in Eq. IV.26). The disk has grown by 43% its size 7.5 Gyr ago. The
dashed grey line is an approximation of this evolution by R1/2 ∝ (1+ z)α with α = −0.49. The stellar
mass as a function of lookback time (as computed in Eq. IV.27) is illustrated on the right hand side
y axis.

sitions, this approach would provide a direct knowledge of the formation of galactic

disks. But under extensive radial orbit migration and diffusion, information on stel-

lar birth sites, and therefore local star formation histories, is lost.

Measured mass weighted age gradients are small. For instance, Goddard et al.

(2017) found mass weighted age gradient on average consistent with zero. This

is in apparent contradiction with the picture provided by redshift-size relations,

implying that old stars should be more centrally concentrated if stars were not
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radially redistributed in some way. If these differences are physical (and not due to

measurement systematics), two scenarios can reconcile these observations: (a) either

star formation is constant across disks, and disks grow in size due to redistribution

of stars or mergers for non isolated galaxies, or (b) star formation moves outwards

with time but radial orbit migration erases the traces of it, such that present-day

studies only see the weak remnants of formation gradients. Our present model

for the Milky Way disk allowed both pictures to exist through the parameter x,

that would be zero in (a) and positive in (b). The data preferentially constrained it

towards (b) since the best fit x = 0.75.

Below, we use the best fit model to predict (1) the evolution of the half-mass

radius of the Milky Way disk with time, (2) the evolution of its surface brightness

profile and its half-light radius, to compare to redshift-size relations, and (3) the

present-day positions of stars of different ages.

IV.5.1 Evolution of the Disk Half-mass Radius

We use the best fit model to predict the size of the Milky Way disk at different times

in the past. Accounting for inside-out growth and radial redistribution of stars, we

compute the radius containing half of the total disk mass,

M(< R1/2) = Mtot/2, (IV.25)

as a function of lookback time R1/2(tlkback) by solving numerically for the radius

R1/2(tlkback) enclosing half of the total disk stellar mass Mtot.

The stellar mass M(< R1/2) contained within R1/2 is defined as

M(<R1/2, tlkback) = Mtot

∫ R1/2

0

∫ ∞

0

∫ τm

tlkback

p(R0)

× p(τ | R0)p(R | R0, τ − tlkback)dτdR0dR,
(IV.26)

where tlkback is lookback time, τ is time from now (dummy lookback time in the

integral, marking the birth of stars) and the quantity τ− tlkback is the age of stars at

lookback time tlkback and is used to compute the radial migration term p(R | R0, τ−
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tlkback). The evolution of the half-mass radius for the best fit model is illustrated by

the black solid line in Figure IV.8. The size of the disk has evolved almost linearly in

time from about 4.2 kpc 7.5 Gyr ago to about 5.9 kpc today. This implies an almost

constant growth rate of Ṙ1/2 = 0.2 kpc Gyr−1. The associated time-scale of radial

disk growth is τR = R1/2/Ṙ1/2 = 30 Gyr. This compares well with the findings of

Pezzulli et al. (2015), who measured Ṙ1/2 using star formation and R1/2 assuming

an exponential surface density profile of about 30 disk galaxies and quote the same

growth time-scale. There may be differences by factors of a few due to systematic

uncertainties or the definition of a disk size used (half-mass radius, half-light radius,

or exponential scale length).

Using ΩΛ = 0.7, Ωm = 0.3, H0 = 70 km s−1 Mpc−1, the half-mass radius ob-

tained from Eq. IV.26 is well approximated by a function of redshift z as R1/2 ∝

(1 + z)α, with α = −0.49. This seems globally consistent with redshift-size mea-

surements of external disk galaxies. Franx et al. (2008) find an average relation for

galaxies of stellar mass M? > 2.5× 1010M� with α = −0.6± 0.1 and Trujillo et al.

(2006) find α = −0.40± 0.06 for late type galaxies of stellar mass M? > 3× 1010M�.

This approximation of the half-mass radius is illustrated by the grey dashed line

in Figure IV.8. However, this direct comparison is only approximate: the literature

relations were fitted for galaxy populations of given stellar mass, whereas this work

predicts the evolution of the half-mass radius of the Milky Way at different times

of its evolution, including its growth in stellar mass. We propose to compensate for

these differences in the next subsection.

IV.5.2 Evolution of the Half-light Radius: Comparing to Redshift-

Size Relations

In external galaxies, the physical half-mass radius is not a direct observable. It is

often assumed that stellar light at different wavelengths traces stellar mass of dif-

ferent populations, and the half-light radius is used as a proxy for the disk size.

We predict the surface brightness profile and the half-light radius that would be

measured at different lookback times and in different photometric bands, roughly
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Figure IV.9: Predicted SDSS r band surface brightness profile for the Galactic disk at three different
lookback times. This illustrates the inside-out growth of the stellar disk implied by our model fit.

emulating observations of the Milky Way at different redshifts. For this purpose,

we use grids based on the single stellar population synthesis code E-MILES SEDs

(Vazdekis et al., 2010, 2012; Ricciardelli et al., 2012) to predict the mass-to-light ra-

tio of a single stellar population of given age and metallicity. Assuming a Kroupa

initial mass function (Kroupa, 2001), we use the best fit model to predict the distri-

butions of p(τ, [Fe/H], R | pm, tlkback) at given lookback time to estimate the stellar

mass density at radius R (up to a normalization constant). The resulting surface

brightness profiles in the SDSS-r band are plotted as an example in Figure IV.9.

Qualitatively, the trends are similar in other bands. Generally, blue bands are spa-
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Figure IV.10: Predicted half-light radius as a function of lookback time for the Milky Way disk (thick
orange), compared with that of other galaxies (green and blue). The blue dotted line is a prediction
from the van der Wel et al. (2014) model for Milky Way mass redshift-size relations, as an element
of comparison. It is different from the evolutionary track of a single galaxy, because galaxies grow
in stellar mass and size (whereas the van der Wel et al. (2014) blue line is at fixed stellar mass). The
green dashed line shows the the same prediction of the van der Wel et al. (2014), but including the
evolution of the stellar mass of the Galaxy as in Eq. IV.27. It leads to a redshift-size evolution close
to our inference for the Milky Way.

We include the half-mass radius (from Fig. IV.8) in black as a reference.
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tially more extended and red more centrally concentrated. This is expected because

shorter wavelengths are better tracers of young populations.

From these surface brightness profiles, we solve a similar equation to Eq. IV.26

for the half-light radius, illustrated by the thick orange line in Fig. IV.10. The half-

light radius is greater than the half-mass radius, in particular at late times, when

the young stars dominating the light are spatially more extended than the overall

stellar population. This compares well with the model of van der Wel et al. (2014),

who fitted a model to galaxies at different redshifts (illustrated in dotted blue in

Fig. IV.10 for galaxies of stellar mass M? ≈ 5× 1010M�). However, this only serves

as an element of qualitative comparison. This model fitted the size of galaxies of

∼ Milky Way stellar mass at different redshifts. But the stellar mass of the Milky

Way has grown with time. Therefore, the comparison holds best at z = 0. At higher

redshifts, one should compare to the sizes of galaxies of smaller stellar mass, which

should also be smaller than the blue dotted line that Fig. IV.10 predicts.

van der Wel et al. (2014) have also fitted the evolution of the total stellar mass M?

- size Reff relation as a function of redshift z. With our best fit model of the evolution

of the stellar mass of the Milky Way, we can use the van der Wel et al. (2014) fits to

predict the corresponding size. Assuming that the total stellar mass of the Milky

Way is the sum of the bulge mass Mb and that of the disk, and assuming that the

bulge mass has been constant over the past 8 Gyr (because the bulge is relatively

old compared to the disk (Bland-Hawthorn & Gerhard, 2016)), we consider the total

Milky Way stellar mass as

M?(t) = Mb + Md(t). (IV.27)

We assume a bulge stellar mass of about 1.5× 1010M� (Bland-Hawthorn & Gerhard,

2016) and the fraction of mass in the bulge about 30% at present. The evolution of

the stellar mass is illustrated in Fig. IV.8.

Following van der Wel et al. (2014), we assume a stellar mass–size relation of the

form

Reff(z) = A(z)
(

M?(z)
5× 1010M�

,
)α(z)

, (IV.28)

where A(z) and α(z) were measured by van der Wel et al. (2014) at different red-
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shifts. We interpolate these values linearly as a function of redshift and compute

the corresponding value of Reff(z) and our predicted Milky Way’s stellar mass as a

function of time. The resulting size as a function of lookback time (or redshift) is

illustrated with the dashed green line in Figure IV.10, and compares well with our

predicted evolution of the half-light radius of the Milky Way.

IV.5.3 Present-day Scale lengths of Stellar Populations

In nearby galaxies, it is common to determine the spatial distribution of stars of

different populations (e.g., Gogarten et al., 2010). When old stellar populations are

found more centrally concentrated than the young ones, this is interpreted as the

result of inside-out growth.

We compute these quantities in two cases: (a) for our Milky Way best fit, and

(b) for our best fit excluding radial migration (i.e. finding the half-mass birth radii).

(b) does not lead to a scale length that is possibly observable today if stars migrate,

but decouples the contributions of the star formation history and radial orbit mi-

gration to the growth of the disk. To compute these, we perform a Monte Carlo

simulation sampling ages, present-day Galactocentric radii and Galactocentric radii

at birth for stars from the best fit model. For each sample, we compute the present-

day radius R1/2(τ ≈ tlkback) containing half of the mass of stars at given age, and

similarly for the birth radius R0,1/2(τ ≈ tlkback). These two quantities are plotted in

purple in Figure IV.11.

We find a significant difference in the half-mass radius of different stellar pop-

ulations that have migrated (solid purple in Fig. IV.11) and those that have not

(dashed purple). In the limits of our modeling, we can argue that if we were to ob-

serve the Milky Way present-day stellar populations in order to constrain inside-out

growth, and assume its stars do not redistribute radially, we would overestimate the

scale length at birth of old stars by about 1 kpc, and therefore underestimate the

amount of inside-out growth. This is a caveat for galactic archaeology approaches

that cannot be neglected for disk galaxies with significant radial orbit migration.

For the Milky Way, this can be overcome by detailed modeling, because one can

measure a physical scatter in the age-metallicity distributions, and interpret it as an
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Figure IV.11: The present-day half-mass radii of stars with ages τ, R1/2(τ), compared to the star
formation scale length a time τ ago. We show R1/2(τ) from the best fit model with solid purple
and compare it to the analogous, hypothetical radii expected in the absence of radial orbit migra-
tion (dashed purple). As a reference, we overplot the overall size evolution of the disk at different
lookback times in solid black. Radial mixing leads to a moderate present-day dependence of R1/2
on age, even in the presence of distinct inside-out growth in the star formation history.

effect of radial orbit migration. However, for external galaxies, the question is more

challenging as only integrated properties are derived (the mean, but not the scat-

ter). Therefore, the present-day distributions of stellar populations can be a weak

diagnostic for inside-out growth, giving only lower limits.
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Figure IV.12: Radial profile of the mean stellar age in the Galactic disk, determined through our
model fit (solid line, for σRM7 = 3.9 kpc computed using Equation IV.29). This is compared to the
hypothetical case of ‘no radial orbit migration’ (dashed line), where stars stay at their birth radii
(also determined from our model fit). Age gradients resulting from the distinct inside-out growth
that the best model implies are severely weakened by radial orbit migration. Areas containing few
data to constrain our model at their present-day Galactocentric radii are shaded in proportions of
the Galactocentric radius histogram in Fig. IV.2 on a logarithmic scale.

IV.5.4 Weakening of Age Radial Gradients

Age gradients are expected to result from inside-out growth: if stars formed on

shorter time-scales in the inner disk than in the outer disk, then the proportions of

old stars should be larger in the inner disk than in the outer disk. But in external

galaxies, the mass weighted age gradients seen in MaNGA seem weak for a large

number of disk galaxies (Goddard et al., 2017; Bundy et al., 2015).

We compute the expected mass weighted age profile from our model and the
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best fit parameters with

〈Age〉(R) =
∫∫

τ · p(R0, τ | R)dR0dτ, (IV.29)

and illustrate it in Figure IV.12 for two cases: no radial migration (where we take

σLz12 < 1 kpc), and our best fit radial migration. We find that, in the ‘no mi-

gration’ case, the best fit star formation history produces an age gradient that is

already weak, with only about −0.1 Gyr kpc−1. But in addition, radial orbit mi-

gration weakens severely this gradient. Therefore, it is possible for a galaxy to

have grown from inside-out without exhibiting strong age radial gradients, making

present-day age gradients a poor diagnostic of inside-out growth.

IV.6 Limitations of our Methodology

Even though the present method is promising for later studies of Galaxy evolution,

we state below important shortcomings that should be addressed in the future.

IV.6.1 Inevitable Limitations: Direct Use of Ages

The direct use of ages in global models for the Galactic archaeology field is new

and can only be as powerful as the ages are good. Since our method relies directly

on stellar age measurements, the results are directly affected by any systematics in

age determination methods (see Section IV.4). These systematics are numerous and

unknown; and age uncertainties are large and heteroscedatic. Age determination

methods differ by their complexity. Data-driven methods depend strongly on the

reliability of their training sets, those using luminosity and distances may induce

large scale spatial biases, affecting our understanding of Galaxy evolution. To es-

timate the extent of these limitations, we have considered several data-driven age

catalogs, and presented the results for the fit on the Ting18 sample (Ting & Rix,

2019). Even though this data set has its short comings, such as an unexpectedly

small fraction of old stars, it showed more reliability than the three others in the

several aspects:
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• the precision of the determined ages on a test set on APOKASC 2 red clump

stars was the highest with 0.15 dex scatter in log age;

• model predictions using the best fit on these data compared better than those

the three other data sets to independent work on selection-corrected age his-

tograms using LAMOST turn off stars;

• the age determination method (spectroscopic ages) has no known dependen-

cies on distance measurement, so there should not be age biases with distance,

which is of fundamental importance to study inside-out growth through the

spatial structure of ages;

• the training of the neural networks that determined these ages was done only

on red clump stars, so the neural networks were not learning possibly unde-

sired information from other stellar evolutionary stages.

Inevitably, the present results are bound to all assumptions that were made by using

this data set and by modeling its age uncertainties.

IV.6.2 Limitations from the Data Selection

This work made exclusive use of red clump stars, because they are excellent stan-

dard candles, they are bright and they are abundant in the Galactic disk. However,

this stellar population is younger than the underlying mean population, with an

age distribution that peaks at 2 Gyr and that has few stars older than 5 Gyr (see

Fig. IV.1). This introduces two shortcomings. First, most of the information con-

straining our model lies between 1 - 4 Gyr. Therefore, our model describes best the

most recent evolution of the Galactic disk, but not earlier times when the physi-

cal processes of disk formation were supposedly faster. Secondly, we corrected for

population selection biases by modeling their age distribution (or, more accurately,

the relative mass of stars on the red clump evolutionary stage, at given age and

assuming an initial mass function). This was based on theoretical expectations of

a star’s lifetime on the core helium burning stage, which is only constrained by

theoretical models of stellar evolution.
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In order to constrain the evolution of the disk at earlier times, and reduce stellar

population effects on ages, we should turn to a different stellar population with

more old stars, for example RGB stars for which distances are known precisely

(Hogg et al., 2018; Leung & Bovy, 2019). But this would introduce more technical

difficulties that are not straightforward to overcome: using standard candles limits

the number of integrals to evaluate in magnitude-limited selection functions, bring-

ing computational expenses down. However, the lack of old stars in our red clump

data set, and the large age uncertainties at large ages, made us unable to build and

constrain a more adequate model for the early behavior of star formation. This

question is left to be addressed in the future.

Additionally, due to the spatial selection of stars in our survey, most of the stars

we have used lie in the outer disk (5-14 kpc, but with few stars between 5 and 7

kpc, see Fig. IV.2). Since these are the data constraining our model, our results de-

scribe best the outer disk of the Milky Way. But the inner low-α disk should contain

additional information on inside-out growth in its spatial-age-metallicity distribu-

tions, unless it had a different formation scenario (as argued in e.g. Haywood et al.,

2019b). As shown in the test of subsection IV.4.3.2, including more APOGEE fields

with data from the inner disk mid-plane affects some parameters, for example the

star formation time-scale τSFRand the inferred scale length of our outlier model

(old component). We have kept consistency with the data set used in Frankel et al.

(2018), but we plan to turn to APOGEE DR16 and the inner Galaxy in future work.

IV.6.3 Model Shortcomings

To construct a parametric model for the Galactic disk, we have made several as-

sumptions. The core of this model, a radially-dependent star formation history,

was built to satisfy the following properties: (1) be qualitatively plausible; (2) be

sufficiently flexible to allow the ‘no inside-out growth’, ‘inside-out growth’ and

‘outside-in growth’ scenarios to exist, and to be fit; (3) be a global decreasing ex-

ponential in the case of ‘no inside-out growth’, and (4) be such that our data can

constrain it.

The functional form presented in Eq. IV.11 satisfies the properties (2)-(4), and is
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good with (1) on average. However, it proposes a rather simplistic description of

the star formation history: star formation begins at the same time over the entire

disk and the only parameter quantifying inside-out growth is the time-scale reg-

ulating the star formation. By definition, such a functional form produces an age

distribution that has a large variance, and our model does not reproduce exactly

the age distribution of the data at given Galactocentric radius. This can be seen

in Fig. IV.6, where our model predicts the mean age profile correctly, but overesti-

mates the standard deviation, and is skewed at large ages. We have experimented

with different functional forms for the star formation history, where star formation

rises at different times at different Galactocentric radii (see Section IV.4). Samples

from such a model compared much better to the observed data than those from the

model we have chosen to present. But due to the lack of old stars in our data set,

and large age uncertainties at large ages, we were not able to fit this model reliably

(and condition (4) was violated).

In order to improve the description of the data in a physically sensible way, it

will be important in the future to introduce realistic parametric models inspired by

simulations.

IV.7 Summary and Future Prospects

We have built a model to constrain the degree of inside-out growth of the Milky

Way disk. Applied to APOGEE red clump stars, the model fit leads to significant

inside-out growth and has several implications. In this modeling context, we find

that

• the model fit implies a growth rate of the stellar disk of 0.2 kpc Gyr−1 and a

present-day half-mass radius of 5.9 kpc, resulting from a 43% growth over the

past 7.5 Gyr;

• comparing the half-mass and half-light radii with redshift-size relations and

with the evolution of the mass-size relations of other galaxies shows that the

Milky Way is a rather typical disk galaxy in terms of present-day mass and
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size, but also in terms of global mass-size evolution. We fitted the evolution

of the Milky Way’s half-mass radius R1/2 ∝ (1 + z)−0.49);

• important radial redistribution of stars erases present-day evidence for the

past history of the disk, including the spatial variations of the star forma-

tion history and therefore inside-out growth. This implies that a local age

histogram differs from a local star formation history as local stars may have

been born at different Galactocentric radii and stars formed locally may have

migrated to different radii;

• present-day age gradients can be a poor diagnostic for inside-out growth if ra-

dial orbit migration is strong and makes population studies in external galax-

ies challenging as assessing the strength of radial orbit migration is more dif-

ficult (the physical scatter in age-metallicity resulting from radial orbit migra-

tion is not accessible through integrated light). Indirect possibilities to assess

radial mixing strength in external galaxies and their impact on the stellar age

structure are, for example, dynamical studies as in Gogarten et al. (2010).

This methodology builds on a large data set, with extended spatial coverage and

for which stellar ages are known, combined with a forward model with parameters

physically understandable. This allows to quantify the amount of inside-out growth

in the Milky Way disk. However, there are clear limitations to outcome: the data

set we have used is overall young (whereas the evolution of the disk was possibly

faster at early times), which allows us to fit the recent evolution of the disk well but

not earlier times. In addition, the results are bound to all assumptions made while

constructing this model.

To confirm and improve these results, reliable age estimates of stellar popula-

tions that cover wide age and Galactocentric radius ranges are needed. Red clump

stars are excellent distance indicators, but have poor age estimates and are younger

than the underlying population. We showed that five different age sets for our

red clump stars lead to five different estimates of the degree of inside-out growth,

which is a general problem for Galactic archaeology.

With a data set with precise distances (e.g., Hogg et al., 2018; Leung & Bovy,
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2019) and less prone to population selection effects, it should be feasible to improve

the inside-out growth model for a better description of the build up of the Milky

Way disk and inspire the model construction from numerical simulations, to ben-

efit from direct physical insights. But these requires more computational issues to

overcome.
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IV.8 Inside-out growth inference using different age

sets

As part of the analysis, we explore the effect of age determination methods on the

results. We repeat the analysis keeping the same stars, the same [Fe/H] and position

columns, but changing the age column using five different age sets described below.

We find that the overall inside-out growth scenario is robust to age systematics,

but the details can change quantitatively. We describe the detailed procedure and

results for each age set below.

Ness16 We use ages derived with The Cannon (Ness et al., 2015, 2016) trained on

spectra and masses of APOKASC1 stars (Pinsonneault et al., 2014), and derived log

age with a precision of 0.2 dex. Adapting our noise model from Eq. IV.20 with

σlogτ = 0.2, and optimizing the likelihood, we find a value for the parameter x

of 0.62, which is roughly consistent with our results with the Ting age set: the star

formation time-scale decreases slowly towards the outer disk and flattens at R0 = 12

kpc. Additionally, the best fit parameters of the other model aspects are consistent

with the work in Frankel et al. (2018), who used this data set. In particular, the

value of the radial orbit migration term was exactly the same: a mixing scale of 3.6

kpc after 8 Gyr. This confirms the robustness of this result, and suggests that our

new model aspects and APOGEE selection function are incorporated correctly.

Ness18 This data set also used The Cannon, trained on APOKASC2 spectra and

masses. We apply the same noise model as for the Ness16 data set. The best

fit inside-out parameter for this data set is x = 0.50, which means that the star

formation rate depends more weakly on Galactocentric radius, and goes as 1 −
0.5R0/8 kpc. According to this fit, the star formation rate is as slowly decreasing

function of time throughout the disk until R0 = 16 kpc.

Ness19 Ness et al. (2019b) used empirical tight age-abundance relations, and

trained The Cannon to map from precise abundances measurements for 17 elements
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to APOKASK2 age estimates. This procedure was applied to the low-α red clump

sample of Ting et al. (2018b), and yields ages with a precision στ = 1.6 Gyr. The

resulting distribution of observed ages resembles most that of the Ting18 sample

compared to the other age sets. We modified our noise model accordingly with

p(τobs | τ, στ) ∼ N (τ, στ). The best fit parameter for the inside-out growth on this

data set is x = 1.1, which implies that the star formation history at 8 kpc has been

constant over the past 7.5 Gyr.

Sanders18 We also used the ages presented in Sanders & Das (2018), using the

method outlined in Das & Sanders (2019). This method consists of an initial data-

driven stage to measure stellar mass from APOGEE spectroscopy as in Ting & Rix

(2019) and Ness et al. (2016), but using the information contained in the abundances

directly rather than the full spectrum. A second stage compares the derived mass,

spectroscopic parameters, photometry and Gaia parallaxes to a set of isochrones

folded with a Galactic prior. We first re-run the age determination procedure, re-

moving the priors on the ages. The fit to the data leads to x = −0.3 < 0, favouring

weak outside-in growth. A key difference between this age determination method

and the previous ones is that the luminosity and parallaxes of the stars were explic-

itly used to derive the stellar masses. This could introduce a bias with distance or

extinction, in particular at large distances where the distance information from the

parallax is modest and the extinction may be significant. When comparing these

ages with all of the previous ones (Ting18, Ness16, Ness18, Ness19), which are not

distance-dependent, we find systematic differences that are function of distance:

compared to the other data sets, these ages tend to be overestimated at large dis-

tances leading to a contaminating population of old stars at large distances. In our

case, due to selection effects, distant stars are mainly located in the outer disk. This

produced a general trend with older stars at larger distances and larger Galactocen-

tric radii, weakening (and inverting, in some parts) the already quite weak radial

age gradient that contains information about inside-out growth in the data set (see

Fig. IV.6).
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Discussion
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Science question Even though it is near isolation, the Milky Way is a dynamic

organism in permanent formation and evolution. It has evolved and seen long-

lasting changes in its structural properties. Over the past 7-8 Gyr, internal processes

drove the secular evolution of the Milky Way’s disk, shaping its radial profile to

what we observe now through the stellar distributions of {[Fe/H], τ,~x,~v}. The

explorations carried out in the previous chapters show that the orbital changes

of stars follow a very specific pattern: they are strong, but mostly cold such that

stellar orbits remain approximately circular. This can provide tight constraints on

the nature of the drivers of secular evolution. In this chapter, I synthesize the

results of this thesis, discuss their limitations, and explore the nature of the internal

processes driving secular evolution, with cosmological simulations.

V.1 The Secular Evolution of the Milky Way as a Galaxy

The previous three chapters introduced a phenomenological approach to measure

the orbital changes of stars in the Galactic disk. The two most important assump-

tions underlying this thesis are

1. Stars change orbit; and the orbital changes are slow and diffusive. The analysis

focused on measuring how strong these orbital changes are, without asking

what the nature or origin of the drivers are.

2. The birth orbit of a star is imprinted in the chemical abundance patterns in

its atmosphere: the abundances of stellar atmosphere reflect those of the gas

from which they formed, and this abundance patttern varied as a function of

time and position in the Galactic disk, allowing us to find stars’ birth orbits

through ‘weak chemical tagging’.

Based on these assumptions, in the previous three chapters, we build incrementally

and fit a model for the evolution of the Milky Way’s disk, relating birth orbits to

present-day orbits through birth abundances and an evlution model, p([Fe/H], Lz,0, Lz, JR, τ|pm).
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The three main results obtained in this thesis are:

1. The stars in the Milky Way disk undergo strong dynamical secular evo-

lution: stars mix in radius on scales of
√
〈(R− R0)2〉 = 3.5

√
τ/8Gyr.

2. This dynamical evolution is mostly cold and dominated by diffusion in

angular momentum, implying a dynamical memory loss of star’s birth

conditions. The diffusion in Lz and JR goes at the rates

√
〈(Lz − Lz0)2〉 ≈ (619 kpc km/s)

(
τ

6 Gyr

)0.5

,

√
〈(JR − JR0)2〉 ≈ (63 kpc km/s)

(
τ

6 Gyr

)0.6

.

(V.1)

3. Rewinding stars to their birth conditions thanks to the chemical mem-

ory they retained (stars’ atmospheric abundances should reflect, to

some extent, the abundances of the gas they were born from), allowed

us to conclude that its disk likely grew from inside-out, by about 40%

over the past 7 Gyr: this makes the Milky Way follow well the redshift-

size evolutions seen for other galaxies of its mass.

The physical processes that are thought to play an important role in the secu-

lar evolution of the disk arise from the presence of non axisymmetries (Sellwood,

2014) a long-lived bar in the inner 5 kpc, and fleeting spiral perturbations that exert

torques on the stars and change their angular momenta. The Milky Way is typical

in this aspect: most disk galaxies exhibit similar non-axisymmetries, and those ax-

isymmetries are what simulations have shown to redistribute stars’ orbits by large

amounts. If this process is typical and generalizable, this could validate the argu-

ment proposed in Herpich et al. (2017): strong Lz diffusion could lead disk profiles

to near-exponential surface brightness profiles. This diffusion process leads stars to

lose dynamical memory of their birth conditions, erasing the dynamical clues about
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their formation processes. Therefore, a star on a circular orbit at a given radius to-

day may well have been born several kpc away from its present-day position. For

example, the Sun was likely born ∼1 kpc away from its present-day orbit as seen in

Chapter III.

Rewinding stars to their birth orbits in Chapter IV showed that its disk likely

grew from inside-out. Comparing the surface brightness profile, and the size, one

would measure for the Milky Way at different redshifts, to actual redshift-size

measurements of external galaxies showed that the Milky Way likely had a typi-

cal growth over the past 6-7 Gyr: the Milky Way not only obeys present-day scaling

relations, but likely also did in the past 1.

V.2 Methodology Extensions and Science Questions

The method presented in this thesis sucessfully used datasets of ∼ 104 stars, and

extracted quantifiable information and knowledge about the Milky Way’s disk: the

evolution of its size, the scales of global stellar redistributions in orbit space, the rate

at which stars formed an when. However, it presents limitations in three aspects:

1. This method was applied successfully to a relatively small dataset (about

10,000 stars). But we have now and will have in the future sample sizes

larger by factors from 10 to 100. These bring new challenges, in particular

the optimization of the fitting algorithm and statistical technique.

2. It is a purely descriptive approach of the physical evolution of the Galactic

disk, and some aspects that are covariant need physical insights and motiva-

tions.

3. The physical assumptions this thesis is based on (axisymmetry, equilibrium)

are only assumptions, and the quality of the data that we are currently reach-

ing now allow us to largely see deviations from them.

1Though there would be additional work to do for better apple-to-apple comparisons with exter-
nal galaxies, Chapter IV only was an exploration.
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We need an improvement of the physical description of the sytem and of the sa-

tistical methods. I detail the limitations and discuss some possible actions to take

below.

V.2.1 Statistical Inference and Modelling

V.2.1.1 Inference

As the size of datasets increase, the required precision for calculating the likelihood

functions increases; and the computation time to evaluate likelihoods also increases.

With the method used in this thesis – build a parametric model, a likelihood func-

tion, a posterior and sample the posterior with Markov Chain Monte Carlo, MCMC

– sampling posteriors from the likelihood functions might reach computational lim-

itations soon if not optimized. Currently, a typical optimization time was of a few

hundreds of core hours. Improving statistical methods or using different ones may

be needed in the future if one wants to model samples of a size of a million.

One approach that could be interesting to pursue, practically, is variational in-

ference. Instead of sampling the model parameters from the posterior (ppos(pm))

via MCMC sampling, one could approximate the posterior with a different function

that is practically easy to sample from (e.g. a multivariate Gaussian), qpos(pm).

One could then sample points from the approximate qpos, and ask the question:

‘what set of parameters pm make qpos as close as possible to the target disribution

ppos?’. This is effectively done by minimizing the KL (Kullback-Leibler) divergence

between ppos and qpos.

I have not pursued this direction in this thesis, appart from doing a few one-

dimensional tests, but discussed it with collaborators (specifically Yuan-Sen Ting)

as a possible improvement for the future.

V.2.1.2 Modelling: the ‘nuisance’ aspects

Some aspects of the Milky Way model introduced in this thesis were purely de-

scriptive and considered as a nuisance: the chemical enrichement part of the model

served only as a ‘weak chemical tagging’ strategy, to rewind stars to their birth or-
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bits. But this part of the model only was a 3-parameter functional form: this is not

very flexible, might not reflect the complexities involved in the chemical enrichment

in the Milky Way. Any inadequacy in this model aspect may well bias the best fit

secular evolution part of the model.

The model could and perhaps should be much more flexible. To add more

degrees of freedom to a function, one way is to add model parameters and the

other is to add nonlinearities. Adding both parameters and nonlinearities is also

feasible, for example by constructing a neural network that, from the birth orbit and

the birth time of a star, predicts its present-day abundances.

This approach would be extremely interesting because it would open new mod-

elling avenues. In particular, it would allow to preform suitable multi-abundance

fits: the chemical enrichment model would then take as input the birth orbit and

birth time of stars, and predict all abundances (or abundances that can be obtained

from the observations) at once. I have explored modelling along these lines in a sim-

plified manner, including three elements in the model ([Fe/H], [Mg/H] and [Si/H],

instead of only [Fe/H]). This was done not by adding three model parameters per

new element. Globally, the fit to the data went well and gave plausible results:

the best fit model could predict well that alpha elements were produced faster at

early times, and elements produced mostly in type Ia supernovae were produced

mostly at later times. However, the model fits were not robust, and this could

certainly improve with a more flexible chemical enrichment model. With a full

p([ ~X/H], τ, Lz, JR, Jz|pm), we could (1) find the set of birth orbits and abundances

that minimize the present-day observed scatter n serveral elemental abundances, by

assuming the interstellar medium is well mixed at all times (this is essentially what

was done in my thesis but I lacked degrees of freedoms), (2) measure the radial

and time dependence of orbital changes, (3) learn chemical evolution: what are the

relevant processes, timescales and yields involved in chemical enrichment?

V.2.2 Physical Limitations

Along this thesis, I presented radial migration as a process arising due to resonant

scattering with non-axisymmetric structures. However, the statistical model for the
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Milky Way disk that I have build only presumed that ‘a global process causes stars

to diffuse in angular momentum in the disk, at all times, and at all locations’, but

did not ‘know’ the dynamical processes causing stars to change orbit, it .

These assumptions are clearly limiting the description of the Galactic disk, the

interpretation of stellar orbital changes, and the information we can extract from

the dataset. Therefore, it is important to understand the physical processes at play

in the secular evolution of disk galaxies in order to better describe them and mea-

sure their impact. In particular, is angular momentum change really driven by the

corotation resonances? What is the lifetime and pattern speed of the fleeting spirals

that caused them? Is the lifetime of the spirals short enough, and their formation

and decay stochastic enough for radial migration to actually be a random walk? To

which extent do internal processes actually dominate the disk, in contrast to exter-

nal processes and the possible influence of satellites? Do satellites play any role in

triggering disk instabilities and causing spirals to form?

Unfortunately, dynamics are difficult to trace from the Milky Way’s present-day

data themselves: measuring accelerations, torques, mass densities with our incom-

plete view of the disk has not been achieved (and also because we have observed

the disk over durations negligible compared to the orbital time). Furthermore,

data from external galaxies are difficult to interpret, but there are ongoing efforts

in galaxies where the stars are resolved, trying to link global stability and stellar

kinematics (e.g. Sellwood et al., 2019).

Simulations of disk galaxies can provide the required physical guidance for this

modelling. In particular, the recent improvements of cosmological N-body simu-

lations provide an interesting framework where the resolution is high enough to

investigate and disentangle both the internal and external dynamical processes. I

present in the next section a preliminary investigation of the physical processes at

play in the secular evolution of simulated disk galaxies.
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The method presented in this thesis could benefit from methodology exten-

sions. In particular, the statistical methods will need optimization or a dif-

ferent technique to keep up with the increasing amounts of data (whose size

can be larger by facors 10 or 100). As most aspects of galaxy evolution are

covariant or partially degenerate, getting physical insight from simulations

to improve the model will be crucial.

V.3 Physical Input from Simulations

I have started to enlist numerical cosmological simulations to better understand

what the drivers of secular evolution are, to disentangle them, and to come to a

better description of secular changes in disk galaxies. Specifically, I studied two disk

galaxies from two different state of the art simulation suites: NIHAO-UHD (Buck

et al., 2020) and TNG50 (Pillepich et al., 2019). This is the begining exploration of a

still on-going work, and the discussion will remain very qualitative.

V.3.1 Simulated Galaxies

Many cosmological galaxy formation simulations exist. Here, we need not only

high physical resolution, but also frequent (∼ 10 Myr) simulation outputs, which is

rare for practical reasons. To understand the processes driving secular evolution in

disk galaxies in a broad context, we need simulations with

• physical conditions that reflect reality, i.e. cosmological simulations,

• both stars and gas (hydrodynamical simulations)

• fequent outputs to resolve the timescales of the dynamical effects (e.g., period

of a central bar, short-lived spiral structures, etc.)

With these requirements, we study two simulated galaxies introduced briefly below.
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NIHAO-UHD is an ultra high definition re-run of the NIHAO SPH zoom in

simulations (Buck et al., 2020). One of the re-ran galaxies (g2.79e12) has a bar, a disk

a halo mass of M200 = 3.13× 1012M� and a stellar mass of M? = 15.9× 1010M�,

and an exponential scale length of about 5.5 kpc. This simulation was re-ran for the

last 1 Gyr with output times every ∼ 7 Myr.

Illustris TNG50 is a high resolution cosmological simulations ran in a 50 Mpc

periodic box. Milky Way-like galaxies (in halo mass range and disky shape require-

ments) were extracted in Donnari et al. 2020 (in prep). A subbox of the TNG50

simulation has output data with high time cadence (every ∼ 7 Myr) for the whole

run in the simulation. In this subbox, one galaxy is flagged as Milky-Way like, and

we focus on this galaxy here. It has a mass of M200 = 1012M� and stellar mass of

2.5× 1010M�. This galaxy has no bar at redshift z = 0 (but it appears it could have

hosted a bar in the past), and it has a few satellites.

These two simulated galaxies complement each other (bar / no bar) and were

computed with different physical recipes (SPH / mesh), so they give a wide dy-

namical range of different apects to explore.

V.3.2 What Drives the Dynamics?

Stars in a galaxy feel net gravitational forces and torques irrespectively of what

generates them. At a given position, as star feels the net effect of all structures

around it, therefore a simple map of the surface density of the different structures

in the galactic disk is not informative to know how they affect stellar orbits. In

order to disentangle the possibe drivers of the secular evolution in disk galaxies,

we need to map the different structures present in and around the galaxies, and

quantify the strength of the forces they apply on the star particles, for how long,

and how often. A large fraction of the literature body focused on the effect of spiral

arms on the stars’ orbits, by designing stellar N-body experiments (e.g. Sellwood,

1987). In these simulations, stellar spiral arms form from dynamical instabilities,

and perturb the orbits of other stars. However, disk galaxies like the Milky Way may

also contain gas, and accounting for the presence of gas, its reactions to supernovae

feedback and its dynamics is important. Stars respond to a spiral perturbation, and
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the material the spiral is made of also responds to the new stellar arrangement. If

the material making the spiral is external to the star system and behaves differently

(for example, gas), then the dynamics can be different. The simulations introduced

now contain dark matter particles, stars (collisionless) and gas (not collisionless).

On the observational side, most constraints on the evolution rate of disk galaxies

consisted in measuring torques from the mass density of stars in external galaxies

(e.g., Foyle et al., 2010). But if the torques arising from the gas were to be important

and unobserved, this could bias the estimates of secular evolution rates. Foyle et al.

(2010) report that only 8 out of 24 spiral galaxies in their sample have torques strong

enough to redistribute angular momentum over a Hubble time, but this estimate

only accounts for torques arising from the stellar distribution.

In the simulation, one can measure the surface density of particles (of star, gas

or both) by summing the mass on a spatial grid. To approximate the gravitational

potential generated by these in the midplane of the disk, one can then use a Green’s

function,

Φpot(R, φ) = −G
∫∫ Σ(R′, φ′)R′√

R2 + R′2 − 2RR′ cos(φ′ − φ)
dR′dφ′, (V.2)

with G the gravitational constant, Σ the surface density, and R the galactocentric

radius. This integral is in practice summed over a grid in log radius and azimuth

(φ). We have verified that this approximate potential is in quantitative agreement

with the potential calculated by the simulation. It is smoother due to the binning,

but allows us to disentangle contributions from the stars and from the gas, which

is insightful. To approximate the torques, one can approximate the potential as a

Fourier series of modes m in azimuth φ, and take the φ derivative,

T(R, φ) =
∂Φpot

∂φ
(R, φ). (V.3)

This procedure produces each panel of Figures V.1 and V.2. For the NIHAO galaxy,

the surface density (top panel) clearly shows that (1) the galaxy contains a bar at

its center, dominated by the stars (left panel). But the rest of the stellar distribution
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seems smooth in the outer disk. The middle panel shows the gas, where clear, de-

tailed structures emerge. The stars dominate (2nd and 3rd rows) most of the disk

(but not all) in mass density as well as in depth of the potential well. However, the

gaseous structures are more extended radially and more clumpy than the stellar

structures, which allows them dominate the torques in the outer disk of the galaxy.

The stars in the bar shows an important role: they induce a long-lived quadrupole

(bottom left panel). All combined, these agents drive the evolution of the disk. Fig-

ure V.2 shows the same decomposition for the TNG50 galaxy. We see directly that

it is barless, the stars also dominate in mass and in potential, but not everywhere

in the torques: stars dominate the torques at the center, and gas dominates in the

outskirts. But the strength and spatial location of the torques is not sufficient to in-

fer the dynamical evolution of the disk: the location of resonances with the orbital

motion of the stars will be highly important. This can be achieved if we infer the

speeds at which they rotate compared to the stars.

V.3.3 Characterizing the Non-axisymmetric Structures

To characterize the strength and geometry of non-axisymmetries in density space,

we can take a Fourier transform of the surface density in the disk of the simulated

galaxy. At a given galactocentric radius R,

Σ̂(~k, R) =
1

Σ0(R)

∫∫
Σ(R, φ)e−i~k.~xb(R, t)d~x, (V.4)

where~k = (−m, ω), ~x = (φ, t) and Σ0 is the azimuthally averaged density (which

corresponds to the axisymmetric component of the density, or the m = 0 mode).

The term b(R, t) is a binning/window function: these Fourier transforms are taken

at a given Galactocentric radius in the disk, so in a radial bin. The simulation is not

really periodic in time, or it may be physically appropriate to focus on a specific

time window in the simulation (in practice I have used a Hann function). For a

bar, the strongest mode will be m = 2, and weaker components will appear at even

modes. For a spiral arm with four arms, the strongest mode will be m = 4, etc..

The frequency ω of the perturbations of mode m is related to its pattern speed (i.e.
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Figure V.1: Decomposition of the NIHAO disk galaxy in surface density (1st row), potential (2nd
row), non-axisymmetric components of the potential (3rd row), and vertical component of the
torques (4th row). This decomposition was made for star particles only (left), gas particles only
(middle), all baryonic particles (stars + gas, right).

213



CHAPTER V. DISCUSSION V.3. PHYSICAL INPUT FROM SIMULATIONS

Figure V.2: Decomposition of the TNG50 Milky Way-like disk galaxy in surface density (1st row),
potential (2nd row), non-axisymmetric components of the potential (3rd row), and vertical com-
ponent of the torques (4th row). This decomposition was made for star particles only (left), gas
particles only (middle), all baryonic particles (stars + gas, right).
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Figure V.3: Power spectrogram in density space for the m = 2 and m = 4 modes of the NIHAO
galaxy. The color code shows the strength of the Fourier components. The black line shows the
circular velocity curve for the stars. The color code was voluntarily saturated. The bar dominates in
the inner 5kpc (in red) with a pattern speed of about 70 km/s/kpc. The outer disk contains more,
weaker, structures that seem to rotate much slower and stay close to the circular velocity curve. A
structure rotating at the same speed as the star will be co-rotating with them and create important
resonances.

the speed at which the overdensity rotates, ΩP) by ω = mΩP. The strength of the

density signal will be the amplitude,

P(ω, m, R) =
√

Re2(Σ̂) + Im2(Σ̂). (V.5)

This method was first outlined in Sellwood & Athanassoula (1986) and used in

a number of simulation work to characterize the strength of non-axisymmetries

(Masset & Tagger, 1997; Quillen et al., 2011; Hilmi et al., 2020).

As a first example, P(Ω, m, R) is shown for the NIHAO galaxy for m = 2 and

m = 4 modes in Figure V.3. The inner 5 kpc are dominated dominated by the bar

rotating at about 70 km/s/kpc, from which a spiral arm of similar speed seems

start. Beyond 10 kpc, the disk is dominated by lower mass structures of lower

rotation speeds. These considerations are important and, in principle, permit to find

the locations of resonances of the different structures with the stars. For example,

the corotation of the bar with the stars is located at about R = 5 kpc for this galaxy.

Another structure in the outer disk seems to corotate with the stars at about 10 kpc.
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Figure V.4: Power spectrogram of the potential Φpot for the m = 2 and m = 4 modes of the
NIHAO galaxy. The white solid line show the circular angular velocity curve in the axisymmetrized
potential of the galaxy, and the two white dashed lines correspond respectively to the inner and
outer Lindblad resonances. The color code is in arbitrary units of potential. Clearly, the bar potential
influence extends much further out than its spacial density and perturbing structures are smoother.

But from this analysis, we cannot disentangle which structure is most important in

driving the orbits of stars at 10 kpc: does the star feel more the faster-rotating bar,

or the structure it corotates with?

These calculations are performed in the space of mass density, or surface density.

But to relate these to the motion of the stars and the overall secular evolution of the

galactic disk, it is more meaningful to work in the space of potential, or torques,

which is what stars actually feel. The results can be different from what we see in

surface density since in potential space, different structures of different strengths

and speed can reach, and influence, different radii.

In Fig V.4, we illustrate the resulting power spectrogram in potential space for

the NIHAO galaxy. The bar potential extends much further out its actual size and

its quadrupole dominates the inner 10 kpc of the galaxy in strength. Regarding

the spirals arms, which rotate slower and are stronger in the outer disk, much of

the strength is confined between the inner and outer Lindblad resonances. The

spirals appear on the spectrograms as horizontal stripes, indicating a solid body-

like behavior (a structure rotates at the same speed at all radii), and are strongest
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Figure V.5: Power spectrogram of the potential Φpot for the m = 2 and m = 4 modes of the
TNG50 galaxy. The white solid line show the circular angular velocity curve in the axisymmetrized
potential of the galaxy, and the two white dashed lines correspond respectively to the inner and outer
Lindblad resonances. The color code is in arbitrary units of potential. As for the NIHAO simulation,
much of the power is expressed as solid body rotators between inner and outer Lindblad resonances.

near the corotation resonance, which is the process boosting radial migration of

stars without much heating.

The TNG50 galaxy’s power spectrogram in potential is illustrated in Fig. V.5.

It also shows perturbations that are solid bodies (horizontal stripes), rotating with

multiple pattern speeds. Their strengths also extend between the inner and outer

Lindblad resonance, with much of the strength at corotation, where radial migration

is effective. We can further quantify the drivers of secular evolution, by splitting the

contributions from the star particles and those from the gas particles, respectively

in the top and bottom panels of Figure V.6. Non-axisymmetric features made of

stars dominate the inner disk of the galaxy, whereas the gas torques are stronger in

the outer disk.
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Figure V.6: Top: power spectrogram of the potential generated by the stars Φpot,? for the m = 2 and
m = 4 modes of the TNG50 galaxy. The white solid line show the circular angular velocity curve in
the axisymmetrized potential of the galaxy, and the two white dashed lines correspond respectively
to the inner and outer Lindblad resonances. The color code is in arbitrary units of potential. As for
the NIHAO simulation, much of the power is expressed as solid body rotators between inner and
outer Lindblad resonances. Bottom: same for the gas.
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Decomposing simulated galactic disks into torque maps driven by stars and

gas, and non-axisymmetries by mode and pattern speed, we see that (1) much

of the non-axisymmetric strength of fleeting spirals occurs near the corotation

resonance, which is the main driver of radial migration, and (2) the gas here

contributes to at least half of the torques driving secular evolution.

V.4 How Do Stars Change Orbits?

As the galaxies in these simulations are clearly not axisymmetric nor time-independent,

the stellar orbits will evolve. Understanding this orbit evolution in the simulation

can set a basis for physically-motivated improvements of the modelling for the

Milky Way’s disk. We choose to characterize stars’ orbits in the simulation with

assumptions identical to the Milky Way: we use axisymmetric actions to describe

stellar orbits. We will then trace how stellar actions evolve with time as a function

of their initial phase space in the disk, and propose possible applications to Galactic

disk statistical modelling.

V.4.1 Characterizing Stellar Orbits

To characterize the orbital changes of stars, we can use the cylindrical axisymmetric

actions already introduced Chapters I and III (Lz, JR, Jz). To compute the actions,

the potential of the simulation is first approximated with a symmetrical potential

for each snapshot. The dark matter particles, whose distribution is the closest to

spherical distribution (except for possible satellites), is approximated with a spher-

ically symmetric potential (multipole expansion). The stars and gas are distributed

mostly inside the plane of the galaxy, so the cylspline expansion approximates well

the potential they create. This is done using the AGAMA package (Vasiliev, 2019).

As for the observed Milky Way, actions are then calculated using the Staeckel fudge

(also implemented in AGAMA).
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Figure V.7: Trajectories of stars initially selected in small phase space volume as a function of time,
showing that stars change orbit significantly and in a complex way. The color indicates the initial
phase of the particles, and shows that over 1 Gyr, some star particles continue to have a coherent
motion and do not phase mix as quickly.
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Figure V.8: Spread in angular momentum as a function of time for stars initally selcted in a small
phase space volume in the NIHAO galaxy. The three colors indicate a position in the disk: blue
for inner disk where the bar dominates the potential, green for the outer disk (where the non-
axisymmetric potential is dominated by spiral arms), and orange in between.

V.4.2 Characterizing Orbital Changes

To quantify the changes of stellar orbits, we select a set of stars in a small volume

in phase space, and track their actions as a function of time (Figure V.7) for the final

1 Gyr of the NIHAO simulation run (this section only treats the NIHAO galaxy,

for time reasons). This approach is very different from the obsevational approaches

used in the Milky Way and other galaxies, which consider present-day stellar prop-

erties as a function of their age, and make assumptions on their birth orbits. The

simulation allows us to track stars as a function of forward time. If the galaxy

were axisymmetric, stellar actions would not change, star particles would remain

on their orbit, and Figure V.7 would show a set of horizontal lines. Instead, we

observe a complex structure in these patterns. Some variations in the actions seem
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Figure V.9: Mean radial action as a function of time for stars initally selcted in a small phase space
volume in the NIHAO galaxy. The three colors indicate a position in the disk: blue for inner
disk where the bar dominates the potential, green for the outer disk (where the non-axisymmetric
potential is dominated by spiral arms), and orange in between.

periodic, some seem to be closer to a random walk, and the space in Lz− JR of stars

initially occupying a small volume is expanding. Additionally, not all stars phase

mix and not at the same speed: some particles remain comoving (see coherent lines

of similar colors) while some particles phase mix and disperse more quickly.

The way in which orbits change is a function of position in the disk. The stars

selected inside the bar region (Lz ≈ 2000 kpc km/s) show a very strong oscillatory

behavior as they are influenced by a strong, long-lived bar, whereas stars selected

in the outer disk will show a motion closer to random. This can be expressed by

showing, for example, the action spread of these stars as a function of time. Figures

V.8 and V.9 show this with in addition, stars selected in two different regions of the

disk. In all regions, the action dispersion increases quickly with time for about 100-
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200 Myr before reaching slower changes. The closer to the bar region, the faster the

initial spread increase is (blue line rises faster than orange line, etc.). This reflects

the fact that in a non-axisymmetric potential, actions as calculated here, assuming

axisymmetry, are periodic functions of time. After a few dynamical periods, the

spread in angular momentum in the bar region stops increasing (as typical for

periodic motions, and stars in the bar region tend to remain there), whereas that of

the stars outside the bar continues to increase. We saw in the previous section that

stars outside the bar receive torques from from nearly corotating fleeting spirals

(as shown in the powe spectrograms), so that they continue to migrate and spread

radially.

V.4.3 Possible Applications to Milky Way Modelling

The analysis presented above is only preliminary and qualitative, but we can al-

ready draw conclusions to improve physically the forward model this thesis is

based on.

V.4.3.1 Modelling Orbit Evolution

This first, simple, exploration leads to a possible modification that could be adopted

in the radial migration model I presented in this thesis. The current model assumes

that all stars migrate and diffuse equally efficiently in angular momentum porbit =

p(Lz|Lz,0, τ). This could be easily replaced by a migration probability based on

stellar positions in phase space (and possibly conditionned on other quantities, e.g.,

radial action).

porbit = p(migrate by resonance scattering|Lz,0, τ)p(Lz|Lz,0, τ, res)

+ p(different scattering|Lz,0, τ)p(Lz|Lz,0, τ, not res)

+ ...

= ∑
process

p(process dominates|Lz,0, τ)p(Lz|Lz,0, τ, process).

(V.6)
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Disentangling different processes and accounting for them may (1) eventually lead

to a better description of the Galactic disk, (2) lead to a better measurement of

the strength of radial migration, (3) make a small step towards dynamics (relat-

ing structures to processes, and processes to kinematics, rather than just describ-

ing kinematics). Including different scattering processes, and considering the joint

changes of distributions in angular momentum and radial action, may also help to

disentangle the effects from different resonances: stars can then be scattered in the

Lz − JR plane (1) only along the Lz direction at corotation, (2) with defined slopes

of l/m with l, m ∈ N at the Lindblad resonances with m-fold structures, and (3)

with different or no correlations with different processes (excitation by satellites,

scattering with giant molecular clouds, etc.). Disentangling the global strength of

different resonances may help uncovering better the heating history of the Galactic

disk.

V.4.3.2 Distribution Functions for Selected Data in Non-axisymmetric Poten-

tials

In regions of the Galactic disk where the bar quadrupole is important, stars deviate

significantly from a circular orbit. Their angular momentum is a periodic function

of time and so is their radial action. Therefore, the mean angular momentum and

radial action at a given position in the disk will be a function of the phase between

stars and ther bar structure. Since star surveys are centered on the Sun, and data

collection happens around the Sun, most of our current data is selected in azimuth.

A consequence is that the mean actions (or the full distribution functions) of our

data at a given galactocentric radius may not reflect the mean actions (or the full

distribution functions) of all stars in the Galactic disk at given Galactocentric radius.

Not accounting for the presence of non-axisymmetric structures may bias our infer-

erred Galactic parameters, and so we should correct our models for the distribtion

functions to account for these (e.g., Trick et al., 2017). This is left for future work.
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V.5 Summary and Future Work

This section laid out a proposal for exploring how to best relate the orbital changes

of stars to their main drivers, in order to come to a better physical understanding

of the evolution of the Milky Way. The main conclusions so far are

• Both in the Milky Way and in these two simulated galaxies, redistribution in

angular momentum dominates over the growth of radial action. Migration is

‘cold’.

• In the simulation, most structures in the galactic disk can be described by a set

of solid bodies, which have their peak strength (in potential) at the corotation

resonance, where angular momentum redistribution is the strongest and also

the coldest. Several structures rotating at different speeds are spread over the

disk, such that stars at different radii or locations will have the opportunity

to migrate large distances. This qualitatively explains why radial migration is

cold.

• Radial migration is not a purely diffusive process. After their birth, stars

become quickly perturbed by the gravitational non-axisymmetries present in

the disk (bar, spirals).

• The gas in these disk galaxies seems to play an important role in exerting

torques and exchanging angular momentum with the stars. It will be interest-

ing to study how these exchanges affect the dynamics of the gas itself (e.g. to

fuel the center of the Galaxy, private discussion with Ralf Klessen).

• As these structures form and decay stars undergo a finite set of migration

events, as defined with the ‘corotation resonance trapping’.

• In a non-axisymmetric potential, the axisymmetric actions are oscillating along

the orbits of stars. These oscillations produce an important scatter in the ac-

tion measurement at a given time, that should not be confused with the scatter

produced by the longer term secular evolution.
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Pursuing this study over more simulated galaxies with systematic quantification

of the global torques exerted on the stars, the degree of recurrence of the spiral

structures and their pattern speeds and how these are related to stellar orbits will

be important to build more physically motivated models for our Galaxy.
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Conclusions and Outlook

Understanding galaxy formation and evolution is central to astrophysics. Our

galaxy, the Milky Way is a typical spiral galaxy that presents the unique oppor-

tunity to study galaxy formation and evolution in immense detail, from the inside.

We can then understand universal processes shaping galaxies.

Most disk galaxies, even the isolated ones, are constantly evolving. Internal pro-

cesses then play an important role in shaping and structuring disks. In particular,

non-axisymmetries such as bars and recurrent spiral arms have a great influence on

the orbits of stars. Most processes affecting disk galaxies, such as star formation,

chemical enrichment, and secular evolution happen simultaneously and on similar

time-scales, such that the entire disk is both in constant formation and in constant

evolution. For external galaxies where stars are not resolved individually, these pro-

cesses are difficult to disentangle. This thesis took the approach to use the Milky

Way as a global model organism, and study its structure in details, using the multi-

dimensional information available for many of its individual stars p([Fe/H], τ,~x,~v)

around us, to reconstruct the past history of the Galactic disk.

We found that the Milky Way disk, even though it seems cold, has undergone

strong dynamical evolution. The Galactic disk likely grew from inside-out, follow-

ing closely the mass-size relation observed in external galaxies down to redshift

z = 1. After their formation, stars redistributed greatly in angular momentum

while keeping the disk mostly cold. This long-term dynamical evolution is thought
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to be dictated by fleeting spiral arms near the corotation resonance. Looking at

two galaxies from state of the art cosmological simulations, we have shown that

such fleeting spirals are common over the entire disk and are strongest near the

corotation resonance, which supports this scenario.

The Galactic disk is still evolving at present. Spiral perturbations are currently

forming and decaying and the bar is influencing the stars over a large part of the

disk. And these complex dynamical effects are now visible and measureable in

the kinematics of the high quality data collected by SDSS-IV, GALAH, LAMOST

and the Gaia space mission (e.g. Trick et al., 2019a; Hunt et al., 2019; Monari et al.,

2019), and the present framework is not well suited to study these structures that

will become even sharper in the next generations of surveys. This method should

be improved in the futre, by considering the dynamical effects of non-axisymmetric

structures, gaining physical insight from simulations to be more physically plausi-

ble, and using a better statistical strategy to optimize fits to large datasets.
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