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Zusammenfassung

Prézise Messungen stellarer Elementhiufigkeiten sind ein fundamentales Werkzeug der galaktischen Archéolo-
gie und entscheidend fiir das Verstindnis der Geschichte der Milchstralde. Traditionelle Modellierungstech-
niken basieren auf eindimensionalen (1D), hydrostatischen Sternatmosphéren und lokalen thermodynamis-
chen Gleichgewicht (LTE) bei der Spektralsynthese, was sich zunehmend als unzureichend erwiesen hat. In
dieser Dissertation untersuche ich, wie sich der Verzicht auf 3D Strahlungshydrodynamik (RHD) und non-LTE
(NLTE) Strahlungstransfer auf unser Verstdndnis der galaktischen Entwicklung auswirkt. Anhand von NLTE-
Haufigkeiten von Ni und Fe stelle ich fest, dass LTE-Trends félschlicherweise auf eine Dominanz klassischer Typ-
Ia-Supernovae (SNe Ia) hindeuten, wihrend in NLTE die Entwicklung von [Ni=Fe] am besten durch 80%
sub-Chandrasekhar SNe Ia beschrieben wird. Um diese Modellierungseinschrankungen zu iiberwinden, stelle
ich M3DIS vor - einen neuen, hoch effizienten und flexiblen Code zur Berechnung 3D-RHD-basierter Sternat-
mosphérenmodelle. M3DIS kann Atmosphiren vom FGK-Typ in weniger als 5000 CPU-h relaxieren, was auf
mittelgroen Computerclustern innerhalb von 24 h realisierbar ist. Mit diesen neu entwickelten Werkzeugen
richte ich den Fokus auf die metalldrmsten Sterne der Galaxie, die hiufig eine deutliche Kohlenstoffanre-
icherung aufweisen (CEMP Sterne), und finde starke 3D-Effekte (bis zu 0.7 dex) auf die Kohlenstoffhiu-
figkeiten. Je nach Metallizitdt reduziert dies den Anteil an CEMP-Sternen um bis zu  30%, was auf einen
um 20 % geringeren Beitrag schwacher Supernovae in der frithen Galaxie hinweist. Diese Dissertation unter-
streicht die Notwendigkeit von 3D NLTE in der galaktischen Archéologie und liefert die Werkzeuge, um diese

zum neuen Standard der Astronomie zu machen.

Abstract

Precise measurements of stellar chemical abundances are the fundamental tool in Galactic Archaeology, and
key to unraveling the formation and evolutionary history of the Milky Way Galaxy. Traditional modeling
techniques assume 1D hydrostatic stellar atmospheres and local thermodynamic equilibrium (LTE) in the
spectrum synthesis, which is increasingly shown to be inadequate. In this thesis, I investigate how the neglect
of 3D radiation hydrodynamics (RHD) and non-LTE (NLTE) radiative transfer influences our understanding
of Galactic evolution. By deriving NLTE abundances of Ni and Fe for a large stellar sample, I find that LTE
trends wrongfully suggest the dominance of classical type Ia supernovae (SNe Ia), while in NLTE, the [Ni=Fe]
evolution is best reproduced by 80 % sub-Chandrasekhar-mass SNe Ia. To overcome these limitations of the
current modeling, I present M3DIS, a new, highly efficient, and flexible code for constructing 3D RHD models
of stellar atmospheres. M3DIS can relax FGK-type atmospheres in under 5000 CPU-h, achievable within 24 h
on intermediate-size clusters. Using these newly developed tools, I shift the focus towards the most metal-poor
stars, which are found to be carbon-enhanced (CEMP stars) in large quantities, and find large 3D effects (up
to 0.7dex) on C abundances. Depending on the metallicity, this reduces the overall CEMP fraction by up
to  30%, which suggest a 20 % lower contribution from faint supernovae in the early Galaxy. This thesis
underlines the need for 3D NLTE modeling in Galactic Archaeology, and provides the tools to make them the

new standard in astronomy.
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Personal Motivation

It has always fascinated me that the tiny points of light scattered across the night sky are, in
truth, enormous balls of gas, unimaginably large, massive, and hot, held together by gravity
and situated at distances that stretch the limits of human understanding. Yet, despite all
that, they are not beyond our reach. Each photon they send is essentially like a page out
of their diary — containing information about themselves, the life of their ancestors, the
environment they reside in, and how they will eventually perish — written in a language that
we do not understand. It is through the tools of astrophysics — and in particular, through
methods of spectroscopy and a deeper physical understanding about the interior of stars —
that we are able to translate their message step-by-step.

In recent years, large-scale spectroscopic surveys such as APOGEE, GALAH, LAMOST, and
Gaia-ESO have signi cantly increased the availability of high-resolution spectroscopic data.
These efforts have produced vast data sets, containing millions of stellar spectra across
various stellar types and Galactic environments, rich with physical and chemical data that
await interpretation. Despite signi cant advancements in stellar atmosphere models and
spectral analysis — evolving from basic one-dimensional (1D) hydrostatic models in local
thermodynamic equilibrium (LTE) to comprehensive three-dimensional (3D) simulations of
sub-surface convection and the photosphere — they still fall short due to numerical complex-
ity and cannot yet process the vast in ux of spectral data. Therefore, only simpli ed models
are applied to interpret the spectra from these millions of stars, which may in the end result
in misconceptions about the environment they reside in and what their progenitors are.

In this thesis, | show that the use of classical models leads to a distorted understanding
of how most white dwarfs exploded in the history of the galaxy and how the rst stars
ended their lives. | furthermore aim to bridge the gap between models and observations by
developing a new 3D radiation-hydrodynamics code that will make on-the-y 3D non-LTE
spectra tting possible for the upcoming PLATO and 4MOST surveys and will nally allow
us to understand better what stars were telling us all along.
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“Our telescopes may probe farther and farther into the depths of space; but (...) what
appliance can pierce through the outer layers of a star and test the conditions within? (...)
We learn what we do learn by awaiting and interpreting the messages dispatched to us by the
objects of nature.” — Sir Arthur S. Eddington (1926)



1 Introduction

The starlight that reaches us contains vast information about cosmic history, star formation,
and galaxy evolution. The dispersion of this light into spectra reveals the physical state, ef-
fective temperature, surface gravity, and chemical composition of these stars. The chemical
composition in particular serves as a record of the stellar history, shedding light on their
origins and evolution. Accurately measuring these elemental abundances in different stars
— with vastly different masses, lifetimes, and ages — across the entire Galaxy allows for the
reconstruction of the history of the Milky Way and is thus of major interest across astronomy.

1.1 Stellar Spectroscopy

The quantitative study of stellar spectra began with the discovery of dark lines in the solar
spectrum by Joseph von Fraunhofer in 1814. However, the signi cance of these ndings
became evident only 45 years later when Gustav Kirchhoff and Robert Bunsen identi ed
that these dark lines matched the emission lines observed in their newly developed “ ame
spectroscopy” in speci ¢ elements. This discovery led them to deduce the presence of these
elements in the outer layers of the Sun, since they absorb light at these speci ¢c wavelengths
(Kirchhoff 1860). Subsequent analyses of stellar spectra resulted in the development of the
O, B, A, F, G, K, M classi cation system, still used today, and led to the conclusion that stars
are essentially hot planets containing the same metals as found on Earth.

In 1925, Cecilia Payne-Gaposchkin was the rst to apply the newly developed Saha equa-
tion, which connects element ionization stages to surrounding temperatures, demonstrating
that the spectral class sequence can be explained by varying ionization equilibria in stars of
different temperatures, not diverse chemical compositions (Payne-Gaposchkin 1925). She
discovered that stars possess metal abundances similar to Earth, but contain far more hy-
drogen and helium. Her work revealed that hydrogen and helium are the primary elements
in stars and the universe, establishing the foundations for stellar physics and chemical evo-
lution.

To determine information about stars from observations of their spectra, models of the outer
stellar layers are crucial, as these regions have low enough densities to allow radiation to

1



1.1 STELLAR SPECTROSCOPY

escape. Thesenodel atmosphergsvhich describe the physical conditions in these layers, are
essential to predict the spectral line shapes for speci c stellar parameters and abundances,
allowing for a comparison with observations (Gray 1992). Historically, quantitative stellar
spectroscopy relied on one-dimensional (1D) models in hydrostatic equilibrium (HE), as-
suming local thermodynamic equilibrium (LTE) with the radiation eld. The rst grids of
these models computed by Gustafsson et al. (1975) and Kurucz (1979) enabled the ef cient
modeling of spectral features and derivatives of them are still the base-line for stellar diag-
nostics today when analyzing spectra from millions of stars in large spectroscopic surveys
(e.g. Gilmore et al. 2012; Jonsson et al. 2020; Xiang et al. 2019; Buder et al. 2024).

However, as observational techniques and computational resources improve, the limitations
of 1D HE models become more and more apparent. It is not at least direct observations of
the Sun which reveal that the solar surface is covered with a complex, time-dependent
granular pattern, a complicated velocity eld which cannot be described by a 1D gas at
rest. Parameterizations such as theMixing-Length Theory(MLT, Prandtl 1925; Henyey et al.
1965) were adopted to — at least approximately — account for the in uence of convective
motions on the atmospheric structure (Gustafsson et al. 2008), while additional ad hoc
broadening parameters such as micro- and macro-turbulence were introduced to match
observed spectral line shapes (e.g. Struve & Elvey 1934; Gray 1973). These parameters
are not emerging self-consistently from models and hence need additional calibration (e.g.
Barklem et al. 2002). Besides these inconsistencies, it is furthermore found that observed
spectral lines show asymmetries and convective shifts (e.g. Dravins et al. 1981; Balthasar
1984; Allende Prieto et al. 2002; Lohner-Bottcher et al. 2019), which are not reproduced
in the 1D HE framework (Asplund et al. 2000) and hence motivate the development of
physically more realistic models of stellar atmospheres.

Given that stellar convective motions are intrinsically three-dimensional and time-dependent,
the logical progression is transitioning from 1D HE to time-dependent, three-dimensional
radiation-hydrodynamics (3D RHD) simulations. These simulations aim to accurately model
the turbulent structure and convective velocity elds in stellar atmospheres, including the
photosphere crucial for spectral line formation. The rst 3D stellar atmosphere models
were developed by Nordlund (1982), successfully simulating solar granulation. Advances
in computing infrastructure and numerical methods have since enabled the development of
improved 3D RHD models with higher spatial resolution and more precise radiation han-
dling (Ludwig et al. 1990) that span extended stellar periods. Notable examples here are
the STAGGERg. Nordlund & Galsgaard 1995; Collet et al. 2007; Magic et al. 2013a; Col-
let et al. 2011), COBOLDQe.g. Freytag et al. 1996; Freytag & Hofner 2008; Ludwig et al.
2009a; Freytag et al. 2012; Ludwig & Steffen 2016), and MURald.g. Vogler et al. 2004,
2005; Rempel 2014) codes. In the past, these codes have been successfully applied to simu-
lations of red giant (e.g. Wedemeyer et al. 2017; Klevas et al. 2017) and red supergiant stars

2



1.1 STELLAR SPECTROSCOPY

(Chiavassa et al. 2009), small-scale dynamo magnetic elds (e.g. Rempel 2014; Witzke et al.
2023; Riva et al. 2024), coronae (e.g. Rempel 2017), and complex chromosphere radiative
transfer (Gudiksen et al. 2011; Przybylski et al. 2022).

Despite signi cant improvements in 3D models over time, it is mainly computational com-
plexity that prevents them from replacing classical 1D HE models for large-scale applica-
tions and limits their applicability to the detailed analysis of individual stars or small stellar
samples. Although major achievements in this context were accomplished by Ludwig et al.
(2009a) and Magic et al. (2013a); Rodriguez Diaz et al. (2024), who developed the rst
grids of 3D atmospheres, CIFIST and theSTAGGEJRd, respectively, the existing grids of
model atmospheres are either not publicly available and or rather sparsely sampling the
stellar parameter space (see Sec. 2.1.7). Because the creation of a single model atmosphere
with the codes in use today may require weeks of computation time (C. Lagae, priv. conv.) —
and the codes furthermore are not public — 3D RHD models at the moment are not capable
of replacing 1D HE models for large-scale applications.

The computation of 3D spectra in the post-processing is furthermore computationally de-
manding. To complicate things further, there have been a number of studies who nd a
signi cant in uence of non-local thermodynamic equilibrium (non-LTE, NLTE) effects on
abundances derived using 1D and also 3D stellar atmospheres of late-type stars.

A frequent issue identi ed in multiple studies is that abundances derived from lines with
different lower energy level excitation potentials — or different ions of the same species — are
inconsistent, which has been attributed to ignoring NLTE effects (e.g. Athay & Lites 1972;
Ruland et al. 1980; Feltzing & Gustafsson 1998; Bergemann & Gehren 2008; Bergemann
2011; Bergemann et al. 2012a; Sneden et al. 2016; Bergemann et al. 2019). Furthermore,
abundances determined under the LTE approximation can differ signi cantly from those de-
rived with NLTE methods, which has been extensively analyzed for various different species
such as, e.g. H (Mashonkina et al. 2008), Li (Asplund et al. 1999; Lind et al. 2009, 2013),
and O (Bergemann et al. 2021), Fe-peak elements (Scott et al. 2015) such as Mn (Berge-
mann & Gehren 2008; Bergemann et al. 2019), Fe (Thévenin & Idiart 1999; Bergemann
et al. 2012a; Lind et al. 2012), Ni (Bergemann et al. 2021), and Cr (Bergemann & Cescultti
2010), but also heavier elements (Mashonkina & Gehren 2000; Mashonkina et al. 2008;
Gallagher et al. 2020; Mashonkina & Romanovskaya 2022; Storm & Bergemann 2023).

It has also been shown in studies of individual stars, such as selected late-type stars, metal-
poor stars, or the Sun (e.g. Asplund et al. 1999, 2009; Ludwig et al. 2009b; Ludwig &
Steffen 2016; Bergemann et al. 2019, 2021; Lagae et al. 2023; Lind & Amarsi 2024) that the
dynamic velocity elds in combination with temperature and density variations in 3D RHD
model atmospheres directly in uence the shape of spectral lines and thus stellar parameters
and abundances derived from observations. They additionally have been shown to in uence

3



1.2 GALACTIC ARCHEOLOGY

the statistical equilibrium of different species and therefore may impact the departures from
LTE differently than observed in 1D studies, which means that the effects of 3D and NLTE
are intertwined and can not be studied individually. A complete 3D NLTE treatment of the
radiation eld thus seems to be necessary in order to accurately derive stellar parameters,
speci cally for Fe-peak elements in metal-poor and/ or red giant stars (Asplund et al. 1999;
Bergemann et al. 2019).

Studies exploring 3D NLTE effects for certain species in stellar samples of a few 100 stars
exist (e.g. Storm et al. 2025), but computational restrictions often limit them to either an
average 3D (< 3D>) analysis or interpolation within a grid of 3D NLTE 1D LTE abundance
corrections. The former accurately represents the average differences between 3D and 1D
model atmospheres but fails to address temperature inhomogeneities and the full velocity
distributions (e.g. Holzreuter & Solanki 2013; Amarsi et al. 2016). The latter captures the
complete 3D atmospheric nature but depends on spectral line equivalent widths rather than
direct observation tting, and is indirectly in uenced by hyperparameters like microturbu-
lence and mixing-length used to derive 1D LTE abundances. Both methods are limited by
the sparse availability of current 3D model atmosphere grids. A robust 3D NLTE t is the
most reliable method for determining stellar abundances, which requires the resolution of
computational issues when the objective is to apply 3D NLTE methods to millions of stars.

1.2 Galactic Archeology

It is precisely this analysis of stellar abundances across a broad, extensive population of stars
that is needed for a comprehensive understanding of the Galactic chemical evolution (GCE)
and the evolution of individual stellar populations (Matteucci 2003; Tornatore et al. 2007;
Matteucci 2014). Studies of this kind offer constraints on different nucleosynthesis sites —
such as core-collapse (CC, e.g. Woosley et al. 2002; Portinari et al. 1998; Kobayashi et al.
2006; Nomoto et al. 2006; Limongi & Chief 2018) and type-la (e.g. Fink et al. 2010; Seiten-
zahl et al. 2013a; Ruiter 2020) supernovae (SNe), asymptotic giant branch (AGB) feedback
(e.g. Marigo 2001; Karakas 2010; Karakas & Lattanzio 2014), or neutron star (NS) merg-
ers (e.g. Bauswein et al. 2013; Rosswog et al. 2014) — as well as the overall star formation
histories and their environmental characteristics (Coté et al. 2017; C6té 2018). Using GCE
models (Matteucci 2003), which simulate the chemical history of stellar populations over
time, one can derive insights by comparing them with observed abundance patterns.

Although GCE models exist with increasing complexity — from classical models (Chiappini
et al. 1997), over radial migration (Sellwood & Binney 2002; Schonrich & Binney 2009;
Grand et al. 2015), galaxy mergers (Mihos & Hernquist 1996; Springel et al. 2005), Galac-
tic winds driven by supernova feedback (Strickland & Heckman 2009; Smith et al. 2018),
or halo formation (Heger & Woosley 2002, 2010; Hartwig et al. 2018; Magg et al. 2022a,;
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1.2 GALACTIC ARCHEOLOGY

Klessen & Glover 2023; Hartwig et al. 2024), to cosmological zoom-in simulations (Grand
et al. 2017, 2024; Pinna et al. 2024) — the frequency, speci ¢ explosion mechanisms, and
yields of individual chemical production sites remain signi cant uncertainties when model-
ing current observables (Romano et al. 2010; C6té et al. 2016) and often require calibration
to re ect Galactic abundance trends accurately (e.g. Francois et al. 2004; Palla 2021).

GCE models are furthermore commonly used to t observed abundance distributions to ob-
tain information about different processes in the Galaxy (e.g. C6té et al. 2017; Kobayashi
et al. 2020b) Consequently, systematic offsets in stellar abundances, including 3D and NLTE
effects, directly relate to misinterpretation and misjudgment of individual parameters, such
as e.g. nucleosynthetic production sites. An important example in this regard are SNe la,
which are assumed to have a uniform brightness allowing for their use as cosmological stan-
dard candles (Riess et al. 1998), although emerging evidence suggests multiple explosion
mechanisms beyond the traditional model (e.qg. Hillebrandt et al. 2013; Ruiter et al. 2013;
Blondin et al. 2017; Kirby et al. 2019; Ruiter 2020; Eitner et al. 2020; de los Reyes et al.
2020; Flors et al. 2020). Because there are multiple pathways possible that lead to a SNe la
explosion (see Ruiter & Seitenzahl 2025, for a comprehensive overview) the signature they
imprint on the Galactic chemical distribution is key to investigate which of these indeed
appear in nature (Kobayashi et al. 2020a,b).

While SNe la in uence the relatively metal-rich part of the Galactic distribution (Matteucci

& Greggio 1986), abundance patterns found in the oldest, most metal-poor, stars in the
Galaxy provide insights into their predecessors — the rst, Population Il (Pop Ill) stars —

and early Galactic conditions (Spite et al. 2013). Largely, these stars exhibit unusually low
levels of iron and other metals, while at the same time showing high levels of carbon, which

lead to their classi cation as carbon-enhanced metal-poor (CEMP) stars (Beers et al. 1985;
Christlieb et al. 2002; Beers & Christlieb 2005).

Of these, in particular, the CEMP-no subclass — which lacks s- or r-process elements — seems
common in the early Galaxy, providing a window into Pop Il nucleosynthesis (Yoon et al.
2018). However, their classi cation and analysis are largely based on abundance measure-
ments of C from the molecular CH G-band, which potentially introduces biases from spectral
modeling assumptions. Furthermore, increasing atmospheric 3D effects in metal-poor stars
may signi cantly in uence molecular abundances (Asplund et al. 1999; Collet et al. 2018;
Gallagher et al. 2016, 2017), which suggests that a detailed 3D analysis of their spectra is
needed.



1.3 GCE IN 3D & NLTE — THESIS OUTLINE

1.3 GCE in 3D & NLTE — Thesis Outline

In this thesis, | analyze the in uence of assumptions made in the process of generating syn-
thetic stellar spectra — speci cally the neglect of full 3D RHD models of stellar atmospheres
and departures from LTE when solving the radiative transfer — on the measurements of
stellar abundances and investigate to what extent they skew our understanding of the evo-
lution of the Galaxy. With this purpose in mind, | present our newly developed 3D RHD
code M3DISwithin the DISPATCHamework (Nordlund et al. 2018) for generating grids
of model atmospheres — with the corresponding NLTE spectra — on much shorter timescales
than what is possible with current codes. | will show that the techniques developed in the
course of this thesis will enable to bridge the gap between the full 3D NLTE analysis of in-
dividual stars and their application to large spectroscopic surveys, bringing the quality of
stellar models in agreement with the quality of next-generation spectroscopic data sets.

The thesis is structured as follows; First, | will give an overview of the most important
concepts, summarize the physical principles involved in modeling stellar atmospheres and
spectra, and describe the theoretical background (Sec. 2). This will include a general de-
scription and numerical solution strategy for the equations of radiation-hydrodynamics, as
well as the most important ideas involved in the synthesis of the NLTE spectrum (Sec. 2.1).
In addition, | will outline the connection to the GCE and motivate why Fe-peak elements
are the key to understanding the explosion mechanism behind SNe la (Sec. 2.2).

Next, | will apply these concepts to the derivation of NLTE [Ni/ Fe] abundances in a sample
of Galactic stars and analyze the results with respect to the role of different SNe la in Galac-
tic chemical enrichment (Sec. 3). | will then take the step from 1D towards full 3D and
introduce the M3DI&ode (Sec. 4), describe its working principles and input physics. | will
furthermore validate the code by comparing the M3DISolar model with models computed
using other 3D RHD codes, demonstrate its capabilities on a small sample of solar-like stars,
and further introduce the corresponding 3D spectrum synthesis codeMULTI3D@DISPATCH
within the same numerical framework. Lastly, | will utilize the exibility of M3DISwith re-
spect to the chemical composition to create a collection of CEMP stars at different metallic-
ities, from relatively metal-rich to extremely metal-poor, analyze the effects of 3D — paired
with signi cant C-enhancement in the model atmosphere — on the CH G-band and the C
abundances derived from it. | will again make the connection to the chemical history of the
Galaxy by investigating the implications of changes in the CEMP-no fraction on Pop Il nu-
cleosynthesis (Sec. 5). | will close with a future outlook to highlight in what context M3DIS
models are anticipated to be used in the near future, speci cally for the science goals of the
4MOST and PLATO missions (Sec. 6), and a nal summary (Sec. 7).



2 Fundamentals &
Theoretical Background

2.1 Deciphering of Stellar Spectra

Analyzing the light from stars is crucial for understanding the formation, evolution, and
current structure of the Galaxy. Stellar spectra are particularly important since they reveal
the chemical makeup and history of their surroundings and make it accessible to present-day
observers. Extracting information about the emitting star requires theoretical insights into
its atmospheric structure, including temperature, density, and pressure in its outer layers,
as well as the fundamentals of radiation transport.

The procedure thus requires computing model atmospheres that serve as the basis for simu-
lating radiation transport, leading to the synthesis of the spectra we observe. It is crucial to
note that photons traveling through the atmosphere are constantly absorbed and emitted by
gas, affecting the energy balance and altering atmospheric structure, hence again impacting
the radiation eld (Nordlund 1982). This non-linearity — combined with the inherent com-
plexity of radiative transfer calculations — renders the determination of stellar atmospheres,
and thus stellar parameters and abundances, challenging and computationally intensive. A
common method is to separate the computation of stellar model atmospheres, using a sim-
pli ed radiation approach, from the detailed spectrum synthesis, which is conducted on a
static atmospheric background.

The construction of models of stellar atmospheres has been a challenge since the rst models
of late-type stars have been published (Carbon & Gingerich 1969) and have been contin-
uously developed to improve physical consistency (e.g. Nordlund 1982; Plez et al. 1992;
Grupp 2004; Gustafsson et al. 2008; Nordlund et al. 2009; Freytag et al. 2012; Magic et al.
2013a). Due to the numerical complexity, it is mostly 1D models, describing the atmosphere
as a function of depth only, in HE that are widely used for the derivation of stellar parameters

in the majority of large-scale stellar spectroscopic surveys, such as e.g. Gaia-ESO (Gilmore
et al. 2012), GALAH (Bland-Hawthorn et al. 2019), APOGEE (Majewski et al. 2017), or
LAMOST (Liu et al. 2020). Here, studies either interpolate between spectra synthesized for
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2.1.1 1D HYDROSTATIC MODELS OF STELLAR ATMOSPHERES

a precomputed sample of 1D HE model atmospheres, such as thMARC&ustafsson et al.
2008), ATLASKurucz 1979; Castelli & Kurucz 2003; Kurucz 2013), or MAFAGS&rupp
2004) grids, or interpolate the 1D model structures directly. Understanding how these 1D
HE models are constructed in terms of underlying principles — the physical domain in which
these models are applicable, what the shortcomings are and how they translate to stellar
observables —is of high relevance, as these models build the foundation of countless studies
in modern astronomy that make use of synthetic stellar spectra.

2.1.1 1D Hydrostatic Models of Stellar Atmospheres

A model of the stellar atmosphere essentially constitutes a description of the properties of the
gas within the outer layers of stars, as these are crucial for the emerging radiation. Specif-
ically, it is essential to accurately model the optical surface — a region where gas density
and opacity decrease so that radiation can escape — to obtain a physically realistic temper-
ature and density pro le. Under the assumption that the atmospheric material is at rest,
the fundamental equation of hydrostatics may be written as (following the description by
Gustafsson et al. 2008)
GM

rPa=  — ), (2.1)
where r B, is the total pressure gradient, the density of atmospheric gas,M the mass
enclosed within the radius r (along the unit vector t), the Newtonian constant G, and the
surface gravity g. The total pressure itself contains the contribution from the gas pressure

P, the turbulent pressure R,,;,, and the radiation pressure B4, that is,
r I:)tot =r Pg+ r I:)turb +r I:)rad- (2-2)

Here, P, describes the force linked to the turbulent movement of the material and may
be expressed in terms of the turbulent velocity v, such that B, vf. It is important to
note that — because of the underlying hydrostatic assumption — the velocity eld and, hence,
also the turbulent velocity can not be derived self-consistently. It is therefore a free param-
eter that has a direct consequence for the atmospheric strati cation; As demonstrated by
Gustafsson et al. (2008), the in uence of turbulent pressure on the model can be expressed
in terms of an effective surface gravity (ges),

1 L=legger
= — 2.3
%i=9 17 (v=o)? (2.3)
. o : : —— A
with luminosity L, effective Eddington luminosity Lgyq e, SOUNd speedc; = P= ,and

adiabatic index . This implies that altering v, mimics changing surface gravity, directly
impacting the atmospheric structure as per Eq. 2.1. Additionally, Eq. 2.3 indicates a similar
effect for L, which relates to the radiative pressure — expressed by the radiative energy ux
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2.1.1 1D HYDROSTATIC MODELS OF STELLAR ATMOSPHERES

F.q — Via the energy balance equation.

L

I:comv+ Frad= 4 rz'

(2.4)

In addition to F.,4, EQ. 2.4 also considers energy transport by the gas itself through convec-
tion, which is a relevant mechanism in the atmospheres of FGK-type stars. Regions in the
atmosphere that are unstable against convection can be identi ed using the Schwarzschild
criterion (e.g. as formulated by Hubeny 2013)

re>r , (2.5)
dinT* dinT®
R v I oA
din P R dinP A

(2.6)

where r  is the radiative temperature gradient, and r , is the adiabatic temperature gra-
dient. In the stellar interior, densities are high and the opacity of the material large. In
these conditions, energy transport via radiation is extremely inef cient, which causes the
material to be convective. Towards the stellar surface the pressure, and hence density, drops
(negative sign in Eq. 2.1). When the mean free path of photons becomes suf ciently large
for radiative energy transport to be effective, the material stabilizes and convection stops
(Gray 2005).

Again, it needs to be stressed that in hydrostatic equilibrium there is no derivation of the
velocity eld and hence no self-consistent way to estimate the convective energy ux. A
common approximation is to resort to MLT (e.g. Prandtl 1925; Henyey et al. 1965; Joyce
& Tayar 2023), which expressesF.,,, with the help of additional free parameters, the most
prominent being the mixing length parameter ;. that describes the convective mean free
path in units of pressure scale height (H,). Similarly to v, also .y is directly linked to
the atmospheric structure through Eq. 2.3 and 2.1. Despite their relevance for model at-
mosphere construction, constraining these parameters from rst principles is not possible,
as they require calibration based on observations of spectral lines themselves (e.g. Barklem
et al. 2002), which introduces signi cant inconsistency in the derivation of stellar parame-
ters.

The full system of equations is closed by an equation of state (EoS) that relates the gas
pressure and density, which ultimately allows the solution of the radiative transfer and thus
the computation of F.4. The full set of non-linear equations is solved iteratively. For this,
an initial temperature strati cation is used to solve Eq. 2.1 for gas pressure and density
(together with the EoS), which is then used to compute the frequency-dependent radiative
transfer and obtain F.,4, which initially does not obey the radiative equilibrium equation,

r I:rad =0, (2-7)
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2.1.1 1D HYDROSTATIC MODELS OF STELLAR ATMOSPHERES

Figure 2.1: Example temperature against optical depth pro les of three grey, hydrostatic
model atmospheres in radiative equilibrium, derived in the Eddington approximation. Black
lines correspond to different effective temperatures.

and hence requires adjustments of the atmospheric structure until convergence (Hubeny
& Mihalas 2014). Note that in plane-parallel atmospheres the radial dependence ofg and
F.q can furthermore be neglected, because the atmospheric contribution in overall size and
mass is assumed to be negligible compared to the remaining parts of the star. Radiative
equilibrium in this case is equivalent to F4 = SBT:ﬁ = const (with Stefan-Boltzmann
constant gg) in every layer of the atmosphere. The effective temperature T, therefore,
together with surface gravity and chemical composition, is a de ning input quantity of 1D
HE codes and ultimately determines the atmospheric structure.

The radiative transfer is discussed in more detail in Sec. 2.1.3, however it is useful to men-
tion an important special case: the 1D HEgray atmosphere. In the gray approximation (e.g.
Gray 2005), the opacity of the medium is assumed to be frequency independent, allowing
the atmospheric structure to be resolved on a frequency independent optical depth scale
. Combined with the Eddington approximation, i.e. assuming a nearly isotropic radiation
eld, which allows for an approximate solution by relating the radiation pressure to the
mean radiation intensity, the temperature structure can be expressed as a simple function
of T, and .

3
T )= T:ff 2

Avisual representation of the T structure for different effective temperatures can also be

<

2
+= 2.8
3 (2.8)

found in Fig. 2.1. Despite its oversimpli cation, the Eddington solution of the atmospheric
structure in the gray approximation provides two valuable order-of-magnitude estimates,
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2.1.2 3D RADIATION HYDRODYNAMICS MODELS OF STELLAR ATMOSPHERES

which are also relevant for the analysis of more complex models; the temperature at = 2=3
matches the effective temperature (T(2=3) = T.;) reasonably well, and the temperature
drop from this depth to the surface (= 0) is modest, about 16% of T.

Motivated by the slow varying temperature in the upper layers, a very instructive exam-
ple of a plane-parallel atmosphere in hydrostatic equilibrium is the isothermal, ideal gas.
Neglecting radiative and turbulent pressure components in Eq. 2.2, the ideal gas Eo0S,

P,= —kgT, (2.9)
g mp

with mean molecular weight , atomic mass unit m, and Boltzmann constant kg, can be
substituted directly into the 1D version of Eq. 2.1 (with height coordinate z), i.e.

dP, k., Td
g B
_ 9 _ = 2.10
dz m, dz g ( )
d dz
—_— = — 2.11
) - (2.11)
) = e, (2.12)

The density of an ideal isothermal gas in hydrostatic equilibrium thus drops exponentially
with scale height H = kg T=g m,, which in this case is equal toH,. Due to the proportion-
ality in Eqg. 2.9, the same is true for the gas pressure.

Although not entirely applicable for a realistic model of the entire stellar photosphere, es-
pecially toward the upper, radiation-dominated layers, where convective motions become
less signi cant and the temperature gradient is small (as in Fig. 2.1), this simple model

describes the density pro le reasonably well and offers the opportunity to understand parts

of physically more realistic — and signi cantly more complex — atmosphere models at least
gualitatively. It speci cally suggests that an exponentially dropping density at constant tem-

perature is a suitable upper boundary condition in simulations of the stellar atmosphere.

Conversely, an exponential decrease of density paired with a constant temperature can be
associated with a higher mean free path of photons, causing energy transport by radiation
to be more ef cient and providing stability against convection (Eg. 2.5) and initiating the
transition from convection to radiation-dominated regimes within the photosphere.

2.1.2 3D Radiation Hydrodynamics Models of Stellar Atmospheres

Stars are not one-dimensional. Direct observations of the Sun make this clear immediately;

it can be seen in observations by e.g. the Swedish Solar Telescope (Fig. 2.2, left panel) that
the solar surface shows a rich, spatial substructure. A granular pattern can be observed,
where rising bubbles of bright hot gas with spatial extension of 1000 km are surrounded
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Figure 2.2: Left: High resolution solar granulation observation taken by the Swedish 1-
m Solar Telescope (SST). Credit: Institute for Solar Physics, Sweden. Observer: Vasco
Henriques, image processing: Vasco Henriques, date: 23 May 2010. Right: Solar surface
ux expected from 1D HE models. In 1D HE, convection and hence granulation is not
included. The surface would spatially show the identical temperature everywhere.

by dark and cool inter-granular regions of down ows.

Multi-epoch observations furthermore show that this pattern is not static'; convective cells
are moving; they disappear and re-emerge as a function of time. It is clear that a 1D HE
model, which by de nition is static, in radiative equilibrium, and has a single constant
effective temperature (and hence radiation ux) in space and time, is unable to reproduce
the observed diversity (Fig. 2.2, right panel shows a schematic image).

Equations & Properties

Modeling a stellar atmosphere in full 3D, with realistic velocity elds, requires the solution
of the Euler equations. Expressed as conservation of mass (continuity), momentum, and
energy, they may be written as

@ +r(v)=0 (2.13)
@ v)+r( w=r P+ ¢ (2.14)
@e+r ((e+ P)V)= VO + Qg (2.15)

with gas velocity v, energy per unit volume e, and radiative heating q,,4. To close this system
of radiation hydrodynamics (RHD), two more equations are required; the EoS, providing
P( ,e), and the radiative transfer equation to compute q,,4. More details can be found in

thttps://www.isf.astro.su.se/datal/gallery/movies/2006/
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Sec. 2.1.3 and 2.1.4. In conditions common in stellar atmospheres their solution requires
numerical methods. The momentum and energy conservation Eq. 2.14 and 2.15 further-
more, strictly speaking, require the inclusion of a viscosity term. However, as demonstrated
by Freytag et al. (2012), the intrinsic microscopic viscosity acts on scales of a few centime-
ters in the solar atmosphere, which is many orders of magnitude smaller than typical length

scales (e.g. H,), and hence numerically impossible to resolve. The numerical diffusion

associated with the grid discretizations and numerical scheme are of greater signi cance.

Following the description by Toro (1997b); Dullemond (2011), the Euler equations math-
ematically can be viewed as rst-order, hyperbolic, non-linear partial differential equations
that advect the conserved quantitiesQ with the uxes F; in every spatial dimensionii,

0 0 1 0 1
u u’+ P uv uw
Q=B v =B VP+ P, F= VWX, (2.16)
w wv w2+ P
e (e+ P)u (e+ P)v (e+ P)w

with the velocity vector v = (u,v,w)" in Cartesian coordinates x, y, and z. The Euler
equations then read as

@Q+ @F, + @F, + @F,= S, (2.17)

with the source term S=(0,0,0, g, Wg+ Q,g)' on the right-hand side collecting the
external gravitational force, as well as changes to the energy by radiative heating and release
of potential energy.

In the regime of FGK-type stars with surface gravities between 1® log g ® 5, Gustafsson
et al. (2008) estimate the effects of sphericity on the temperature strati cation of the at-
mosphere to be smaller than 4% of the effective temperature in the optical depth regime
relevant for spectral line formation. It is therefore common to simplify the computation of
stellar atmospheres by simulating only local regions that are small compared to the size of
the star and hence can be represented as Cartesian boxes, so-calléx-in-a-star simula-
tions (but see also Freytag & Hofner 2008, forstar-in-a-box simulations of red supergiants),
which are characterized by constant surface gravity in the entire atmosphereg = (0,0, Q).
A reasonable order-of-magnitude estimate for the size of the atmosphere R with respect
to the stellar radius R may be obtained from an ideal gas in HE (Eg. 2.1) and with the
assumption that P, ,ce = O, i.€.

P P T R T T
— = — — = = 2.18
R R R 9 R Rg Mg (218)
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The plane-parallel assumption is a reasonable estimate in stars where the size of the atmo-
sphere is negligible compared to the radius of the star, R R It is hence stars that are
massive, cold or have a high surface gravity that are reasonably well described by box-in-
a-star simulations. In the parameter space of FGK-type stars it may furthermore be noted
that effective temperatures vary between 3500K and 7000K, while on the other hand
the surface gravity spans multiple orders of magnitude, 1® log g ® 5, making it the crucial
factor in this regard. Nevertheless, it was found by e.g. Heiter & Eriksson (2006) that for
giant stars with log g > 1.5 the sphericity effect on Fe | abundances is® 0.1 dex even for
strong lines, and 0.04 dex for Fe Il (their Fig. 6), suggesting that for the majority of observed
Galactic stars plane-parallel geometry is suf cient.

Particular attention has to be paid to the size of the region in the atmosphere that is modeled.
For the physical behavior of the gas to not be in uenced by the boundary conditions at the

edges of the simulation domain, it has to be ensured that a suf cient number of granular

cells, which typically have an extent comparable toH, (Magic et al. 2013a), are continuously

evolving. Therefore, the size of the box is required to scale roughly withH,  T=g (Eqg.

2.10). Since g generally covers multiple orders of magnitude, it can also be viewed as the
primary indicator for the size of the computation domain.

In contrast to 1D HE models, solving Eq. 2.17 yields the velocity eld from rst principles
and hence replaces the need for any turbulence and mixing length parameters (Eg. 2.3). In
3D RHD the stellar atmosphere naturally develops a convective zone at the bottom of the
simulation domain, and the inclusion of radiative heating initiates the transition to photo-
spheric layers without the need of hyperparameters. Since there is also no assumption of
radiative equilibrium, the nal T strati cation of the model depends only on essentially
three input parameters: The chemical composition, the surface gravity logg, and the en-
tropy at the bottom of the atmosphere. The reason why the bottom entropy is a particular
important quantity that governs the state of the entire atmosphere lies already within the
Euler equations and the rst law of thermodynamics, i.e.

P
dg, = Tds+ —d | (2.19)

with the speci c internal energy &,; and the speci c entropy 5. By introducing the convective
derivative D, = @+ vr , one can express Eq. 2.15 in terms of the speci c internal energy
&, = & Vv?=2suchthat

R 1
Dtqnt = - (qrad Pr V) 1 (2-20)

which makes use of the momentum equation, v= 1= r P+ g, and the energy equation,
Dée= 1= (g, Vr P Prv)+ vg, expressed in convective form. Note that the potential
energy contribution in the energy- and the gravity force term in the momentum equation
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cancel out, as they appear in both terms of g, = Dé vDv. Combining both Eq. 2.19
and 2.20 then implies that

T08= g, (2.21)

which nally makes use of the continuity equation in convective form, D, = r v. This
result is very instructive as it provides deep insight into the general atmospheric structure.
Toward the bottom of the computation domain, where the density is high and the energy
transport is dominated by convection, the radiative ux divergence — and hence the radia-
tive heating contribution to the overall energy balance — is small, i.e. gq,4! 0. Eq. 2.21
implies that convective cells in these conditions rise adiabatically, D= 0. Provided that the
model atmosphere covers deep enough layers, a constant bottom entropy thus de nes an
isentropic upward ow of material. When ¢4 becomes signi cantly large, deviations from
the adiabatic structure arise (see also the description by Dullemond 2011).

Eq. 2.20 furthermore highlights the balance between radiation and the second, very im-
portant cooling mechanism: adiabatic cooling. The situation becomes even more instruc-
tive when the continuity equation is explicitly used to express the velocity divergence as
rv= 1= D, (oralternatively by inserting Eq. 2.21 back into 2.19),

4 <

.1 P
De= — Qut —hO : (2.22)

It becomes clear that the gas of the atmosphere can either cool by emitting photonsg,,4 < O,
or via the adiabatic cooling associated with rising uid parcels, which expand, decrease their
density and hence also contribute to the atmospheric energy balance, D< 0. Note that in
hydrostatic equilibrium the velocity term in Eq. 2.20 is not included, which shows that this

mechanism is missing in 1D HE models.

Solution Method

To outline the solution strategy of the RHD equations, it is important to realize that general
advection equations in the form of Eq. 2.17 — for simplicity in 1D — can be expressed in
terms of the ux derivative with respect to the conserved quantities (Toro 1997b), i.e.

@Q+ @QF= @Q+ Q@Q: 0, (2.23)
@

without the source term on the right-hand side. Here, F = F(Q(x)) does not explicitly de-
pend on x (as is the case for the hydrodynamic equations). The non-linearity is hereby
introduced by the Jacobian matrix &, which in general can be a function of Q itself. Math-
ematically, these equations can be solved using theharacteristicanethod (e.g. Olver 2014;
Arendt & Urban 2023). To understand the solution qualitatively, it is furthermore useful
to look at the speci c case of a scalar-valued state functionQ(x,t) and ux F(Q), i.e. one
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speci c out of the ve Euler equations,

@r
@+ @@Q @+ c(Q @Q=0, (2.24)
with advection speed(€). A comparison with the total differential of Q
dQ dx
— = + — 2.25
prralCO Rl C 8 (2.25)

reveals that along the so-calledcharacteristic curves xwith d x=dt = ¢(Q), the value of Q is
conserved, dQ=dt = 0. The solution of the partial differential advection equation therefore
reduces to the solution of an ordinary differential equation, which immediately provides the
evolution of an initial con guration Qgy(x) Q(x,0), i.e.

d°x _ do(Q) _ de(QdQ _

dtz2 dt dQ dt (2.26)

) 3—1( = const= ¢(Q) = ¢(Qp(Xo)) (2.27)

) x=c(Qp(Xp)) t+ X (2.28)
Q(x, 1) = Qo(Xo) = Q(x  ¢(Qo(Xo)) t,0). (2.29)

Eg. 2.26 shows that the characteristic curves are straight lines in the(x,t) plane; how-
ever, their slope (Eq. 2.27) in the non-linear case depends on the initial state. Different
characteristic curves hence necessarily cross at some point, after which no general analytic
solution can be found, and only weak solutions with additional conditions to handle dis-
continuities are applicable. In the special, linear case withc = const, the solution is simply
Q(x,t)= Q(x ct,0), thatis, the initial pro le becomes advected with the constant advec-
tion velocity c.

In the full HD system, Q and F are vector-valued functions, which means that the individ-
ual advection equations become coupled by multiplication with the Jacobian matrix. The
solution of the complete set of equations thus involves diagonalizing the Jacobian, that is,
computing eigenvalues ; and decomposing it locally into eigenvectors Q! Q), both de-
pending on Q itself, so that it can be brought into the same form as Eq. 2.24

@Q + diag( ,..., ,)@Q= 0. (2.30)

The Jacobian eigenvalues can therefore be interpreted as the characteristic velocities at
which conserved quantities Q are advected. In the case of the hydrodynamics equations as
expressed in Eq. 2.17, the characteristics (e.g. in the x-direction) turn out to beu, u ¢
and u+ ¢, where the sound speedc, depends on pressure and density. Thei characteristics
represent the motion of the uid itself, while the u ¢, and u+ ¢, characteristics correspond
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to sound waves. Note that the decompositionQ cannot be done globally, because the Ja-
cobian is not constant, and thus the corresponding transformation matrix cannot be pulled
into the differential. Because the eigenvectors themselves furthermore depend orQ, the lo-
cally decomposed state does not provide a decoupling of the equations, which requires the
introduction of characteristic integral curves, along which only one state component varies
on the basis of the eigenvectors. For more details, see Toro (1997b); Dullemond (2011).

Numerical Solution Techniques

Before numerically solving the Euler equations, a decision is to be made; one may notice
that Eq. 2.13, 2.14 and 2.4 already take on an advective form, if the pressure-related terms
in the momentum and energy equations are moved from the advection on the left-hand side
to the source terms on the right-hand side. The result is that the entire system is advected
by the material velocity itself, i.e. the characteristics for all equations are equal tou, v and
w in the x, y, and z directions, respectively, which considerably simpli es the numerical
advection scheme. However, when using this method the propagation of sound waves is
entirely driven by the source term. This procedure is what is used in classical HD solvers.

On the other hand, there are multiple classes of so-callecapproximate Riemannsolvers that
do not rely on this splitting but include the pressure term in the advection scheme and
thereby advect the conserved variables along the proper characteristicsl, u ¢, and u+ ¢
(i.e. following Eq. 2.17). Because sound waves are propagated properly, Riemann solvers
typically excel at capturing shocks and discontinuities. Classical solvers, on the other hand,
have the advantage of better recognizing stable hydrostatic situations. Picking the right
solver is hence situation- and priority-dependent (Roe 1986; LeVeque 1997).

Although complex in detail, the working principle of a Riemann solver can be outlined by
investigating the basic working principle of the Harten, Lax, and van Leer approximate
Godunov-type solver that includes the contact wave (HLLC, see e.g. Toro 1997a, for a com-
prehensive overview). Starting with the x-direction of Eq. 2.17, the numerical solution
requires discretization of the Euler equations. For simplicity, one may consider the state
vector Q! in the grid cell i and the time-step n. In addition, one may assume that the size
of the grid cell is  x and that the time-step t is locally constant. To advanceQ! by one
time-step, uxes are required at the cell interfaces F;, ;-,. The change ofQ is hereby given
by the difference between the ux entering and leaving the cell i, i.e.

N t
Qr 1= Q'+ T Fii Fiio - (2.31)

Precisely the computation ofF, ;_, is the duty of Riemann solvers. Each of the cell interfaces
X; 1=, constitutes a jump between the state vectors left and right of the cell boundary,Q, and
Q. Which may be reconstructed from cell-centered variables using speci ¢ reconstruction
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algorithms.

In the original HLL solver, there are three options to determine the ux across the cell
interfaces F; ;_, depending on the locally fastest signal velocitiesS and Sz, which, in the
simplest case, are given by the characteristic velocitiesS. = u, ¢, SR = Ur+ GRrin the
cells left and right of the respective interface. The interface ux is then set to F_ if material
is crossing the interface from the left with S > 0 and Ry if it is crossing from the right with
Sk < 0. In the region between, § < 0 < S; (also called the star region), the intermediate
stateQ, ;-, is computed from the integral average (across the interface) of the exact solution
by assuming constantQg, states, and the correspondingF; ;-, using the Rankine-Hugoniot
condition (for the exact analytic expressions see Toro 1997a, their Eq. 10.13 and 10.19).

It is important to note that the domain splitting in Sz, includes the acoustic characteristics
U G in the solution scheme, unlike in classical HD solvers. However, it does not properly
re ect the signal propagating as contact waves corresponding to characteristicu. This aw
is removed in the HLLC Riemann solver, which extends the HLL scheme by additionally
including the contact wave S, decomposing the cell interface ux in four states (0 < S,
S<0<S,S <0< S and 0> ) of constant Q. For more details, see Toro (1997a).
The nal uxes at both cell interfaces may then be used in Eq. 2.31 advance Q" in time.

Special attention is hereby given to the time-step t, which in general can be t(x,t).
When computing the update Q;’” using cell interface uxes, the description above is only
valid if the local gas velocity does not transport material beyond the domain of a single
spatial grid cell during the duration of this update. The consequence is that there exists an
upper bound for t, which is given by the Courant-Friedrichs-Lewy condition (CFL) for the
Courant number C,

C(x,t)= M u(x,t)  Grax (2.32)

xX(x,1)

The exact value that grants stability may depend on the speci c situation. Note that in
theory x and t may depend on the location within the computational domain. The
former is the case for adaptive mesh re nementmethods with variable grid discretization,

the latter may be referred to aslocal time-stepping

In the speci c case of radiation hydrodynamics, where the Euler equations are coupled
with the radiative transfer equation through the gq,,4 term in the energy equation, there are
additional constraints on the Courant number. Here, C furthermore needs to ensure that
photons do not diffuse across multiple cells within a single time-step. The limiting velocity in
the CFL condition therefore must not be smaller than the local radiative diffusion speeduy;,
i.e. Ucg = max(ugi, u). In regions around the optical surface the radiative timescale usually
is signi cantly shorter than the dynamic timescale, meaning that the maximum time-step
at which the simulation may evolve — and hence computational cost — is governed by the
radiation eld.
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2.1.3 RADIATIVE TRANSFER

It is crucial to emphasize the signi cance of q,,,, in the energy equation beyond the general
solution methods of the HD equation discussed here. In fact, the non-convective, photo-
spheric layers of FGK stellar atmospheres are dominated by radiative energy transfer. Be-
yond eventually synthesizing the spectrum, it is thus essential for the temperature-density
structure to understand the key concepts of radiation transport and compute the radiative
ux as accurately as possible.

2.1.3 Radiative Transfer

In the context of stellar atmospheres, radiative transfer describes the interaction between
the radiation eld and the atmospheric material through the absorption and emission of
photons. Considering a beam of light with speci c intensity | per frequency , traveling
in the direction of the unit vector n under the angle = cogq ) in a spherical coordinate
system (r, , ), the change of I along its path can be expressed in terms of emission
coef cients ( j ) and absorption () coef cients (as in Hubeny 2013)

nrl =j | . (2.33)

It is often useful to express the Eq. 2.33 in terms of the optical depth , where an optical
depth increment is de ned through the increment d s along the propagation ray such that

d = ds= ds, (2.34)

where is another expression for the absorption coef cient, also called opacity, that ex-
presses explicitly the density dependence of . The radiative transfer equation can then be
modi ed in such a way that

dl

—=1 S, 2.35

- (2.35)
with the source function S= j = . While Eqg. 2.35 appears straightforward, the real com-

plexity lies in computing and S . The radiation intensity at frequency in the stellar
atmosphere is in uenced primarily by absorption, which weakens it, and by spontaneous or
stimulated emission, which enhances it. These interactions occur through electronic tran-
sitions within atoms or molecules, creating spectral lines (bound-bound transitions, “bb”),
ionization or recombination (bound-free transitions, “bf”), or free electrons (free-free tran-
sitions, “ff”). Additionally, photons may scatter off free electrons (Thomson scattering, “T”)
or bound electrons (Rayleigh scattering, “R”). This distinction can be appreciated by split-
ting the scattering from the “true absorption” (see e.g. Hubeny 2013; Rutten 2003).

— bb+ bf+ ff + T+ R (236)
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2.1.3 RADIATIVE TRANSFER

As the true line absorption coef cient  °? is linked directly to fundamental properties of the
atmospheric gas, itis instructive to express it in terms of Einstein coef cients for spontaneous
de-excitation (A,), excitation ( B,), and induced de-excitation (B,), each describing the
number of transitions from the upper energy state (u) to the lower energy state (I) and vice
versa — per unit time and per particle in a given state. The coef cients B, and B, are usually
expressed per unit of speci ¢ intensity.

For each spectral line, the difference between the associated energy levelsE= E, E = h
(on average) leads to a photon of frequency . Neglecting hyper ne and isotopic substruc-
ture and assuming isotropy, it is intuitive that the total fraction of absorbed intensity is
given by the difference between the number of photons removed by absorption and added
by emission. Following the description by Rutten (2003), this means that

h
b = 4_ (nIBIu ny Bul) ) (2-37)
where n; is the number density of participles in energy statei, which is also called atomic-
or molecular level population The Einstein coef cients are furthermore coupled by the
statistical weights g; of the corresponding energy levels,

oh 3
Av= By (239)
B, = g B,. (2.39)

It is instructive to note that the Einstein coef cients are fundamentally linked to the elec-
tronic con guration, as they are directly proportional to the oscillator strength, B, /

fi, =h , making them speci c to each individual transition and most importantly part of the
atomic data, and hence independent of the atmospheric structure (see e.g. Li et al. 2012;
Tennyson et al. 2016, for more details on the determination of these parameters). Con-
sequently, it is only the level populations in Eq. 2.37 that remain uncertain and require
further investigation. Following the same line of reasoning, the emissivity can be expressed

as a function of A, such that
o N
"= NuAyl, (2.40)

which immediately leads to the expression for the line source function

Shb = _ AL (2.41)

n BIu ny BuI ’
again, highlighting that the solution to the radiative transfer problem hinges on determin-
ing the level populations. Although being more complex in detail, the same is qualitatively
true for the other opacity sources in Eq. 2.36. Generally speaking, the extinction coef -
cients follow the common form " = ' n, where ' are the so-called cross-sectionsf
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the respective source of opacity, andn represents the number density of participants in the
interaction. In the case of Thomson scattering for example, T is given by the classical
Thomson cross-section, andh represents the number density of electronsn,.

If the stellar atmosphere is locally in thermodynamic equilibrium (LTE), the situation sim-
pli es considerably. By de nition, LTE implies that locally, thermodynamic equilibrium dis-
tributions hold as a description of the matter component (Rutten 2003). According to sta-
tistical physics, this implies that energy levels are populated as dictated by the Boltzmann
distribution

Mo Sug Eer (2.42)
n g

Similarly, the fraction of atoms in successive stages of ionization (N, ;=N,), separated by the
ionization energy ,, is given by the Saha equation,
12U,

Nies — T 732 o el (2.43)
N, ne Y

with the partition functions U, ,. Particle velocities are furthermore assumed to follow the
Maxwell distribution. The combination of Eq. 2.42 and 2.43 — together with the assumption

of a xed total chemical composition of the entire atmosphere that sets the total metal

content — the radiative transfer equation can be solved directly. By substituting Eq. 2.42,
2.38, and 2.39 into the line source function equation (Eq. 2.41), one furthermore notices
that in LTE the source function is equivalent to the Planck function B , which (at a given

frequency) is famously only a function of temperature,

2h 3 1 2h3 1

2 % 1 2 e=keT 1
u

Sbb —

= B (T). (2.44)

In LTE, opacity and source function are therefore closely tied to the local state of the at-
mosphere and can be determined unambiguously for a given atmospheric chemical com-
position, temperature, and density, which signi cantly eases the computation. However,
understanding the limitations of the LTE assumption requires considering the electronic
transitions between different particle states and their in uence on the local Saha-Boltzmann
equilibrium. Two primary mechanisms cause these transitions: collisional and radiative.

Collisional transitions occur through the interaction of bound electrons with free electrons
or ions. Collisions with free electrons are generally more signi cant because of the depen-
dence of the mean velocityhvi T=m on the particle massm (when Maxwell distributed),
which causes much higher collision frequencies due to the low-mass of the electron (Rutten
2003). In general, collision rates are proportional to the ux of particles that participate in
the interaction, such that the collision frequency is nhvi. Since velocities are in Maxwell
equilibrium, collisional transitions preserve LTE. Radiative transitions, on the other hand,
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involve interactions with photons, which means that their rate R, per particle directly de-
pends on the mean intensity of radiation J itself, i.e.

nR, = nB,J (2.45)
n,Ry = nyA, + n,B,J , (2.46)

where J is computed as angular- and frequency averaged intensity across the spectral line.
It is strongly dependent on the mean free path of photons ( 1= ) by how far the light
participating in the radiative transition has traveled and thus how different the atmospheric
conditions are between the emitting and the absorbing regions. The radiation eld is hence
inherently non-local, which drives the system away from LTE.

The combination of all collisional and radiative rates (including bound-free transitions,
which follow very similar principles as the bound-bound transitions discussed above) leads
to a net upward or downward transition that has an immediate consequence for the re-
spective level populations. In statistical equilibrium, level populations are assumed to be
constant in time (Hubeny & Mihalas 2014), i.e.
dn; _ 0= s nP s
dt i6i i6i

(2.47)

which implies that the number of particles leaving the energy state i (with a transition rate
of B) is equivalent to the number of particles entering it from all other energy states |
(with transition rates of B;). When individual level populations n; start to deviate from the
predictions by the Boltzmann equation (Eg. 2.42) as a consequence of these transitions, the
condition is known as non-local thermodynamic equilibrium (NLTE). In NLTE, hence, Eq.
2.42 and 2.43 can no longer be used to determine the individual n;, which means that the
statistical equilibrium (Eqg. 2.47) must be solved. To understand when departures from LTE
populations occur, it is useful to express the net radiative rate of de-exitation< ,, (Eq. 2.45
— 2.46, also called thenet radiative bracke) for a single transition between levels u and I,

4 _
<u= r]uF\)uI I’]IRIU = h_ °b Sbb J ., (2-48)

in terms of the so-called departure coef cients b= nizniLTE. For a qualitative analysis, it is
furthermore useful to investigate Eq. 2.48 in the Wien limit of high energies (h > kgT),

where
bb bl bb, LTE (249)
b
i E“ B, (2.50)
|
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and thus
. <

b —
——p, E B 13 | (2.51)

<
ul h bu

The above equation is strictly speaking only valid for bound-bound transitions. However,
the corresponding bound-free net radiative recombination shows a very similar functional
dependence on the radiation eld, when the upper level u is replaced with the continuum
(for more details see Rutten 2003).

From Eg. 2.51 it becomes obvious that in LTE, whenb, = b, there are no net radiative
transitions if B = J , which means that the levels populations are in strict detailed balance.
Since in generalB 6 J , the equation further implies that even in LTE <, 6 0. Note that
this does not necessarily mean NLTE conditions, since LTE only requires the populations to
follow the Saha-Boltzmann equation, which may still be true e.g. if net collisional rates are
dominant.

In general, it may be noted that a super-thermal radiation eld,i.e. J > B ,leadsto<, < 0,
which is equivalent to net over-excitation and over-population of the upper energy levels
or over-ionization in continuum transitions. If radiative rates are signi cant compared to
collisional rates, there can also be departures from the Saha-Boltzmann equilibrium,b; 6 1.
In this case, the effect of super-thermal over-exitation and ionization is enhanced ifb, > by,
i.e. the lower level of a transition is stronger affected by departures from LTE than the
upper level. The same is true for the opposite case; when] < B the radiation eld is
sub-thermal, providing overall less photons and hence net de-excitation,< , > 0.

According to Eq. 2.37 and 2.41, both opacity and source function — and ultimately the
radiation eld via Eq. 2.35 — are functions of the level populations. This means to compute
J one needsn;, which in turn depends on J to determine <, Ry, R
consequence is that solving the NLTE problem requires an iterative method that solves Eq.

2.35 and 2.47 together.

and nally n;. The

The complexity of computations raises the question in what conditions LTE may still be valid
— for spectrum synthesis and for structure calculations. In the convective layers below the
photosphere, the gas density and temperature are higher than in the surface layers. Here,
the electron ux is relatively high ( nhvi  n T:—me), leading to high collisional rates and
a small photon mean-free-path due to high opacity, resulting in LTE conditions. In contrast,
density and temperature decrease considerably in the outer layers, reducing opacity and
increasing the photon mean-free-path, which affects the locality of the radiation eld and
causes photon loss at the stellar surface. Lower density and temperature furthermore reduce
collisional rates, making radiative transitions more signi cant in the statistical equilibrium.
Consequently, deviations from LTE are more likely under these conditions.
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Departures from LTE level populations lead to differences in the connected spectral lines.
From Eq. 2.50 it can be seen that, ifb, > b;, then S*® > B , and vice versa. Over-population
of the upper level and depletion of the lower level reduce the number of absorbers, which
leads to weaker spectral lines. Thus, a super-thermal source function leads to weak NLTE
absorption features. Conversely, a sub-thermal source function,b, < b, strengthens the
spectral lines compared to LTE. For more information, see Bergemann & Nordlander (2014).

A interesting implication of Eq. 2.48 especially in the context of RHD simulations of stellar
atmospheres is the connection to the radiative heating rateq,.4 (see Eq. 2.15in Sec. 2.1.2).
The net amount of energy that is taken from the gas by a speci ¢ spectral line is simply
given by the net rate of radiative de-excitation (Rutten 2003), i.e.

q:);d = h < ul = h (nuRuI nIRiu) (2-52)
In the case of< ,, > 0, there is a net transition of electrons from levelsu! |, which means
that there are more photons — carrying energyh on average — added to the radiation eld
than removed from it. Consequently, this excess energy is removed from the total energy of

the gas, effectively causing net radiative cooling @2, < 0).

If there is net-excitation (< ,, < 0) on the other hand, the number of particles in upper energy
states is increased, decreasing the photons in the radiation eld and hence increasing the
total energy of the gas. A similar argument can be made for the connection between net
ionization or recombination and the continuum cooling. The right-hand side of Eq. 2.48
furthermore reveals that

o= 4 g J HEF 4 B J (2.53)
which makes the link between the radiative transfer equation and the Euler equations ex-
plicit. According to Eg. 2.53, the gas of the atmosphere cools if the radiation eld is sub-
thermal (J < B in LTE), i.e. the emission of Planck-source dominates the absorption of

intensity. If the radiation eld is super-thermal ( J > B ) there is more absorption by the

bb>0_

material than there is emission of Planck source, which causes the gas to heat up_,

Including all possible transitions, the total radiative cooling rate is given by the divergence
of the radiation ux Fq4. Following Eq. 2.53, it may furthermore be shown that
Z
=t F=4 (J S)d (2.54)

holds in general, where = is the monochromatic opacity at frequency , representing
all possible opacity sources and blends of different spectral lines.
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2.1.4 Opacities

Extending the qualitative overview given in Sec. 2.1.3 to a system with multiple species,
each having numerous energy levels linked by many spectral lines that in uence opacity
at speci ¢ frequencies, reveals the complexity of the statistical equilibrium. Overlapping,
potentially asymmetric, lines require extending the equations for bound-bound opacity (Eq.
2.37) and emissivity (Eg. 2.40) with absorption and emission pro les, as these equations
represent the absorption coef cient integrated over the spectral feature (Rutten 2003). In-
troducing a pro le function, which accounts for the frequency variation of the absorption
feature, ensures that the opacity summation includes all atomic transitions affecting the
opacity at a given frequency via line cores, wings, or continua.

In LTE, the opacity can be calculated based only on the chemical composition, local temper-
ature, and density, provided that atomic data is available, by using the Saha and Boltzmann
equations. This calculation of opacity does not require prior knowledge of the radiation
eld, which would be in uenced by the entire atmospheric structure. In 3D RHD stellar
atmospheres, this point is crucial.

As radiative heating in Egq. 2.54 includes integration over the full spectrum, consisting
of numerous overlapping spectral lines and continua, recalculating the opacity during the
time-dependent hydrodynamic problem, which involves a changing atmospheric structure,
is computationally very challenging. Therefore, it is bene cial and common practice to pre-
tabulate opacities, which reduces the complexity to simple interpolation during the simula-
tion (Ludwig 1992; Plez et al. 1992; Plez 2008).

Note that this is strictly speaking only possible in LTE, as in NLTE level populations do indeed
depend on the radiation eld, which means thata specic (T, ) combination corresponds to
different opacities for different atmospheres. NLTE atmosphere models are thus much more
computationally complex, which — with the current computational infrastructure — requires
either using the 1D HE approximation (e.g. Werner et al. 2012) or signi cant compromises
in terms of atomic structure, model- and time resolution (Sander 2017; Sander et al. 2017).

Eg. 2.54 hides another complexity; calculating the average radiation eld J involves solving
the radiative transfer equation along multiple rays and at each frequency in the spectrum.
Given that frequency (or wavelength = c= ) spans a wide range, from roughly 1000 A
in UV to approximately 100000 A in infrared, with individual spectral lines as narrow as

1=100A, the number of RT solutions needed per HD update becomes prohibitively com-
putationally demanding, which is unfeasible for this work.

Given that Eq. 2.54 requires only the integrated heating, there are practical methods for ap-
proximating the integral while maintaining manageable computational costs. The leading
technique is known as opacity binning (or multi-group approximation) and involves col-
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lecting together and averaging opacities at different wavelengths. The radiative transfer
equation is then solved only for a small number of opacity bins, assuming constant opacity
within each bin (see Ludwig 1992, for a more in-depth analysis, see also Sec. 4.3.3). The
binned opacity is generally computed using a combination of the Planck mean,
R
B d

planck = _RW! (2-55)

and the Rosseland mean,

R 1
L. _p(@B)d
ross (@B)d

The Rosseland opacity is directly linked to the diffusion limit of the RT equation and is hence

(2.56)

generally a better approximation towards deeper layers of the star, where the mean free path
of photons is rather small and the radiation eld is comparably isotropic. The Planck mean,
on the other hand, constitutes a weighted average in alignment with the source function (in
LTE at least) and is hence more suitable in the upper, optically thin layers of the atmosphere.
The Rosseland optical depth, z,

ross = ross 02° (2.57)

Z

In addition, it is commonly used as a general depth scale of the atmosphere, instead of the
geometrical height z. It is instructive to consider the situation in which the monochromatic
optical depth 1. At this depth, the photon mean free path (1= ) is comparable to the
thickness of the remaining material above. The result is that photons that are created (with
frequency ) at the Rosseland optical depth of ,,, = 0ss( = 1) have a high probability
of escaping the atmosphere. ., is hence also called theformation depth, as it expresses
the (optical) depth where a given opacity source forms, i.e. starts to contribute signi cantly
to the intensity of the emergent radiation.

It may be noted that this depth depends on the monochromatic opacity. For strong lines —
where the opacity is high — the depth increment photons can travel is rather small. The line

hence generally forms in the upper layers of the atmosphere. This is especially true for the
line cores, where the opacity is the highest across the line pro le. The line wings successively
have a lower opacity, and hence form deeper within the atmosphere. The continuum then

forms around the optical surface, where .= 1.

This height dependence furthermore suggests that the grouping based on wavelength alone
is suboptimal. In fact, neighboring points in the wavelength space may have very different
opacities and thus form in vastly different regions of the atmosphere. A more robust tech-
nigue is therefore a wavelength grouping based on formation depth, which has been shown
to produce integrated heating rates in satisfactory agreement with the full monochromatic
heating rate with as little as four opacity bins (Ludwig 1992; Vogler et al. 2004, 2005).
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Here, some studies rely on 12 opacity bins, which are spread over the 2D wavelength vs.
formation depth space (Freytag et al. 2012). In most cases, the bin edges are determined
in complex iterative procedures that frequently regroup opacities in the course of the 3D
simulation (Magic et al. 2013a). However, as recently shown by Perdomo Garcia et al.
(2023), there is no immediate correlation between the integrated heating error caused by
the binning approximation and the number of bins, but more so with the precise selection
of the bin limits. A balance needs to be found between the accuracy of the radiative transfer
solution and the additional computational burden. More information and more practical
considerations may be found in Sec. 4.

2.1.5 Spectrum Synthesis in 3D

In 3D, the velocity eld is a function of space and time. Since different parts of the line
form in different regions of the atmosphere, photons experience a different Doppler shift
depending on their wavelength, causing line pro les to become naturally broadened and
asymmetric. In classical 1D HE models, there is usually no depth dependent velocity eld
and spectral lines are assumed to be perfectly symmetric (e.g. Asplund et al. 2000). The
following section will give a brief overview of important characteristics of 3D spectra, which
are relevant for the remainder of this thesis.

Spatially Resolved Spectroscopy

Synthesizing spectra in 3D gives access to the domain of horizontal variations across the
stellar disk. To demonstrate this, Fig. 2.3 shows the spatially resolved intensity at the disk-
center of a solar 3D RHD model atmosphere in an arbitrary optical wavelength window
— a zoom-in of the 4AMOST (see Sec. 2.1.7) high-resolution window between 5330 A and
5619 A (HR10) in this example. Each (black) line in this gure corresponds to the spectrum
emerging from a grid point at the models surface.

Because the atmospheric structure exhibits horizontal (and vertical) gradients in velocity,
light that emerges from different parts of the stellar surface experiences convective blue- or
red-shifts. Since uprising uid parcels cover a larger area spatially, spectral lines generally
experience net convective blue shifts on average. This is especially the case for weak lines
or the wings of strong lines — as they form close to the basis of the photosphere, where
there is still considerable convective ux — and less so for the cores of strong lines, which
form further out past the convective overturn in radiation-dominated regions (Asplund et al.
1999).

Besides shifts in wavelength, it may furthermore be noticed that the absolute intensity is
changing across the stellar disk. Through the connection between emitted radiation energy
and temperature (Stefan-Boltzmann law  T* for frequency integrated-, Planck law as in Eq.
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