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Zusammenfassung

Staub erschwert astronomische Beobachtungen und spielt eine wichtige Rolle in

der Entwicklung von Galaxien. Die dreidimensionale Kartierung von Staub er-

möglicht nicht nur eine präzise Korrektur von Beobachtungen, sondern liefert auch

Einschränkungen für die Entwicklung des interstellaren Mediums (ISM). Extink-

tion ist die zentrale beobachtbare Größe zur Bestimmung der Dichte und Eigen-

schaften von Staub und wird häufig in Staubkarten verwendet. Die meisten beste-

henden Staubkarten gehen von einer universellen Extinktionskurve aus und behan-

deln die Staubeigenschaften als einheitlich. Diese Arbeit führt Variationen in der

Steilheit von Extinktionskurven ein, parametrisiert durch R(V). Ich entwickle ein

datengetriebenes Vorwärtsmodell, das niederaufgelöste Spektren als Funktion von

Sternparametern (effektive Temperatur, Oberflächengravitation und Metallizität),

Parallaxe und Extinktionseigenschaften vorhersagt. Dieses Modell wird auf alle 220

Millionen Gaia-XP-Spektren angewendet und liefert präzise Extinktionskurven für

130 Millionen Sterne in der Milchstraße, der LMC und der SMC. Daraus erstelle ich

die erste dreidimensionale Himmelskarte von Extinktionskurven-Variationen. Uner-

warteterweise finde ich, dass die Extinktionskurven in durchscheinenden Staub-

wolken mit zunehmender Staubdichte steiler und nicht flacher werden. Ich schlage

eine theoretische Erklärung vor, die die Steilheit auf das Wachstum polyzyklischer

aromatischer Kohlenwasserstoffe (PAHs) zurückführt. Die Ergebnisse liefern zu-

dem wichtige Implikationen für zukünftige Beobachtungen im Zeitalter des JWST.
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Abstract in English

Dust obscures astronomical observations and plays a important role in the evo-

lution of galaxies. Mapping dust in three dimensions not only allows accurate cor-

rection of observations but also constrains the evolution of the interstellar medium

(ISM). Extinction is the central observable to trace the density and properties of

dust, and is widely employed in dust mapping. Most existing dust maps assume

a universal extinction curve, treating the properties of dust as uniform. This thesis

introduces variations in the slope of extinction curves, parameterized by R(V). I con-

struct a data-driven forward model that predicts low-resolution spectra as a function

of stellar parameters (effective temperature, surface gravity, and metallicity), par-

allax, and extinction properties. This model is applied to all 220 million Gaia XP

spectra, yielding precise extinction curves for 130 million stars in the Milky Way,

LMC, and SMC. From these, I construct the first 3D all-sky map of extinction curve

variations. Unexpectedly, I find extinction curves steepen, rather than flatten, with

increasing dust density in translucent dust clouds. I propose a theoretical explana-

tion, attributing the steepening to the growth of polycyclic aromatic hydrocarbons

(PAHs). The results also provide implications for future observations in the era of

the JWST.
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Chapter 1

Dust properties and models

1.1 Abstract

In this chapter, I review the study of interstellar dust extinction. Beginning with its

definition, I derive the connection between extinction and the physical properties of

dust, and discuss observational and experimental constraints on these properties. I

then review the development of methodologies for determining extinction curves.

Observed features of extinction curves are reviewed, including the infrared power

law, R(V ), broad structures in the optical, diffuse interstellar bands, and the UV

bump, as these observations are relevant to this thesis. Finally, I review dust evolu-

tion processes and their influence on extinction curves, which provides the basis for

explaining our discovery.

1.2 Physics of Extinction

As starlight passes through the interstellar medium (ISM), it is attenuated by scat-

tering and absorption by ”dust,” the solid grains present in the ISM. These two

processes—scattering and absorption—are collectively referred to as extinction. This

attenuation can be described by the radiative transfer equation:

3



4 Physics of Extinction

dI�(n; s)

ds
= j�(n; s)� ��(s)I�(n; s); (1.1)

where I�(n; s) is the specific intensity of light at wavelength �, as a function of

direction n and distance s. j�(s) is the emissivity of the ISM, and�� is the absorption

coefficient per unit length, which equals the total extinction cross-section of dust:

�� =

Z +1

0

dn(a; s)

da
��(a)da; (1.2)

where n(s) is the number density of grains at wavelength � with effective grain size

� a. The cross-sections (��(a)) from both scattering and absorption are functions

of the effective size of the grain.

At typical ISM temperatures (T � 20–200;K), emission is concentrated at mid-

to far-infrared (mid-IR to far-IR) wavelengths and is negligible from the ultraviolet

(UV) through the near-infrared; that is, j�(n; s) = 0. Equation 1.1 yields:

I�(n; s) = I�(n; 0) exp(���); (1.3)

where �� �
R s

0
��ds =

R +1
0

da
R +1

0
ds dn(��;s)

da
��(a), is the total extinction cross-

section of all dust grains at wavelength � along the line of sight. The quantity �� is

referred to as the optical depth. The commonly used observable extinction, A(�), is

proportional to the optical depth, as defined by:

A(�) � �2:5 log(fobs/fintrinsic) = 1:08 ��; (1.4)

where fobs is the observed flux at wavelength �, and fintrinsic is the “intrinsic” flux if

there were no dust extinction.

Extinction as a function of wavelength, which is proportional to the optical depth

as a function of wavelength, is referred to as the extinction curve.



Cross sections and grain size distribution 5

If the distribution of grain size is uniform along the line of sight, that is,

if the number density can be separated into a a normalized size distribution and an

overall number density term:

n(a; s) = n1(a)n2(s); (1.5)

extinction will be an indicator of the dust column density:

A(�) = 1:086�� /
Z s

0

ds n2(s) (1.6)

This idea is widely used in studies of the ISM. For example, dust extinction is

often used to trace the column density of gas under the assumption that dust and gas

are well mixed. However, this relies on the assumption that the dust size distribution

remains the same along the line of sight. As an example that violates this assump-

tion, if dust grows through accretion, the cross-sections increase and thus extinction

increases, even though the dust column density remains unchanged.

As the ISM density increases, the evolution of dust can affect the cross section

significantly. Changes in extinction can arise from grain size distribution, chemical

composition, alignment of dust grains, etc, making extinction a key observable for

studying dust physics and chemistry. In the following sections, I review the physics

of extinction cross sections and the efforts of modelling on size distribution of dust

components.

1.3 Cross sections and grain size distribution

1.3.1 Mie theory and its extensions

To study the physical properties of dust through extinction, it is essential to link the

cross sections to the dust’s physical morphology and chemical composition. As-



6 Cross sections and grain size distribution

sumptions must be made when relating macroscopic extinction to the microscopic

morphology of dust. The zeroth-order approximation assumes that all dust grains are

spherical, with a single degree of freedom, the radius ”a”. In this case, the scattering

and absorption cross sections (Csca, Cabs) can be calculated using Mie theory, which

provides the solution to Maxwell’s equations. The total extinction cross section,

Cext, is the sum of both cross sections:

Cext = Csca + Cabs (1.7)

In Mie theory, the scattering cross section is

Csca =
�2

2�

1X
n=1

(2n + 1)
�
janj2 + jbnj2

�
; (1.8)

while the absorption cross section is

Cabs =
�2

2�

1X
n=1

(2n + 1)
�
Re (an + bn)�

�
janj2 + jbnj2

��
; (1.9)

where Re() stands for the real part. an and bn are Mie coefficients determined by the

material of the dust grain, wavelength � and the dust grain radius a.

When the grain size a is much smaller than the wavelength �, such as in the case

of dust extinction in the near- or mid-infrared, the extinction predicted byMie theory

approaches the Rayleigh limit:

Csca =
8�

3

�
2�

�

�4�
n2 � 1

n2 + 2

�2

a6: (1.10)

Under the Rayleigh limit, the cross section scales as ��4, meaning that small grains

contribute negligibly to extinction at longer wavelengths. We refer to this as

Conclusion 1.
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In the other extreme case, when a � �, such as for mid- and far-UV photons

extincted by large dust grains, Mie theory approaches the ”extinction paradox”:

Cext = 2�a2; (1.11)

which is twice the geometric area. The factor of 2 is known as the ”extinction para-

dox,” highlighting the difference between classical and quantum mechanics. In this

limit, the extinction cross section becomes independent of the wavelength, so large

dust grains contribute a ògrey termò to the extinction. We refer to this as Con-

clusion 2.

However, in reality, the assumption of spherical dust grains is over simplis-

tic. Spherical grains cannot account for polarized extinction or emission, both of

which require alignment of non-spherical grains. Polarized emission has been ob-

served ubiquitously in all-sky surveys. For example, the Planck survey has re-

vealed large-scale variations in the thermal dust emission (Planck Collaboration

et al., 2020a,b,c), as shown in Figure 1.1. Polarized extinction has also been widely

detected. Serkowski et al. (1975) observed 180 stars and and derived an empirical

relation between the polarization fraction of extincted starlight and wavelength:

p(�)/pmax = exp
�
�1:15 ln2 (�max/�)

�
; (1.12)

where �max is the wavelength where the maximum interstellar linear polarization

pmax occurs.

To account for dust grain alignment without over-complicating the model, re-

searchers usually adopt a first-order approximation: the dust grains are spheroidal,

with one axis shorter then another two equal-length axes: a1 < a2 = a3. Compu-

tation of cross-sections of spheroids is computationally expensive, so I adopt a pre-

computed library (Draine & Hensley, 2021a) in this thesis, which provides average



�� �&�U�R�V�V �V�H�F�W�L�R�Q�V �D�Q�G �J�U�D�L�Q �V�L�]�H �G�L�V�W�U�L�E�X�W�L�R�Q

�)�L�J�X�U�H ���������3�R�O�D�U�L�]�D�W�L�R�Q �I�U�D�F�W�L�R�Q ��p �
p

Q2 + U2/ I �� �R�I �G�X�V�W �W�K�H�U�P�D�O �H�P�L�V�V�L�R�Q �I�U�R�P
�3�O�D�Q�F�N �������� �V�K�R�Z�Q �L�Q �+�(�$�/�3�,�;�� �,�Q �W�K�H �S�U�H�V�H�Q�F�H �R�I �D �P�D�J�Q�H�W�L�F �I�L�H�O�G�� �G�X�V�W �J�U�D�L�Q�V
�D�O�L�J�Q �Z�L�W�K �W�K�H�L�U �O�R�Q�J �D�[�H�V �S�H�U�S�H�Q�G�L�F�X�O�D�U �W�R �W�K�H �P�D�J�Q�H�W�L�F �I�L�O�H�G�� �/�D�U�J�H���V�F�D�O�H �Y�D�U�L�D�W�L�R�Q�V
�L�Q �S�R�O�D�U�L�]�D�W�L�R�Q �D�U�H �H�Y�L�G�H�Q�W �E�R�W�K �D�E�R�Y�H �D�Q�G �E�H�O�R�Z �W�K�H �*�D�O�D�F�W�L�F �S�O�D�Q�H�� �L�Q�G�L�F�D�W�L�Q�J �W�K�H
�G�L�V�W�U�L�E�X�W�L�R�Q �R�I �L�Q�W�H�U�V�W�H�O�O�D�U �P�D�J�Q�H�W�L�F �I�L�O�H�G��

�F�U�R�V�V �V�H�F�W�L�R�Q�V �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �³�H�T�X�L�Y�D�O�H�Q�W �V�L�]�H�´a = ( a1a2a3)1/3 �� �'�H�V�S�L�W�H �W�K�L�V

�D�G�G�H�G �F�R�P�S�O�H�[�L�W�\���&�R�Q�F�O�X�V�L�R�Q�V �� �D�Q�G �� �V�W�L�O�O �K�R�O�G�� �D�V �G�H�P�R�Q�V�W�U�D�W�H�G �L�Q �)�L�J�X�U�H��������

�7�K�H�U�H�I�R�U�H�� �W�R �H�I�I�H�F�W�L�Y�H�O�\ �F�K�D�Q�J�H �U�H�G�G�H�Q�L�Q�J �U�D�W�L�R�V�� �V�X�F�K �D�VA(V)/ E(B � V)�� �W�K�U�R�X�J�K

�H�[�W�H�Q�V�L�R�Q�V �R�I �0�L�H �W�K�H�R�U�\�� �W�K�H �J�U�D�L�Q �V�L�]�H �G�L�V�W�U�L�E�X�W�L�R�Q �Q�H�D�U �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �Z�D�Y�H��

�O�H�Q�J�W�K�V �P�X�V�W �E�H �P�R�G�L�I�L�H�G��

���������� �6�L�]�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �O�D�U�J�H �J�U�D�L�Q�V

�$�V �G�L�V�F�X�V�V�H�G �L�Q �V�H�F�W�L�R�Q������������ �D�W �D �J�L�Y�H�Q �Z�D�Y�H�O�H�Q�J�W�K�� �G�X�V�W �J�U�D�L�Q�V �P�X�F�K �V�P�D�O�O�H�U �W�K�D�Q

�W�K�H �Z�D�Y�H�O�H�Q�J�W�K �F�R�Q�W�U�L�E�X�W�H �Q�H�J�O�L�J�L�E�O�\ �W�R �H�[�W�L�Q�F�W�L�R�Q�� �Z�K�L�O�H �J�U�D�L�Q�V �P�X�F�K �O�D�U�J�H�U �S�U�R��

�G�X�F�H �D �Q�H�D�U�O�\ �Z�D�Y�H�O�H�Q�J�W�K���L�Q�G�H�S�H�Q�G�H�Q�W�� �R�U �´�J�U�H�\���´ �H�[�W�L�Q�F�W�L�R�Q�� �$�V �D �U�H�V�X�O�W�� �I�H�D�W�X�U�H�V �L�Q

�H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �D�U�H �H�I�I�H�F�W�L�Y�H �W�U�D�F�H�U�V �R�I �G�X�V�W �J�U�D�L�Q�V �R�I �Z�K�L�F�K �V�L�]�H�V �D�U�H �F�R�P�S�D�U�D�E�O�H

�W�R �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �Z�D�Y�H�O�H�Q�J�W�K �R�I �O�L�J�K�W �Z�H �D�U�H �L�Q�W�H�U�H�V�W�H�G �L�Q ��a = 10 � 100�Q�P����

�7�K�H�V�H �J�U�D�L�Q�V �D�U�H �U�H�I�H�U�U�H�G �W�R �D�V �³�O�D�U�J�H �J�U�D�L�Q�V�´�� �3�U�H�Y�L�R�X�V �V�W�X�G�L�H�V �V�X�J�J�H�V�W �W�K�D�W �O�D�U�J�H

�J�U�D�L�Q�V �K�D�Y�H �D �G�L�I�I�H�U�H�Q�W �F�K�H�P�L�F�D�O �F�R�P�S�R�V�L�W�L�R�Q �F�R�P�S�D�U�H�G �W�R �V�P�D�O�O �J�U�D�L�Q�V��

�0�D�W�K�L�V �H�W �D�O�������������� �³�0�5�1�´ �P�R�G�H�O�� �I�L�W�W�H�G �W�K�H �R�E�V�H�U�Y�H�G �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �Z�L�W�K

�F�R�P�E�L�Q�D�W�L�R�Q �R�I �V�H�Y�H�U�D�O �G�X�V�W �F�R�P�S�R�Q�H�Q�W�V�� �D�Q�G �I�R�X�Q�G �W�K�D�W �W�K�H �G�X�V�W �J�U�D�L�Q �V�L�]�H �G�L�V�W�U�L�E�X��



�&�U�R�V�V �V�H�F�W�L�R�Q�V �D�Q�G �J�U�D�L�Q �V�L�]�H �G�L�V�W�U�L�E�X�W�L�R�Q��

�)�L�J�X�U�H ���������(�[�W�L�Q�F�W�L�R�Q �F�U�R�V�V �V�H�F�W�L�R�QC�H�[�W�D�V �D �I�X�Q�F�W�L�R�Q �R�I �Z�D�Y�H�O�H�Q�J�W�K �I�R�U �V�S�K�H�U�R�L�G
�G�X�V�W �J�U�D�L�Q�V �Z�L�W�K �H�T�X�L�Y�D�O�H�Q�W �V�L�]�Ha = 2:0 � �P �I�U�R�P �W�K�H �S�U�H�F�R�P�S�X�W�H�G �O�L�E�U�D�U�\ �E�\�'�U�D�L�Q�H
�	 �+�H�Q�V�O�H�\�����������D���� �'�R�W�W�H�G �O�L�Q�H �P�D�U�N�V �W�K�H �H�[�W�L�Q�F�W�L�R�Q �F�U�R�V�V���V�H�F�W�L�R�Q �L�Q �W�K�H �V�P�D�O�O��
�Z�D�Y�H�O�H�Q�J�W�K �O�L�P�L�W�� �R�U �W�K�H �³�H�[�W�L�Q�F�W�L�R�Q �S�D�U�D�G�R�[�´�� �Z�K�L�F�K �H�T�X�D�O�V�W�Z�L�F�H�R�I �W�K�H �S�K�\�V�L�F�D�O
�D�U�H�D�� �%�R�W�K �F�R�Q�F�O�X�V�L�R�Q �� �D�Q�G �� �I�U�R�P �0�L�H �W�K�H�R�U�\ �K�R�O�G �L�Q �W�K�H �V�S�K�H�U�R�L�G �F�D�V�H�� �:�K�H�Q
� << a ��C�H�[�W! 2�a 2�� �7�K�H �H�[�W�L�Q�F�W�L�R�Q �F�R�Q�W�U�L�E�X�W�H�G �E�\ �O�D�U�J�H �J�U�D�L�Q�V �E�H�F�R�P�H �D �J�U�H�\
�W�H�U�P �± �L�Q�G�H�S�H�Q�G�H�Q�W �R�I �Z�D�Y�H�O�H�Q�J�W�K�� �:�K�H�Q� >> a �� �H�[�W�L�Q�F�W�L�R�Q �F�U�R�V�V �V�H�F�W�L�R�Q �E�H�F�R�P�H�V
�Q�H�J�O�L�J�L�E�O�H��

�W�L�R�Q�V �I�R�O�O�R�Z �U�R�X�J�K�O�\ �S�R�Z�H�U �O�D�Z�V�� �Z�L�W�K �D�Q �H�[�S�R�Q�H�Q�W �R�I �D�E�R�X�W �������� �W�R ���������� �%�X�L�O�G�L�Q�J

�X�S�R�Q �W�K�H �0�5�1 �P�R�G�H�O���'�U�D�L�Q�H �	 �/�H�H������������ �S�U�R�S�R�V�H�G �D �P�R�G�H�O �Z�L�W�K �J�U�D�S�K�L�W�H �D�Q�G

�V�L�O�L�F�D�W�H�V�� �:�L�W�K �W�K�H �J�U�D�L�Q �V�L�]�H �P�R�G�H�O �D�G�R�S�W�H�G �I�U�R�P �0�5�1�� �W�K�H �U�H�S�U�R�G�X�F�H�G �H�[�W�L�Q�F�W�L�R�Q

�F�X�U�Y�H�V �D�J�U�H�H �Z�H�O�O �Z�L�W�K �W�K�H �R�E�V�H�U�Y�H�G �U�H�V�X�O�W�V ���'�U�D�L�Q�H �	 �/�H�H�������������� �7�R �D�F�F�R�X�Q�W �W�K�H

�Y�D�U�L�D�W�L�R�Q �R�I �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V���:�H�L�Q�J�D�U�W�Q�H�U �	 �'�U�D�L�Q�H������������ �P�R�G�H�O�H�G �W�K�H �H�[�W�L�Q�F�W�L�R�Q

�F�X�U�Y�H�V �L�Q �W�K�H �0�L�O�N�\ �:�D�\�� �/�0�& �D�Q�G �6�0�& �Z�L�W�K �W�Z�R �G�X�V�W �S�R�S�X�O�D�W�L�R�Q�V�� �D �V�L�O�L�F�D�W�H �S�R�S��

�X�O�D�W�L�R�Q �W�R �D�F�F�R�X�Q�W �I�R�U �O�D�U�J�H �J�U�D�L�Q�V�� �D�Q�G �D �F�D�U�E�R�Q�D�F�H�R�X�V �S�R�S�X�O�D�W�L�R�Q �I�R�U �V�P�D�O�O �J�U�D�L�Q�V��

�=�X�E�N�R �H�W �D�O�������������� �L�Q�W�U�R�G�X�F�H�G �H�O�H�P�H�Q�W�D�O �D�E�X�Q�G�D�Q�F�H �F�R�Q�V�W�U�D�L�Q�W�V �L�Q�W�R �W�K�H �G�X�V�W �J�U�D�L�Q

�V�L�]�H �P�R�G�H�O�� �D�Q�G �I�R�X�Q�G �W�K�D�W �D�F�F�H�S�W�D�E�O�H �V�R�O�X�W�L�R�Q�V �L�Q�F�O�X�G�H �F�R�P�S�R�V�L�W�H �J�U�D�L�Q�V �P�D�G�H �R�I

�V�L�O�L�F�D�W�H�� �R�U�J�D�Q�L�F �P�D�W�H�U�L�D�O�� �Z�D�W�H�U �L�F�H�� �D�Q�G �Y�R�L�G�V���&�R�P�S�L�q�J�Q�H �H�W �D�O�������������� �I�L�W �W�K�H �J�U�D�L�Q

�V�L�]�H �G�L�V�W�U�L�E�X�W�L�R�Q �P�R�G�H�O �Z�L�W�K �W�K�H �I�X�O�O �H�P�L�V�V�L�R�Q �V�S�H�F�W�U�D �R�I �G�X�V�W�� �I�U�R�P �P�L�G���,�5 �W�R �W�K�H

�P�P �U�D�Q�J�H���*�X�L�O�O�H�W �H�W �D�O�������������� �G�H�Y�H�O�R�S�H�G �W�K�H �P�R�G�H�O �R�I�&�R�P�S�L�q�J�Q�H �H�W �D�O�������������� �W�R

�D�F�F�R�X�Q�W �I�R�U �S�R�O�D�U�L�]�H�G �H�P�L�V�V�L�R�Q �D�Q�G �H�[�W�L�Q�F�W�L�R�Q��



���� �&�U�R�V�V �V�H�F�W�L�R�Q�V �D�Q�G �J�U�D�L�Q �V�L�]�H �G�L�V�W�U�L�E�X�W�L�R�Q

�,�Q �W�K�L�V �W�K�H�V�L�V�� �, �D�G�R�S�W �W�K�H �P�R�G�H�O �E�\�+�H�Q�V�O�H�\ �	 �'�U�D�L�Q�H�������������� �L�Q �Z�K�L�F�K �O�D�U�J�H

�J�U�D�L�Q�V �D�U�H �U�H�S�U�H�V�H�Q�W�H�G �E�\ �D �V�L�Q�J�O�H �F�R�P�S�R�V�L�W�H �P�D�W�H�U�L�D�O�� �³�D�V�W�U�R�G�X�V�W�´ ���'�U�D�L�Q�H �	 �+�H�Q�V��

�O�H�\�����������E���� �7�K�H �J�U�D�L�Q �V�L�]�H �G�L�V�W�U�L�E�X�W�L�R�Q �L�V �G�H�W�H�U�P�L�Q�H�G �E�\ �I�L�W�W�L�Q�J �R�I �H�[�W�L�Q�F�W�L�R�Q�� �H�P�L�V��

�V�L�R�Q �D�Q�G �S�R�O�D�U�L�]�D�W�L�R�Q�� �D�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H�������� �&�R�P�E�L�Q�L�Q�J �V�L�]�H �G�L�V�W�U�L�E�X�W�L�R�Q�V �D�Q�G

�F�U�R�V�V���V�H�F�W�L�R�Q�V�� �, �S�U�H�V�H�Q�W �W�K�H �L�Q�L�W�L�D�O �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H �F�R�Q�W�U�L�E�X�W�H�G �E�\ �D�V�W�U�R�G�X�V�W �L�Q �)�L�J��

�X�U�H��������

���������� �(�[�W�L�Q�F�W�L�R�Q �F�U�R�V�V���V�H�F�W�L�R�Q�V �I�U�R�P� ! � � �W�U�D�Q�V�L�W�L�R�Q�V�� �V�P�D�O�O

�J�U�D�L�Q�V

�,�Q �D�G�G�L�W�L�R�Q �W�R �0�L�H �W�K�H�R�U�\ �D�Q�G �L�W�V �H�[�W�H�Q�V�L�R�Q�V�� �W�U�D�Q�V�L�W�L�R�Q�V �R�I �H�O�H�F�W�L�R�Q�V �D�O�V�R �F�R�Q�W�U�L�E�X�W�H �W�R

�H�[�W�L�Q�F�W�L�R�Q�� �(�O�H�F�W�U�R�Q�V �F�D�Q �E�H �H�[�F�L�W�H�G �E�\ �S�K�R�W�R�Q�V�� �D�E�V�R�U�E�L�Q�J �O�L�J�K�W �D�F�U�R�V�V �D �Z�L�G�H �U�D�Q�J�H

�R�I �Z�D�Y�H�O�H�Q�J�W�K�V�� �I�U�R�P �I�D�U���8�9 �W�R �R�S�W�L�F�D�O�� �9�D�U�L�R�X�V �W�\�S�H�V �R�I �H�O�H�F�W�U�R�Q�L�F �W�U�D�Q�V�L�W�L�R�Q�V �F�D�Q

�D�E�V�R�U�E �8�9���R�S�W�L�F�D�O �S�K�R�W�R�Q�V�� �L�Q�F�O�X�G�L�Q�J �W�U�D�Q�V�L�W�L�R�Q�V �I�U�R�P �Q�R�Q���E�R�Q�G�L�Q�J �H�O�H�F�W�U�R�Q �W�R �D�Q�W�L��

�E�R�Q�G�L�Q�J �V�L�J�P�D �R�U�E�L�W�D�O ��n ! � � �� �D�Q�G �I�U�R�P� �E�R�Q�G�L�Q�J �H�O�H�F�W�U�R�Q �W�R �D� �D�Q�W�L���E�R�Q�G�L�Q�J

�P�R�O�H�F�X�O�D�U �R�U�E�L�W�D�O ��� ! � � ���� �7�K�Hn ! � � �Q�H�H�G�V �O�R�Z�H�U �H�Q�H�U�J�\�� �E�X�W �L�W�V �S�U�R�E�D�E�L�O�L�W�\

�L�V �P�X�F�K �O�R�Z�H�U �W�K�D�Q �W�K�D�W �R�I �W�K�H� ! � � �� �7�K�H�U�H�I�R�U�H�� �W�K�H� ! � � �G�R�P�L�Q�D�W�H�V �H�[�W�L�Q�F��

�W�L�R�Q�� �7�K�L�V �D�U�L�V�H�V �I�U�R�P �P�R�O�H�F�X�O�H�V �Z�L�W�K �D�E�X�Q�G�D�Q�W� �E�R�Q�G�V�� �V�X�F�K �D�V �S�R�O�\�F�\�F�O�L�F �D�U�R�P�D�W�L�F

�K�\�G�U�R�F�D�U�E�R�Q�V ���3�$�+�V���� �3�U�H�Y�L�R�X�V �V�W�X�G�L�H�V �L�Q�G�L�F�D�W�H �W�K�D�W �W�K�H�V�H �H�[�W�L�Q�F�W�L�R�Q �I�H�D�W�X�U�H�V �F�R�P�H

�I�U�R�P �V�P�D�O�O �J�U�D�L�Q�V ��. 1 �Q�P����

� ! � � �W�U�D�Q�V�L�W�L�R�Q �K�D�Y�H �E�H�H�Q �S�U�R�S�R�V�H�G �D�V �W�K�H �V�R�X�U�F�H �R�I �W�K�H �������� �c���E�X�P�S�� �W�K�H

�P�R�V�W �S�U�R�P�L�Q�H�Q�W �H�[�W�L�Q�F�W�L�R�Q �I�H�D�W�X�U�H �W�K�D�W �V�S�D�Q�V �Q�H�D�U�� �D�Q�G �I�D�U���8�9���-�R�E�O�L�Q �H�W �D�O��������������

�F�R�P�S�D�U�H�G �R�E�V�H�U�Y�H�G �������� �c���I�H�D�W�X�U�H �Z�L�W�K �O�D�E�R�U�D�W�R�U�\���P�H�D�V�X�U�H�G �D�E�V�R�U�S�W�L�R�Q �I�H�D�W�X�U�H�V
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�L�Q�V�W�U�X�P�H�Q�W�D�O �V�\�V�W�H�P�D�W�L�F�V �� �S�D�U�W�L�F�X�O�D�U�O�\ �L�P�S�R�U�W�D�Q�W �Z�K�H�Q �F�R�P�E�L�Q�L�Q�J �P�X�O�W�L���L�Q�V�W�U�X�P�H�Q�W

�G�D�W�D�V�H�W�V �W�K�D�W �F�R�Y�H�U �G�L�I�I�H�U�H�Q�W �Z�D�Y�H�O�H�Q�J�W�K �U�D�Q�J�H�V�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �W�K�H �P�H�W�K�R�G �U�H�T�X�L�U�H�V



���� �0�H�W�K�R�G�R�O�R�J�L�H�V �I�R�U �G�H�W�H�U�P�L�Q�L�Q�J �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V

�P�L�Q�L�P�D�O �V�D�P�S�O�H �V�L�]�H�V �� �,�Q �S�U�L�Q�F�L�S�O�H�� �D �V�L�Q�J�O�H �S�D�L�U �R�I �U�H�G�G�H�Q�H�G �D�Q�G �V�W�D�Q�G�D�U�G �U�H�I�H�U�H�Q�F�H

�V�W�D�U�V �V�K�R�X�O�G �V�X�I�I�L�F�H�� �+�R�Z�H�Y�H�U�� �W�K�L�V �P�H�W�K�R�G �I�D�F�H�V �W�K�U�H�H �P�D�L�Q �O�L�P�L�W�D�W�L�R�Q�V��

�‡�)�L�Q�G�L�Q�J �U�H�I�H�U�H�Q�F�H �V�W�D�U�V �Z�L�W�K �L�G�H�Q�W�L�F�D�O �W�\�S�H�V �F�D�Q �E�H �F�K�D�O�O�H�Q�J�L�Q�J��

�‡�7�K�H �V�S�H�F�W�U�D�O �I�H�D�W�X�U�H�V �R�I �W�K�H �U�H�I�H�U�H�Q�F�H �V�W�D�U�V �P�D�\ �F�R�Q�W�D�P�L�Q�D�W�H �W�K�H �G�H�U�L�Y�H�G �H�[��

�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V��

�‡�6�W�H�O�O�D�U �H�[�W�L�Q�F�W�L�R�Q �E�H�F�R�P�H�V �Q�H�J�O�L�J�L�E�O�H �R�Q�O�\ �I�R�U �V�W�D�U�V �L�Q �F�O�R�V�H �S�U�R�[�L�P�L�W�\ �W�R �W�K�H

�6�X�Q�� �Z�K�L�F�K �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �O�L�P�L�W�V �E�R�W�K �W�K�H �Q�X�P�E�H�U �R�I �V�X�L�W�D�E�O�H �U�H�I�H�U�H�Q�F�H �V�W�D�U�V �D�Q�G

�W�K�H�L�U �V�S�H�F�W�U�D�O �W�\�S�H�V��

�0�D�Q�\ �V�L�J�Q�L�I�L�F�D�Q�W �G�L�V�F�R�Y�H�U�L�H�V �K�D�Y�H �E�H�H�Q �P�D�G�H �X�V�L�Q�J �W�K�H �S�D�L�U �P�H�W�K�R�G���)�L�W�]�S�D�W�U�L�F�N

�	 �0�D�V�V�D���������������������� �F�R�P�S�D�U�H�G ���� �U�H�G�G�H�Q�H�G �V�W�D�U�V �Z�L�W�K ���� �V�W�D�Q�G�D�U�G �V�W�D�U�V �D�Q�G �G�H�U�L�Y�H�G

�W�K�H�L�U �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �L�Q �8�9 �X�V�L�Q�J �W�K�H �,�Q�W�H�U�Q�D�W�L�R�Q�D�O �8�O�W�U�D�Y�L�R�O�H�W �(�[�S�O�R�U�H�U ���,�8�(�����)�L�W�]��

�S�D�W�U�L�F�N �	 �0�D�V�V�D������������ �I�R�X�Q�G �W�K�D�W �W�K�H �����������c �E�X�P�S �S�R�V�L�W�L�R�Q �L�V �V�W�D�E�O�H�� �E�X�W �W�K�H �E�X�P�S

�Z�L�G�W�K ���)�:�+�0�� �F�D�Q �Y�D�U�\ �I�U�R�P ������ �c �W�R ������ �c�� �7�K�H �Z�L�G�W�K �R�I �W�K�H �E�X�P�S �F�R�U�U�H�O�D�W�H�V �S�R�V��

�L�W�L�Y�H�O�\ �Z�L�W�K �W�K�H �G�H�Q�V�L�W�\ �R�I �W�K�H �G�X�V�W ���)�L�W�]�S�D�W�U�L�F�N �	 �0�D�V�V�D���������������)�L�W�]�S�D�W�U�L�F�N �	 �0�D�V�V�D

������������ �I�R�X�Q�G �W�K�D�W �D�O�O ���� �R�I �W�K�H�L�U �8�9 �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �F�D�Q �E�H �U�H�S�U�H�V�H�Q�W�H�G �E�\ �D �V�L�[��

�S�D�U�D�P�H�W�H�U �P�R�G�H�O�� �N�Q�R�Z�Q �D�V �W�K�H �)�0 �S�D�U�D�P�H�W�H�U�L�]�D�W�L�R�Q �R�I �W�K�H �8�9 �H�[�W�L�Q�F�W�L�R�Q���9�D�O�H�Q�F�L�F

�H�W �D�O�������������� �G�H�U�L�Y�H�G ������ �8�9 �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �L�Q �W�K�H �0�L�O�N�\ �:�D�\ �X�V�L�Q�J �S�D�L�U �P�H�W�K�R�G��

�F�R�P�S�D�U�L�Q�J �W�K�H�L�U �,�8�( �V�S�H�F�W�U�D �Z�L�W�K �W�K�H �U�H�I�H�U�H�Q�F�H �V�W�D�U�V �I�U�R�P�&�D�U�G�H�O�O�L �H�W �D�O���������������� �'�H��

�V�S�L�W�H ������ �R�I �W�K�H �V�L�J�K�W�O�L�Q�H�V �F�D�Q �E�H �G�H�V�F�U�L�E�H�G �E�\ �&�&�0 �S�D�U�D�P�H�W�H�U�L�]�D�W�L�R�Q���9�D�O�H�Q�F�L�F

�H�W �D�O�������������� �U�H�S�R�U�W�H�G �W�K�D�W �� �V�L�J�K�W�O�L�Q�H�V �L�Q �G�H�Q�V�H �P�R�O�H�F�X�O�D�U �F�O�R�X�G�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �G�H�Y�L��

�D�W�H �I�U�R�P �&�&�0�� �8�V�L�Q�J �S�D�L�U �P�H�W�K�R�G���*�R�U�G�R�Q �H�W �D�O�������������� �G�H�U�L�Y�H�G �� �V�L�J�K�W�O�L�Q�H�V �L�Q �W�K�H

�6�0�&�� �D�Q�G ���� �V�L�J�K�W�O�L�Q�H�V �L�Q �W�K�H �/�0�&���*�R�U�G�R�Q �H�W �D�O�������������� �I�R�X�Q�G �W�K�D�W �W�K�H �P�D�M�R�U�L�W�\

�R�I �W�K�H �/�0�&���6�0�& �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �G�R �Q�R�W �I�R�O�O�R�Z �W�K�H �&�&�0 �U�H�O�D�W�L�R�Q�V�K�L�S���*�R�U�G�R�Q

�H�W �D�O�������������� �X�V�H�G �S�D�L�U �P�H�W�K�R�G �I�R�U ���� �V�W�D�U�V �D�Q�G �I�R�X�Q�G �V�W�U�R�Q�J �F�R�U�U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q

a(� )/ A(V) �D�Q�G1/ R(V) �L�Q �W�K�H �I�D�U���8�9 �Z�D�Y�H�O�H�Q�J�W�K �U�D�Q�J�H��

�/�D�U�J�H �V�S�H�F�W�U�R�V�F�R�S�L�F �V�X�U�Y�H�\�V �K�D�Y�H �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �I�D�F�L�O�L�W�D�W�H�G �W�K�H �G�H�U�L�Y�D�W�L�R�Q �R�I �H�[��

�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �X�V�L�Q�J �W�K�H �S�D�L�U �P�H�W�K�R�G �E�\ �S�U�R�Y�L�G�L�Q�J �S�U�H�F�L�V�H �P�H�D�V�X�U�H�P�H�Q�W�V �R�I �V�W�H�O�O�D�U



�0�H�W�K�R�G�R�O�R�J�L�H�V �I�R�U �G�H�W�H�U�P�L�Q�L�Q�J �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V����

�V�S�H�F�W�U�D�O �W�\�S�H�V���<�X�D�Q �H�W �D�O�������������� �E�X�L�O�W �D �O�R�Z���H�[�W�L�Q�F�W�L�R�Q �U�H�I�H�U�H�Q�F�H �V�D�P�S�O�H�V �R�I ������������

�V�W�D�U�V �X�V�L�Q�J �V�W�H�O�O�D�U �S�D�U�D�P�H�W�H�U�V �G�H�U�L�Y�H�G �I�U�R�P �6�'�6�6 �'�5�� �V�S�H�F�W�U�D ���$�E�D�]�D�M�L�D�Q �H�W �D�O����

������������ �:�L�W�K �W�K�H�V�H �U�H�I�H�U�H�Q�F�H �V�W�D�U�V���<�X�D�Q �H�W �D�O�������������� �G�H�W�H�U�P�L�Q�H�G �U�H�G�G�H�Q�L�Q�J �R�I ����������

�K�L�J�K�H�U���H�[�W�L�Q�F�W�L�R�Q �V�W�D�U�V �X�V�L�Q�J �S�K�R�W�R�P�H�W�U�L�F �V�X�U�Y�H�\�V���=�K�D�Q�J �H�W �D�O�������������� �Q�R �U�H�O�D�W�L�R�Q��

�X�V�H�G �F�R�P�P�R�Q �V�W�D�U�V �R�I �/�$�0�2�6�7 �'�5�� ���:�X �H�W �D�O�������������� �D�Q�G �*�D�L�D �;�3 �V�S�H�F�W�U�D ���'�H

�$�Q�J�H�O�L �H�W �D�O���������������0�R�Q�W�H�J�U�L�I�I�R �H�W �D�O�����������������=�K�D�Q�J �H�W �D�O�������������� �E�X�L�O�W �W�K�H �U�H�I�H�U�H�Q�F�H

�V�D�P�S�O�H �R�I ������������ �V�W�D�U�V�� �D�Q�G �X�V�H�G �W�K�H�V�H �V�W�D�U�V �W�R �G�H�U�L�Y�H �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �R�I ��������������

�K�L�J�K���T�X�D�O�L�W�\ �V�R�X�U�F�H�V��

���������� �)�R�U�Z�D�U�G �P�R�G�H�O�O�L�Q�J

�7�K�H �I�R�U�Z�D�U�G �P�R�G�H�O�L�Q�J �P�H�W�K�R�G �G�H�U�L�Y�H�V �L�Q�W�U�L�Q�V�L�F �V�S�H�F�W�U�D �I�U�R�P �W�K�H�R�U�H�W�L�F�D�O �R�U �H�P�S�L�U�L�F�D�O

�P�R�G�H�O�V�� �H�Q�D�E�O�L�Q�J �V�L�P�X�O�W�D�Q�H�R�X�V �G�H�W�H�U�P�L�Q�D�W�L�R�Q �R�I �V�W�H�O�O�D�U �W�\�S�H�V �D�Q�G �H�[�W�L�Q�F�W�L�R�Q �S�D�U�D�P��

�H�W�H�U�V �Z�K�L�O�H �S�U�R�Y�L�G�L�Q�J �V�H�O�I���F�R�Q�V�L�V�W�H�Q�W �H�V�W�L�P�D�W�H�V �I�R�U �E�R�W�K �S�U�R�S�H�U�W�L�H�V�� �8�Q�O�L�N�H �W�K�H �S�D�L�U

�P�H�W�K�R�G�� �W�K�L�V �D�S�S�U�R�D�F�K �F�D�Q �D�Q�D�O�\�]�H �D�Q�\ �V�W�D�U�Z�L�W�K�L�Q �W�K�H �S�D�U�D�P�H�W�H�U �V�S�D�F�H �F�R�Y�H�U�H�G �E�\

�W�K�H �W�U�D�L�Q�L�Q�J �V�H�W�Z�L�W�K�R�X�W �U�H�T�X�L�U�L�Q�J �V�S�H�F�L�I�L�F �O�R�Z���H�[�W�L�Q�F�W�L�R�Q �F�R�X�Q�W�H�U�S�D�U�W�V�� �7�K�H �P�D�L�Q

�F�K�D�O�O�H�Q�J�H�V �R�I �I�R�U�Z�D�U�G �P�R�G�H�O�L�Q�J �L�Q�F�O�X�G�H��

�‡�)�O�X�[ �F�D�O�L�E�U�D�W�L�R�Q �L�V �Q�H�F�H�V�V�D�U�\��

�‡�(�P�S�L�U�L�F�D�O �P�R�G�H�O�V �U�H�T�X�L�U�H �O�D�U�J�H�U �D�Q�G �P�R�U�H �U�H�S�U�H�V�H�Q�W�D�W�L�Y�H �W�U�D�L�Q�L�Q�J �V�H�W�V�� �F�R�P��

�S�D�U�H�G �W�R �W�K�H �S�D�L�U �P�H�W�K�R�G��

�‡�3�R�W�H�Q�W�L�D�O �V�\�V�W�H�P�D�W�L�F �H�U�U�R�U�V �Z�K�H�Q �X�V�L�Q�J �W�K�H�R�U�H�W�L�F�D�O �P�R�G�H�O�V �W�K�D�W �P�D�\ �Q�R�W �I�X�O�O�\

�U�H�S�U�R�G�X�F�H �R�E�V�H�U�Y�H�G �V�S�H�F�W�U�D�O �I�H�D�W�X�U�H�V��

�‡�'�L�I�I�L�F�X�O�W�L�H�V �L�Q �G�H�D�O�L�Q�J �Z�L�W�K �V�\�V�W�H�P�D�W�L�F �H�U�U�R�U�V �Z�K�H�Q �F�R�P�E�L�Q�L�Q�J �G�D�W�D �I�U�R�P �P�X�O��

�W�L�S�O�H �L�Q�V�W�U�X�P�H�Q�W�V��

�7�K�L�V �P�H�W�K�R�G �K�D�V �E�H�H�Q �G�H�Y�H�O�R�S�H�G �R�Y�H�U �D �O�R�Q�J �S�H�U�L�R�G���:�K�L�W�H�R�D�N�����������D�� �G�H�W�H�U��

�P�L�Q�H�G �W�K�H �L�Q�W�U�L�Q�V�L�F �V�S�H�F�W�U�D �R�I �W�K�H�L�U �V�D�P�S�O�H�V �E�\ �I�L�W�W�L�Q�J �W�K�H �R�E�V�H�U�Y�H�G �%�D�O�P�H�U �G�L�V�F�R�Q��

�W�L�Q�X�L�W�L�H�V �Z�L�W�K �W�K�H�R�U�H�W�L�F�D�O �P�R�G�H�O�V���)�L�W�]�S�D�W�U�L�F�N �	 �0�D�V�V�D������������ �G�H�Y�H�O�R�S�H�G �D �P�H�W�K�R�G

�Q�D�P�H�G �³�H�[�W�L�Q�F�W�L�R�Q �Z�L�W�K�R�X�W �V�W�D�Q�G�D�U�G�V�´�� �L�Q �Z�K�L�F�K �W�K�H�\ �I�R�U�P�X�O�D�W�H �W�K�H �R�E�V�H�U�Y�H�G �I�O�X�[



���� �0�H�W�K�R�G�R�O�R�J�L�H�V �I�R�U �G�H�W�H�U�P�L�Q�L�Q�J �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V

��f �R�E�V(� )�� �D�V��

f �R�E�V(� ) = f �D�E�V(�; T �H�I�I; �O�R�Jg;[�0/ �+]; vt )� 2
R10� 0:4E (B � V )[k(� � V )+ R(V )] ; ������������

�Z�K�H�U�H[�0/ �+] �L�V �W�K�H �P�H�W�D�O�O�L�F�L�W�\��vt �L�V �W�K�H �P�L�F�U�R�W�X�U�E�X�O�H�Q�F�H �Y�H�O�R�F�L�W�\�� �D�Q�G� R �L�V �W�K�H

�D�Q�J�X�O�D�U �V�L�]�H �R�I �W�K�H �V�W�D�U��f �D�E�V�L�V �S�U�H�G�L�F�W�H�G �E�\ �W�K�H �W�K�H�R�U�H�W�L�F�D�O �P�R�G�H�O �³�.�X�U�X�F�] �$�7�/�$�6���´

�E�\�.�X�U�X�F�]���������������)�L�W�]�S�D�W�U�L�F�N �	 �0�D�V�V�D������������ �G�H�W�H�U�P�L�Q�H�G �E�R�W�K �V�W�H�O�O�D�U �W�\�S�H�V �D�Q�G �W�K�H

�H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �V�L�P�X�O�W�D�Q�H�R�X�V�O�\ �E�\ �I�L�W�W�L�Q�J �W�K�H �R�E�V�H�U�Y�H�G �V�S�H�F�W�U�D �Z�L�W�K �(�T�X�D�W�L�R�Q����������

�)�L�W�]�S�D�W�U�L�F�N �	 �0�D�V�V�D������������ �D�S�S�O�L�H�G �W�K�L�V �P�H�W�K�R�G �W�R ������ �2�% �V�W�D�U�V�� �D�Q�G �I�R�X�Q�G �W�K�D�W

�W�K�H �Z�L�G�W�K �R�I �W�K�H �����������c �I�H�D�W�X�U�H �Y�D�U�L�H�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\�� �Z�K�L�O�H �W�K�H �Y�D�U�L�D�W�L�R�Q �R�I �W�K�H �F�H�Q�W�U�D�O

�Z�D�Y�H�O�H�Q�J�W�K �L�V �P�L�O�G���)�L�W�]�S�D�W�U�L�F�N �	 �0�D�V�V�D������������ �D�O�V�R �I�R�X�Q�G �W�K�D�W �Q�R �F�O�H�D�U �F�R�U�U�H�O�D�W�L�R�Q

�E�H�W�Z�H�H�QR(V) �D�Q�G �W�K�H �V�K�D�S�H �R�I �W�K�H �8�9 �E�X�P�S �L�Q �W�K�H �P�D�M�R�U�L�W�\ �R�I �W�K�H�L�U �V�L�J�K�W�O�L�Q�H�V��

�+�R�Z�H�Y�H�U�� �I�R�U �V�L�J�K�W�O�L�Q�H�V �Z�L�W�K �K�L�J�K�H�V�WR(V)���)�L�W�]�S�D�W�U�L�F�N �	 �0�D�V�V�D������������ �I�R�X�Q�G �W�K�D�W

�W�K�H �V�W�U�H�Q�J�W�K �R�I �W�K�H �E�X�P�S �L�V �D�Q�W�L���F�R�U�U�H�O�D�W�H�G �Z�L�W�KR(V)�� �,�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �Z�R�U�N���)�L�W�]��

�S�D�W�U�L�F�N �	 �0�D�V�V�D������������ �V�W�X�G�L�H�G �W�K�H �Q�H�D�U���,�5 �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �D�Q�G �F�R�Q�I�L�U�P�H�G �W�K�D�W �W�K�H

�H�[�S�R�Q�H�Q�W �L�Q �W�K�H �S�R�Z�H�U �O�D�Z �R�I �,�5 �H�[�W�L�Q�F�W�L�R�Q��� �� �L�V �D�Q�W�L���F�R�U�U�H�O�D�W�H�G �Z�L�W�KR(V)�� �)�L�W�]��

�S�D�W�U�L�F�N �H�W �D�O�������������� �G�H�U�L�Y�H�G ���� �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �Z�L�W�K �W�K�L�V �P�H�W�K�R�G�� �D�Q�G �I�R�X�Q�G �Y�D�U�L�R�X�V

�V�W�U�X�F�W�X�U�H�V �R�Q �W�K�H �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �W�K�D�W �D�U�H �L�Q�G�H�S�H�Q�G�H�Q�W �R�IR(V)��

���������� �'�D�W�D���'�U�L�Y�H�Q �I�R�U�Z�D�U�G �P�R�G�H�O�L�Q�J

�6�W�X�G�L�H�V �X�V�L�Q�J �I�R�U�Z�D�U�G �P�R�G�H�O�L�Q�J �K�D�Y�H �E�H�H�Q �O�L�P�L�W�H�G �W�R �2���% �V�W�D�U�V �G�X�H �W�R �W�K�H�L�U �K�L�J�K

�8�9 �E�U�L�J�K�W�Q�H�V�V�� �2�% �V�W�D�U�V �D�O�V�R �H�[�K�L�E�L�W �U�H�O�D�W�L�Y�H�O�\ �V�L�P�S�O�H �V�S�H�F�W�U�D �W�K�D�W �D�U�H �H�D�V�L�H�U �W�R

�P�R�G�H�O �Z�L�W�K �W�K�H�R�U�\�� �+�R�Z�H�Y�H�U�� �2���% �V�W�D�U�V �D�U�H �V�S�D�U�V�H�O�\ �G�L�V�W�U�L�E�X�W�H�G �L�Q �W�K�H �0�L�O�N�\ �:�D�\��

�P�D�N�L�Q�J �L�W �G�L�I�I�L�F�X�O�W �W�R �W�U�D�F�H �W�K�H ���' �Y�D�U�L�D�W�L�R�Q �R�I �G�X�V�W �S�U�R�S�H�U�W�L�H�V�� �)�L�J�X�U�H������ �V�K�R�Z�V

�W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �P�H�D�V�X�U�H�G �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �W�R�Z�D�U�G�V �2���% �V�W�D�U�V �E�\�9�D�O�H�Q�F�L�F �H�W �D�O��

������������ �D�Q�G�*�R�U�G�R�Q �H�W �D�O���������������� �,�Q �F�R�Q�W�U�D�V�W�� �P�R�G�H�U�Q �S�K�R�W�R�P�H�W�U�L�F �D�Q�G �V�S�H�F�W�U�R�V�F�R�S�L�F

�V�X�U�Y�H�\�V �L�Q�F�O�X�G�H �Q�X�P�H�U�R�X�V �Q�R�Q���2���% �V�W�D�U�V �W�K�D�W �K�D�Y�H �S�U�R�Y�H�Q �Y�D�O�X�D�E�O�H �I�R�U �H�[�W�L�Q�F�W�L�R�Q



�0�H�W�K�R�G�R�O�R�J�L�H�V �I�R�U �G�H�W�H�U�P�L�Q�L�Q�J �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V����

�V�W�X�G�L�H�V �W�K�U�R�X�J�K �W�K�H �S�D�L�U �P�H�W�K�R�G ���V�H�H �6�H�F�W�L�R�Q��������������

�2�Y�H�U �W�K�H �S�D�V�W �G�H�F�D�G�H�� �V�L�J�Q�L�I�L�F�D�Q�W �S�U�R�J�U�H�V�V �K�D�V �E�H�H�Q �P�D�G�H �W�K�U�R�X�J�K �W�K�H �G�D�W�D���G�U�L�Y�H�Q

�I�R�U�Z�D�U�G �P�R�G�H�O�L�Q�J�� �Z�K�L�F�K �F�R�P�E�L�Q�H�V �W�K�H �D�G�Y�D�Q�W�D�J�H�V �R�I �E�R�W�K �P�H�W�K�R�G�� �7�K�H �J�H�Q�H�U�D�O

�L�G�H�D �L�V �W�R �V�L�P�X�O�W�D�Q�H�R�X�V�O�\ �O�H�D�U�Q �L�Q�W�U�L�Q�V�L�F �V�S�H�F�W�U�D �D�Q�G �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �G�L�U�H�F�W�O�\ �I�U�R�P

�R�E�V�H�U�Y�D�W�L�R�Q�D�O �G�D�W�D �Z�K�L�O�H �P�L�Q�L�P�L�]�L�Q�J �D�V�V�X�P�S�W�L�R�Q�V �R�Q �W�K�H�L�U �P�D�W�K�H�P�D�W�L�F�D�O �I�R�U�P�V�� �7�K�L�V

�P�H�W�K�R�G �K�D�V �W�Z�R �N�H�\ �D�G�Y�D�Q�W�D�J�H�V��

�‡�6�H�O�I���F�R�Q�V�L�V�W�H�Q�F�\�� �%�R�W�K �L�Q�W�U�L�Q�V�L�F �V�S�H�F�W�U�D �D�Q�G �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �D�U�H �O�H�D�U�Q�H�G �G�L��

�U�H�F�W�O�\ �I�U�R�P �W�K�H �G�D�W�D�� �Z�L�W�K �L�Q�V�W�U�X�P�H�Q�W�D�O �V�\�V�W�H�P�D�W�L�F�V �D�F�F�R�X�Q�W�H�G��

�‡�3�R�S�X�O�D�W�L�R�Q���E�D�V�H�G �O�H�D�U�Q�L�Q�J�� �%�R�W�K �H�[�W�L�Q�F�W�L�R�Q �D�Q�G �V�S�H�F�W�U�D�O �S�U�R�S�H�U�W�L�H�V �D�U�H �L�Q��

�I�H�U�U�H�G �I�U�R�P �W�K�H �O�D�U�J�H �Q�X�P�E�H�U �R�I �V�S�H�F�W�U�D �L�Q �W�K�H �W�U�D�L�Q�L�Q�J �V�H�W�� �Z�K�L�F�K �D�Y�R�L�G�V �E�L�D�V

�I�U�R�P �L�Q�G�L�Y�L�G�X�D�O �U�H�I�H�U�H�Q�F�H �V�W�D�U�V��

�&�R�P�E�L�Q�L�Q�J �$�3�2�*�(�( ���0�D�M�H�Z�V�N�L �H�W �D�O�������������� �V�W�H�O�O�D�U �S�D�U�D�P�H�W�H�U�V �D�Q�G �S�K�R�W�R�P�H�W��

�U�L�F �V�X�U�Y�H�\�V �3�D�Q���6�7�$�5�5�6�� ���+�R�G�D�S�S �H�W �D�O���������������� ���0�$�6�6 ���6�N�U�X�W�V�N�L�H �H�W �D�O��������������

�D�Q�G �:�,�6�( ���:�U�L�J�K�W �H�W �D�O�����������������6�F�K�O�D�I�O�\ �H�W �D�O�������������� �P�H�D�V�X�U�H�G �Y�D�U�L�D�W�L�R�Q �R�I �H�[�W�L�Q�F��

�W�L�R�Q �F�X�U�Y�H�V �I�R�U ������������ �V�W�D�U�V�� �/�L�N�H �I�R�U�Z�D�U�G �P�R�G�H�O�L�Q�J�� �W�K�H�\ �I�R�U�P�X�O�D�W�H �W�K�H �R�E�V�H�U�Y�H�G

�S�K�R�W�R�P�H�W�U�L�F �G�D�W�D �D�V��

m i = f (T�H�I�I;�L; [�)�H/ �+]i ) + � i + R 0E 0
i ; ������������

�Z�K�H�U�Hm i �L�V �W�K�H �Y�H�F�W�R�U �R�I �W�K�H ���� �S�K�R�W�R�P�H�W�U�L�F �E�D�Q�G�V �R�I �W�K�H �V�W�D�U��i �L�V �W�K�H �L�Q�G�H�[ �R�I �V�W�D�U�V��

� i � 5 �O�R�J(d/10 �S�F) �L�V �W�K�H �G�L�V�W�D�Q�F�H �P�R�G�X�O�X�V��R 0 �L�V �W�K�H �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�� �D�Q�GE 0
i �L�V

�D �V�F�D�O�D�U �W�K�D�W �U�H�S�U�H�V�H�Q�W�V �W�K�H �D�P�R�X�Q�W �R�I �H�[�W�L�Q�F�W�L�R�Q��f (T�H�I�I;�L; [�)�H/ �+]i ) �U�H�S�U�H�V�H�Q�W�V �W�K�H

�³�L�Q�W�U�L�Q�V�L�F�´ �V�S�H�F�W�U�D ���X�Q�U�H�G�G�H�Q�H�G�� �R�E�V�H�U�Y�H�G �D�W ���� �S�F�� �D�V �D �I�X�Q�F�W�L�R�Q �R�I �H�I�I�H�F�W�L�Y�H �W�H�P��

�S�H�U�D�W�X�U�H �D�Q�G �P�H�W�D�O�O�L�F�L�W�\�� �,�Q�V�W�H�D�G �R�I �X�V�L�Q�J �W�K�H�R�U�H�W�L�F�D�O �P�R�G�H�O�V���6�F�K�O�D�I�O�\ �H�W �D�O��������������

�D�V�V�X�P�H�Gf �L�V �X�Q�N�Q�R�Z�Q�� �D�Q�G �S�D�U�D�P�H�W�H�U�L�]�H�G �L�W �X�V�L�Q�J �S�R�O�\�Q�R�P�L�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �Z�L�W�K

�W�K�H �F�R�H�I�I�L�F�L�H�Q�W�V �O�H�D�U�Q�H�G �I�U�R�P �W�K�H �G�D�W�D��

�7�K�L�V �D�S�S�U�R�D�F�K �L�V �H�T�X�L�Y�D�O�H�Q�W �W�R �P�R�G�H�O�L�Q�J �W�K�H �L�Q�W�U�L�Q�V�L�F �V�S�H�F�W�U�D �R�E�V�H�U�Y�H�G �W�K�U�R�X�J�K



���� �0�H�W�K�R�G�R�O�R�J�L�H�V �I�R�U �G�H�W�H�U�P�L�Q�L�Q�J �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V

�W�K�H �S�K�R�W�R�P�H�W�U�L�F �L�Q�V�W�U�X�P�H�Q�W�V�� �Z�K�L�F�K �D�Y�R�L�G�V �W�K�H �F�R�P�S�O�L�F�D�W�L�R�Q�V �I�U�R�P �L�Q�V�W�U�X�P�H�Q�W�D�O �E�L��

�D�V�H�V �D�V �L�Q �W�K�H �W�U�D�G�L�W�L�R�Q�D�O �I�R�U�Z�D�U�G �P�R�G�H�O�L�Q�J�� �8�Q�O�L�N�H �W�K�H �S�D�L�U �P�H�W�K�R�G�� �W�K�L�V �P�H�W�K�R�G

�D�O�O�R�Z�V �H�[�W�L�Q�F�W�L�R�Q �F�X�U�Y�H�V �W�R �E�H �F�R�Q�V�W�U�D�L�Q�H�G �I�R�U �V�W�D�U�V �W�K�D�W �G�R �Q�R�W �K�D�Y�H �X�Q�U�H�G�G�H�Q�H�G

�F�R�X�Q�W�H�U�S�D�U�W�V��

�6�F�K�O�D�I�O�\ �H�W �D�O�������������� �I�R�X�Q�GR(V) �Y�D�U�L�D�W�L�R�Q�V �W�K�D�W �K�D�Y�H �V�L�J�Q�L�I�L�F�D�Q�W �O�D�U�J�H�U �V�F�D�O�H�V

�W�K�D�Q �W�K�H �W�\�S�L�F�D�O �V�L�]�H �R�I �P�R�O�H�F�X�O�D�U �F�O�R�X�G�V���6�F�K�O�D�I�O�\ �H�W �D�O�������������� �D�O�V�R �I�R�X�Q�G �D�Q�W�L��

�F�R�U�U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�QR(V) �D�Q�G �V�S�H�F�W�U�D�O �L�Q�G�H�[ ��� ���� �R�I �W�K�H �G�X�V�W �H�P�L�V�V�L�Y�L�W�\�� �Z�K�L�F�K �V�H�W

�F�R�Q�V�W�U�D�L�Q�W�V �R�Q �W�K�H �G�X�V�W �H�Y�R�O�X�W�L�R�Q �P�R�G�H�O�V �D�V �E�R�W�K �S�D�U�D�P�H�W�H�U�V �D�U�H �W�U�D�F�H�U�V �R�I �J�U�D�L�Q �V�L�]�H

�G�L�V�W�U�L�E�X�W�L�R�Q��

�7�K�H �N�H�\ �O�L�P�L�W�D�W�L�R�Q �R�I �W�K�H �Z�R�U�N �E�\�6�F�K�O�D�I�O�\ �H�W �D�O�������������� �L�V �W�K�H �F�U�R�V�V���P�D�W�F�K�L�Q�J

�E�H�W�Z�H�H�Q �S�K�R�W�R�P�H�W�U�L�F �V�X�U�Y�H�\�V �D�Q�G �W�K�H �$�3�2�*�(�( �V�S�H�F�W�U�R�V�F�R�S�L�F �V�X�U�Y�H�\ �I�R�U �S�U�H�F�L�V�H

�V�W�H�O�O�D�U �S�D�U�D�P�H�W�H�U�V�� �7�K�H�L�U �V�H�O�H�F�W�H�G ������������ �V�W�D�U�V �U�H�S�U�H�V�H�Q�W�V� 1/4 �R�I �D�O�O �$�3�2�*�(�(

�'�5���� �V�R�X�U�F�H�V�� �E�X�W �D�U�H �R�Q�O�\� 10� 4 �R�I �W�K�H �V�W�D�U�V �L�Q �W�K�H �S�K�R�W�R�P�H�W�U�L�F �V�X�U�Y�H�\�V��

�$�G�G�U�H�V�V�L�Q�J �W�K�L�V �O�L�P�L�W�D�W�L�R�Q���*�U�H�H�Q �H�W �D�O�������������� �G�H�Y�H�O�R�S�H�G �D �G�D�W�D���G�U�L�Y�H�Q �P�R�G�H�O

�W�K�D�W �H�[�S�D�Q�G�V �W�K�H �D�S�S�O�L�F�D�E�L�O�L�W�\ �R�I �G�D�W�D���G�U�L�Y�H�Q �I�R�U�Z�D�U�G �P�R�G�H�O�L�Q�J �E�\ �S�U�H�G�L�F�W�L�Q�J �L�Q�W�U�L�Q��

�V�L�F �V�S�H�F�W�U�D �G�L�U�H�F�W�O�\ �I�U�R�P �S�K�R�W�R�P�H�W�U�L�F �G�D�W�D�� �,�G�H�D�O�O�\�� �Z�K�H�Q �W�K�H�U�H �D�U�H �P�R�U�H �S�K�R�W�R�P�H�W�U�L�F
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