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Abstract

Elements heavier than the iron peak are predominantly produced by neutron-capture nucle-
osynthesis, as they cannot be efficiently formed through charged-particle fusion reactions.
These elements are synthesised via neutron captures followed by ~ decays in high neutron
density environments, and are classified into the slow (s-) and rapid (r-) neutron-capture pro-
cesses depending on the neutron density. While the s-process is established to occur primar-
ily in asymptotic giant branch (AGB) stars, the dominant astrophysical sites of the r-process
remain heavily debated. Thus, Galactic Chemical Evolution (GCE) models are used to in-
terpret stellar abundance trends and constrain production sites through Galactic archaeol-
ogy. Here I present new model atoms for yttrium and europium and perform non-local ther-
modynamic equilibrium calculations using three-dimensional (3D) radiation-hydrodynamic
model atmospheres to derive accurate stellar abundances of key neutron-capture and iron-
peak elements. These state-of-the-art abundance determinations show the need for multiple
r-process production sites, yet no existing GCE model can consistently reproduce all con-
sidered elements (Sr, Y, Ba and Eu) simultaneously. For Co and Ni discrepancies reach up
to +0:6 dex at [Fe/H] < 3 compared with current GCE model predictions suggesting that

nucleosynthetic yields of iron-peak elements may need to be revised.






Zusammenfassung

Elemente schwerer als der Eisenpeak werden iiberwiegend durch Neutroneneinfang-Nukleosynthese
gebildet, da sie nicht effizient durch geladene-Teilchen-Fusionsreaktionen erzeugt werden
konnen. Diese Elemente werden durch Neutroneneinfinge mit anschlieBenden  -Zerféllen

in Umgebungen mit hoher Neutronendichte synthetisiert und werden abhéngig von der Neu-
tronendichte in den langsamen (s-) und schnellen (r-) Neutroneneinfangprozess klassifiziert.
Wihrend der s-Prozess etabliert ist und hauptsachlich in Sternen auf dem asymptotischen
Riesenast (AGB-Sterne) stattfindet, sind die dominierenden astrophysikalischen Entstehung-

sorte des r-Prozesses weiterhin Gegenstand intensiver Diskussion. Daher werden Mod-

elle der Galaktischen Chemischen Entwicklung (GCE) verwendet, um stellare Haufigkeit-
strends zu interpretieren und Entstehungsorte im Rahmen der galaktischen Archéologie
einzuschrianken. In dieser Arbeit prasentiere ich neue Modellatome fiir Yttrium und Eu-
ropium und fiihre Nicht-lokale-thermodynamische-Gleichgewichtsrechnungen unter Ver-
wendung dreidimensionaler (3D) strahlungshydrodynamischer Modellatmosphiren durch,

um prazise stellare Haufigkeiten wichtiger Neutroneneinfang- und Eisenpeak-Elemente abzuleiten.
Diese hochmodernen Haufigkeitsbestimmungen zeigen die Notwendigkeit mehrerer r-Prozess-
Produktionsorte, jedoch kann kein bestehendes GCE-Modell alle betrachteten Elemente

(Sr, Y, Ba und Eu) gleichzeitig konsistent reproduzieren. Fiir Co und Ni erreichen die
Abweichungen im Vergleich zu aktuellen GCE-Modellvorhersagen bis zu +0:6 dex bei
[Fe/H] < 3, was darauf hindeutet, dass die nukleosynthetischen Ausbeuten der Eisenpeak-

Elemente moglicherweise revidiert werden miissen.
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Chapter 1
Introduction

A central question in humanity has always been that of our origin. From a physics
perspective, this can instead be reframed as “Where do the chemical elements that make
up us and everything around us originate from?”. In 1814, Joseph von Fraunhofer made a
key discovery that contributed to addressing this question by studying the solar spectrum
with a telescope feeding a prism spectroscope. He identified numerous dark absorption
lines within the continuous rainbow of colours, now known as Fraunhofer lines. Later,
Robert Bunsen and Gustav Kirchhoff in around 1860 showed that when chemical elements
are heated in a flame, they produce light with characteristic spectral lines unique to each
element (Kirchhoff, 1860). These spectra were studied with a spectroscope and were found
to display patterns that correspond to the Fraunhofer lines observed in the solar spectrum.
Around 1860, they matched the wavelengths of these spectral lines to the absorption lines in
the solar spectrum, identifying some of the elements present both in the Sun and on Earth,
such as sodium, iron, calcium and magnesium (Kirchhoff, 1862). This marked the first steps

of spectroscopy as a powerful tool for studying the composition of stars.

1.1 The chemical evolution and origin of elements

Within the standard CDM cosmological model, the observable Universe is described as
evolving from an extremely hot, nearly homogeneous, and dense early state approximately
13:80 0:02 Gyr ago (Planck Collaboration et al., 2020). During the first few minutes of
this evolution, most of the light elements, such as hydrogen and helium, were synthesised
through Big Bang nucleosynthesis. Heavier elements (typically referred to as “metals” in
astronomy), with the exception of trace amounts of lithium, are thought to be produced pre-
dominantly through stellar nucleosynthesis processes and other astrophysical sites. Early
theoretical work on the origin of the elements was carried out by e.g. Bethe (1939); Alpher
et all (1948); Hoyle (1954); Burbidge et al. (1957). Despite the significant progress, the

1



2 The chemical evolution and origin of elements

Figure 1.1. The visual representation of solar spectrum from Kurucz et al. (1984), where
the absorption lines are indicated with dark lines in the rainbow of colours. Image inspired
by a similar one by NASA/SDO.

astrophysical production sites and their quantitative contributions for many elements, espe-
cially the heaviest ones beyond the iron-peak elements, remain uncertain. Within the current
paradigm, several candidate production sites of the heaviest elements have been proposed.
However, the dominant site and their production timescales are still heavily debated (see also
recent reviews by Kobayashi et al), 2020; Cowan et all, 2021)). Fig. [L.2 provides a simplified

illustration of the proposed origins of the elements based on the current understanding of

the production sites.

The Origin of the Solar System Elements
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Graphic created by Jennifer lohnsan Astronomical Image Credits:
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Figure 1.2. Periodic table of elements in the Solar System showing their origins. Created
by Jennifer Johnson.

The following sections are primarily based on Claytor] (1968); Krane (1988); Rolfs and
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Rodney (1988); Woosley and Weaver (1995); Woosley et al| (2002); Steigman (2007); Sne-
den et al. (2008); Pagel (2009); Boeltzig et al| (2016); Cooke (2026).

1.1.1 BigBang Nucleosynthesis

During the first fractions of a second after the onset of the hot Big Bang phase, particles
were in thermal equilibrium, undergoing frequent interactions such as particle-antiparticle
pair creation and annihilation. Asthe Universe expanded, the radiation temperature dropped,
leading to a reduction in interaction rates. When the temperature dropped below kg T~ 2-
3 MeV, neutrinos began to decouple from the plasma, with full decoupling occurring at
kT 0:8 MeV, roughly at the Universe age of 1 s (Steigman, 2007). At this stage,
weak interactions of protons and neutrons halted, fixing the neutron-to-proton ratio. Prior
to the onset of nucleosynthesis, the plasma consisted predominantly of photons, electrons,
protons, neutrons, and decoupled neutrinos. The first possible nuclear reaction was between

protons and neutrons:

p+nHd+ ; (1.1)

where p denotes a proton (*H), n a neutron, d a deuteron (*H) and  a photon. However,
deuterons were efficiently destroyed by photodissociation until the temperature decreased
tokgT  0:06 MeV. Only at that point, its production and destruction rates became equal.
Time between neutrino decoupling and the Universe temperature dropping took around 5
minutes. Since free neutrons are unstable with a mean lifetime of 880 s (decaying via

decay) ([Yeh et all, 2023), their abundance also decreased prior to the nucleosynthesis
onset. Once a sufficient abundance of deuterons was established, a network of nuclear reac-
tions enabled the formation of heavier light elements, such as helium (*He), as well as trace

amounts of other isotopes such as tritium t CH):

d+p ¥3He+ (1.2)
d+d ¥3He+n (1.3)
d+d ¥ t+p (1.4)
SHe+d 1% He+p (1.5)
*He+n ¥ t+p (1.6)
t+d 14 He+n (1.7)

Traces of lithium (Li) were also produced via a series of reactions, including through the

unstable isotope 'Be:
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*He +*He 17 Be + (1.8)
Be+n ¥ Li+p (1.9)
Li+p ¥ 2°He (1.10)
t+*He 97 Li+ : (1.11)

These main reactions were responsible for the synthesis of the lightest elements during
the first few minutes of cosmic evolution. Within the framework of standard Big Bang nucle-
osynthesis, it is possible to predict the primordial abundance ratios of these elements, which
can be compared to observations of environments that have undergone minimal chemical
evolution. For example, the primordial deuterium abundances are measured in high-redshift
quasar absorption systems or protosolar cloud (e.g. Geiss and Reeves, [1972; Tytler et all,
1996; Geiss and Gloeckler, 1998), while helium abundances are inferred from metal-poor
extragalactic H II regions (e.g. Salaris et all, 2004; Pitrou et al., 2018). However, compar-
isons for lithium show a significant discrepancy, referred as the cosmological lithium prob-
lem (e.g. Spite and Spite|, 1982; Fields, 2011j). The lithium abundance observed in the most
metal-poor starsis 2 3 smaller than that the predicted one from the Big Bang nucleosyn-
thesis. Overall, the Big Bang nucleosynthesis was responsible only for the production of the
lightest elements. Thus the heavier elements had to be synthesised later through stellar nu-
cleosynthesis processes, such as supernovae, compact object mergers, and accretion-driven

outflows.

1.1.2 Light and iron-peak elements

After the Big Bang nucleosynthesis, most elements were synthesised through nuclear
fusion during the lifetime of stars or in energetic astrophysical events. These include core-
collapse (CCSNe) and thermonuclear supernovae (SN Ia), and compact object mergers (e.g.
neutron star mergers). In order to contribute to the chemical evolution, these newly formed
elements must have been ejected and returned to the interstellar medium, through e.g. stellar

winds, supernovae explosions or ejecta from compact object mergers.

One of the lightest elements, helium, is synthesised in the stellar cores via the pp-chain
or the CNO-cycle. There are several possible chains, depending on the conditions and tem-
perature, but the overall effect is the fusion of four hydrogen *H nuclei into helium “He.

The main pp I-chain has the following reactions:
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'H+'H 1°D+e* + (1.12)
D+'H ¥3He+ (1.13)
%He +° He ¥* He + 2'H: (1.14)

Unlike during Big Bang nucleosynthesis, there are no free neutrons present, meaning

neutrons must be produced via weak interactions, such as electron capture:

p+e ¥ n+ (1.15)

The CNO cycle, on the other hand, involves carbon, nitrogen and oxygen as intermediate
elements in the reaction chain. In its simplest form, *?C acts as a catalyst, enabling fusion of
hydrogen into helium, without being consumed. Consequently, this process cannot operate
in metal-free Population III stars. The net result is the same as for the pp-chain: conversion
of four hydrogen *H nuclei into one helium “He nucleus. The main cycle path is shown

below:

Lo+lH ¥ BN+ (1.16)
BN 1B C+et + (1.17)
Be+'H 1N+ (1.18)
UN+'H 1% 0+ (1.19)
Bo 1B N+et + (1.20)
N +'H 12 C +*He; (1.21)

thus this reaction retains the original carbon atom. The CNO becomes dominant at higher
core burning temperatures, around T & 15 20 10° K. Several branches of the CNO cycle
exist, some of which lead to partial conversion of >C to *3C and #N. These isotopes play
an important role for the subsequent slow neutron-capture process (see Sect. [[.1.3).

The production of other elements requires even higher temperatures. The next logical

step is the fusion of helium. This proceeds via the triple- (where means *He) reaction:

“He +* He $° Be (1.22)
8Be +*He B?C 1?2 C+ (1.23)
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The first reaction occurs because ®Be is a highly unstable isotope, with a lifetime of
around 8 10 " s (Kondev et all, 2021)), and rapidly decays back into two  particles.
Nevertheless, the small equilibrium abundance of 8Be in helium-burning regions is sufficient
to allow an additional capture to occur, despite its low concentration. The subsequent
capture synthesises a *>C nucleus in its resonant 0" state at 7.65 MeV, known as the Hoyle
state (Hoyle, 1954). Because of the existence of this resonance, the rate of the triple-
reaction is enhanced, enabling efficient carbon production in stellar cores. Subsequent -
capture reactions produce heavier nuclei, such as 10, ?Ne, Mg, and %Si, commonly

referred to as  -elements due to their formation through successive captures.

Massive stars (& 8M ), due to their sufficient mass to ignite advanced burning stages,
continue nuclear burning in successive shells, synthesising heavier nuclei up to the iron
group. In their later evolutionary stages, their cores approach nuclear statistical equilibrium
(NSE), in which nuclear reactions and photodisintegration roughly balance each other while
producing iron-group elements. These stars have shorter lifetimes (- 30 Myr) and end their
evolution as core-collapse supernovae (CCSNe) or direct collapse events. These events
return part of their stellar material to the ISM, while the rest remains in the compact remnant,
where the exact amount of non-ejected material depends on the stellar mass and the type of

explosion (see e.g. Woosley and Weaver, 1995; Heger et all, 2003).

Lower-mass stars (- 8M ) evolve on longer timescales (& 30 Myr, and 10 Gyr for
the Sun), and therefore enrich the ISM much later. Assuming single-star evolution, such
low-mass objects do not reach temperatures high enough to ignite burning stages beyond
helium burning. Once fusion stops, they lose their stellar envelopes, leaving behind carbon-
oxygen white dwarf compact remnants supported by electron degeneracy pressure. These
compact remnants remain stable and unlike more massive stars do not explode in single-star

evolution.

However, if such a white dwarf exists in a sufficiently close binary system, it may ac-
crete additional material from a companion star during Roche-lobe overflow. The additional
mass exerts extra gravitational pressure on the object and, if a sufficient amount of material
is accreted such that the mass of the object reaches the critical mass M¢y, (the Chandrasekhar
mass), electron degeneracy can no longer support the star against collapse. When this oc-
curs, carbon ignites, leading to a thermonuclear runaway and a Type la supernova explosion.
Similar to CCSNe, the ejecta approach NSE conditions, producing large amounts of iron-
peak nuclei. Type Ia supernovae therefore synthesise and eject large amounts of iron-group
elements, in particular °®Ni (releasing 0:4 0:8M Wang et all, 2008), which eventually
decays to °®Fe on timescales of days to months, making these events major contributors to

the enrichment of the ISM in iron-group elements.
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1.1.3 Neutron-capture elements

Elements beyond the iron peak cannot be produced efficiently through hydrostatic fu-
sion, as nuclei near the iron group have the highest binding energy per nucleon and further
fusion becomes increasingly endothermic. However, at high neutron densities (on the or-
der of n > 10° cm 2), nuclei can capture neutrons. If the neutron densities are relatively
low ( 108-10%2 cm 2), the process is called the slow neutron-capture process (s-process).
In this regime, unstable isotopes typically have enough time to undergo  decay between
successive neutron captures, thus increasing their proton number. At much higher neutron
densities (> 10?° cm 3), the rapid neutron-capture process (r-process) occurs, in which neu-
tron captures proceed faster than  decay, and nucleosynthesis takes place on timescales
of seconds or less (Burbidge et alJ, 1957). While both processes can, in principle, produce
most elements beyond the iron peak, their different physical conditions lead them to produce
predominantly different elements and isotopes.

The s-process is typically associated with intermediate-mass stars during the asymptotic
giant branch (AGB) phase (e.g. Busso et all, 1999; Cristallo et al., 2011}; Karakas and Lu-
garo, 2016). AGB stars evolve under conditions that sustain neutron densities sufficient for
continuous neutron capture onto heavy nuclei. Isotopes such as *C and N from the CNO

cycle provide the necessary neutrons through reactions:

“N+‘He 18 F+ (1.24)
B a8 0o+e" + (1.25)
180 +*He ¥% Ne + (1.26)
22Ne +*He 1% Mg+ n; (1.27)
and:
BC+%He 10 +n; (1.28)

where **C can be additionally produced from *?C during 3rd dredge-up event, when

hydrogen-rich material comes in contact with carbon:

Lo+l 1B N+ (1.29)
BN 1B Cc+et + (1.30)
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'"HVSLWH WKLV *DODFWLF FKHPLF D ORRQRD X MQLRII FRHKFNOMR §
PHUJHUV DV VROHU SURFHVYV SURGXFWLRQ VLWHVY VWUXJJOH
WLRQV RI VWHOODU QHXWURQ FDSWXUH HOHPHQW DEXQGDOQF
QHXWURQ VWDUPHUJHUVIROORZD GHOD\ WLPH!'GYMWULEXW.L
H % HOF]\QVNL HHMQQHNHQV DQG 9D QEXNNRIHIQW D ©X F K
GHOD\WLPHV LPSO\ WKDW QHXWURQ VWDU PHUJHUV FRQWUL
WKH ,60 *DODFWLF FKHPLFDOHYROXWLRQ PRGHOV DGRSWLQ



7TKHFKHPLFDOHYROXWLRQDQG RULJLQRIHOHPHQWYV

VWUXJIJOH WR UHSURGXFH WKH REVHUYHG HDUO\HYROXWL
PHWDO SRRULDWMHWDKRED\DVKLHWD®IIJHVWLQJWKDWDQD
U SURFHVVSURGXFWLRQVLWHPD\EHUHTXLUHGLQ WKHHDL
QHXWURQ VWDU PHUJHUYV
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J)LIXUH ([DPSOH RIV DQG U SURFHVYVY SDWKV IRU ;HQRQ ;H
%D 7DNHOQMRBRP HW DRULJLQDOO\BQBGWR EWRE

%HFDXVHU SURFHVV QXFOHRV\QWKHVLY SURFHHGV IDU |
KLJKO\QHXWURQ ULFKDQGVKRUW OLYHGLVRWRSHV ZKRVF
DQG LQ VRPH FDVHV LPSRVVLEOH WR VWXG\ H[SHULPHQWL
VWRSVRUJHWV VLIQLILFDQWO\UHGXFHG W IGHI\FID X\QE/MFINE O
WRZDUG VWDELOLW\ $V LQ WKH V SURFHVV UHGXFHG QHX
QHXWURQ VKHOOV OHDG WR ORFDO SLOH XSV RIDEXQGDQF
SURGXFHV DEXQGDQFH SHDNVDW ORZHUDWRPLF QXPEHUV
SURFHVV SHDNV ORFDWHG DURXQG6H .U 7H :H DQG 3W $X
WR REVHUYH LQ VWHOODU VSHFWUD (X LV DPRQJWKH PRV
SURFB@MGHQ HW DIV (X ,, OLQHV DUH UHODWLYHO\ VWURQJ
RSWLFDO VSHFWUD RI )*. W\SH VWDUV (XURSLXP LV WKHU
SURFHVV HQULFKPHQW LQ *DODFWLF FKHPLFDO HYROXW LR
)L VKRZV DQ H[DPSOHRIV DQG U SURFHVV SDWKV 7KF
E\ WKH LN"RWRQBHUJRLQJ QHXWURQ FDSWXUH BKRWEBWLQJ
GHQRWHG DPRWOYLQJ WR WKH ULJKW RQ WA HHGLL\DD Q DXF) VAK Bl L0
LVRWRSHZLWK D KDOI OLIHRI  GD\W&H B Q& WHIKLIRK KD G
DKLJKHUDWRPLFQXPEHU DQDUURZPRYLQJWRWKHOHIWD
WR XQGHUJR QHXWURQ FD3a\XIU\H & XFROGKLFH G D B K RIDKE BV1D/HD G



&KHPLFDO DEXQGDQFHV RIVWDUV DV WUDFH

WR D KLIJIKHU DWRPLF QXPEHU LVRWRSH 7KHU SURFHVV FDQ
VWDEOH MVRWRISHK FDQQRW GH®mD\ IXEWHKHY WIRGLRDFWLYH W
V SURFHVV LV YHU\ XQOLNHO\ W R*SH RE/XF i MAKHOKNH DANRLAHHJ LLWRR,
DUH SURGXFHG DOPRVW H[FOXVLYHO)\HE\ WHKHDX 8K RVKHM\O LLH) M
EH\RQG WKH UHDFK RI WKH V SURFHVV 2Q W RKHWGDNVKXWHHW KD QG
HITHFWLYHO\ "VKLHOGHG IURP WKH U SURPFHWY P\DMWKIQSUHVH
WKHP SXUHV SURFHVV LVRWRSHYV

&KHPLFDO DEXQGDQFHV RI VWDUV DV \
HYROXWLRQ

JLIXUHS$EXQGDQFH GLVWULEXWLRQ Rl WKH ,60 DW WKH HQG R
OXWLRQ PRGHO RI WKLQ GLVF RI RXU&DOPDHWXDOQE20(*$ FRG
'LIIHUHQW FRORXUVUHSUHVHQW FRQWULEXWLRQIURPGLIIHU

SRLQWV DUH WKH Y R/MDWEDWKHPHWDO SRRUEHQFKPDUN VWDL
GDQFHWWHRWP HW DO

6WDUVDUHERUQLQ QHEXODH ZKLFKFRQWDLQD KLJKFRQF
DPRXQWYV RI KHOLXP DQG WUDFHV RI PHWDOV 7KH KLJK GHQ
FROODSVH IRUPLQJ D KHDWHG GHQVH FRUH D SURWRVWDU
DQG GXVW 'XULQJ WKLV SUH PDLQ VHTXHQFH SKDVH WKH SU
.HOYLQ +HOPKROW]WLPHVFDOH ZKLFK LV WKHFKDUDFWHUL)
SRWHQWLDO HQHUJ\ LV FRQYHUWHG LQWR WKH WKHUPDO HQ
EHFRPHY GHQVHU KRWWHU DQG PRUHPDVVLYH HYHQWXDOC



&KHPLFDO DEXQGDQFHV RIVWDUV DV WUDFHUV RI *DODFWL|

DWXUH LQ WIK'H. FRBW/WDUW K\GURJHQ IXVLRQ RQO\ LI WKH
HQRXJX80 H &KDEULHUDQG %DKBIMVLRQ WKHQ FRQWLQXH
RIPLOOLRQV WR ELOOLRQV RI\HDUV GHSHQGLQJRQ WKH P
LQJ K\GURJHQ WR KHOLXP DQG SRWHQWLDOO\SURGXFLQJ |
LOQWHUQDO FRPSRVLWLRQRIWKH VWDU FKDQJHV WKURXJKR
FKDQJH VLJQLILFDQWO\DQG ODUJHO\UHIOHFWV WKH RULJL
WKH VWD U&DVIERWPQG & ZVWKWVYRPH PLQRU H[FHSWLRQV V>
OLFKDXGHWRA2HYROXWLRQDU\DEXQGDQEHEKDRQBY LQ U
GUHGJH XSHYHQW\HIUZ 3% ZWDRK/ZLOO QRW EH GLVFXVVHG

JLIXUH 1XPEHU RI VWDUV DV D IXQFWLRQ RI WKH VSHFWUDC
IRUWKHODUJHDVWURQRPLFDO VXUYH\VRQJURXQG EDVHC
QXPEHUVUHSUHVHQW RQO\URXJKHVWLPDWHY 7KLV DOVR
ZKLFK SOD\D VLIJQLILFDQW UROHLQDEXQGDQFH GHWHUPLC

6WHOODU DEXQGDQFHV FDQ EH XVHG LQ WZR FRPPRQ ZD\\
HYROXWLRQ RIHOHPHQWY 7KH ILUVW DSSURDFK LV WR ERF
YLGXDO VWDU WR WKH SUHGLFWHG \LHOGV IURP GLIIHUHQV
VLWH SURGXFHV GLITHUHQW DPRXQWV RI HDFK HOHPHQW F
RZQ FKHPLFDO LPSULQW GHSHQGLQJRQ WKH SURJHQLWRU \
SURDFK DUH WKH GHSHQGHQFH RQ WKHRUHWLEDO \LHOG PF
DEXQGDQFHY DQG GHJHQHUDFLHV GXH WR SRVVLELOLW\ R
QHRXVO\

7KHVHFRQGDSSURDFKLVWRGHULYHDEXQGDQFHVIRUOTL
GDQFHWUHQGVDVDIXQFWLRQRIPHWDOOLFLW\IRUD SDUW
WKHHYROXWLRQRIFKHPLFDOHQULFKPHQWDQGDUH XVHG \
FOHRV\QWKHWLF VRXUFH 7KHVH DEXQGDQFH WUHQGV FDQ



SHOHYDQW VSHFWURVFRSLF

*DODFWLF FKHPLFDO HYROXWERRQVPIREGEHILRD MKHBHBHEXLUHY ELJ C
VWHOODU DEXQGDQFHYVY WKDWDUH RIWHQ FDUULHG RXW XVL
VXUYH\V VXFK DYL*ORBRUWB HW DO *$/$+'H 6LOYD HW DO
%XGHU HW D®32*((ODMHZVNL HW D@26 7=KDR HW D&XL

HWDO 5%$9(6WHLQPHW]HW®®HU HW DDV ZHOO DV WKH PRVW U
0267GH-RQJHW DQG :($90OOWRQHWDDJ VKRZV WKHQXPEHU
RIVWDUVREVHUYHGDVDIXQFWLRQRIWKHVSHFWUDO UHVRO.
EHUVDUHRQO\URXJKHVWLPDWHYV WKH\VKRZEKIDON W\SLFDO
REVHUYHRQO\DURXQGD PLOOLRQ WDUJHWYV 7KLV LV FKDQJL
ZKLFK ZLOO REVHUYH URXJKO\KDOIDQ RUGHU RI PDJQLWXGH
FRPSDUHG WR RWKHU VXUYH\V

SHOHYDQW VSHFWURVFRSLFPHWKRGYV

6WHOODU VSHFWURVFRS\ LV WKH SULPDU\ REVHUYDWLRQD
FRPSRVLWLRQRIVWDUV %HFDXVHVWHOODUDWPRVSKHUHYV |
WLHVY PXVWEHLQIHUUHG E\FRPSDULQJREVHUYHG VSHFWUD V
UHTXLUHV VWHOODUPRGHODWPRVSKHUHYVY ZKLFKGHVFULEH
WHPSHUDWXUH SUHVVXUH DQG GHQVLW\DV IXQFWLRQV RI ¢
FRPSXWHG IURP ILUVW SULQFLSOHV XVLQJUDGLDWLYH WUDC
Gbwb 7KHVH VI QWKHWLF VSHFWUD DUH FRPSDUHG WR REVH
XVHG WR GHULYH WKH XQGHUO\LQJ VWHOODU SDUDPHWHUYV D
WKH VWHOODU VSHFWURVFRS\ VWHOODU SDUBGRHHMMHE DQG
UDWKHWHWDKRQHG

7KHPRGHOV WKHPVHOYHV DUHEDVHG RQ D VHW RI SK\VLFD
LQSXWGDWD VXFKDVDWRPLFDQGPROHFXODUGDWDEDVHGF
LFDOFDOFXODWLRQVY HTXDWLRQRIVWDWH RSDFLWLHV HWEF
WLRQV WKHQXPEHURIGLPHQVLRQVLQ WKHPRGHO DWPRVSK
WKHFKRLFHRIDWRPLF GDWD DQG PDQ\RWKHUV | RXWOLQH

6WHOODU SDUDPHWHUV DQG DEXQGDQFH GHW

, QVWHOODUDVWURSK\VLFV WKHIXQGDPHQWDO SDUDPHW
OXWLRQ DUH WKHVWHOODU PDVVDQG FKHPLFDO FRPSRVLWLI
WLHV VXFR DUAPDLQRMIWFWLYH WHASHUDXMNXORH IJDDNMN LW\ ORJ
REVHUYDWLRQDOO\DFFHVVLEOH SURSHUWLHYV WKDW DUH W\!
PRGHOIUDPHZRUN 7KHVHDUHFRQQHFWHG WKURXJK WKHHT:



SHOHYDQW VSHFWURVFRSLF PHWKRGV

L=4R?TY,
GM
R2

ZKHUHY WKH 6WHIDQ %R GW YP\B QK FRIDMWIDAWY. R'Q BVOSF R Q V \
LFDOO\H[SUHYQHGDX@IRNY 5HODWLYH WR WKH 6XQ WKH FI

OR3 ORI+ OR#/\I/I— 20R§ ;

ZKHUKg AR 3Uab HWDORUPRVW VWDUW R KIHQM®DBYWLWL
QRW GLUHFWO\DFFHVVLEOH DQG PXVW WKHPVHOYHV EH FR
UHODWHV WKHWRWDO OXPLQRVLW\RIDVWDUWRWKHHIIHF
PLQHV WKH SUHVVXUHDQG GHQVLW\VWUXFWXUHRIWKH VW
KDYHD GLUHFW LPSDFWRQ WKHUHVXOWDQW VWHOODU VSH
HUWLHV FDQQRW EH XQLTXHO\GHULYHG VWHOODU VSHFWL
SDUDPHWHUV DQG FKHPLFDO DEXQGDQFHYV

'"HULYLQJWKHDEXQGDQFHV RIDOO QDWXUDOO\RFFXUUL
LVQRWJIJHQHUDOO\ SRVVLEOH IRUD VWDU (YHQLQ WKH FD\
HOHPHQWYVY FDQQRW EH GHWHUPLQHG GLUHFWO\ I[URP WKH
7KLV LV EHFDXVH VRPH HOHPHQWY ODFN VXIILFLHQWO\ VWI
REVHUYDEOH ZDYHOHQIJWK UDQJH ZKLOH RWKHUV VXFK D
DEOH SKRWRVSKHULFDEVRUSWLRQ OLQHV XQGHU W\SLFDO
WKHUHIRUH EH FRQVWUDLQHG LQGLUHFWO\ IRUH[DPSOH W
VXUHPHQWY RUPHWHRULWLF PDWHULDO ,Q REVHUYDWLR(
ZD\VWR H[SUHVV WKH DEXQGDQFH RID FKHPLFDO HOHPHQW
VFDOH ZKLFKJLYHV WKH QXPEHURIDWRPV UHODWLYH WR K

_ (X) .
A(X) = OR%W +12:

ZKHABHQRWHY WKH DEVROXW HXD EX QWKMHQFHHWVEB D 8 HQ IGH
TXHVWLRQ + LV K\GWRXHQPPMEBHU GHQVLW\ 7KH ORJDULWI
LI RQH VM(OUKKDKHU E\ WKDQ DQRWKHU VW DUDWRRY BW KD \
K\GURJHQ DWRP $VHHPLQJO\VPDOO W\SLFDOREVHUYDWLF
WR D SHUFHQWDJH XQFHUWDLQW)\ RI DERXW 7KLV KLJK
XQFHUWDLQW\EHKLQG ORJDULWKPLF PHDVXUHPHQWYV

A(X) LV D XVHIXO VFDOH EHFDXVH LW SURYLGHV DQ DEVRO)
FRPSDUHG GLUHFWO\EHWZHHQ GLIITHUHQW VWXGLHV ZLWK|



SHOHYDQW VSHFWURVFRSLF

DGRSWHG VRODU UHIHUHQFH VFDOH ,Q SUDFWLFH KRZHYHU
UHODWLYH WR WKH 6XQ ZKLFK VHUYHV DV D QDWXUDO EHQFK
IHUHQWLDO QRWDWLRQ LV SDUWLFXODUO\ XVHIXO LQ *DODF\
UDWLRVEHWZHHQHOHPHQWY SURYLGHD PRUHVHQVLWLYHW
DEVROXWHDEXQGDQFHM/DPIRQWKAKH PEDQWWWWXFK VFDOH G
DEXQGDQFH R IUHIDHOPMIOMA WR K\GURJHQ FRPSDUHG WR WKH VR

X7 4= AX) AX) ;

ZKHA(KM) LV WKH VRODU DEXQGDXFH] =7K L F SPCHLLHW W\KKDDIWW K-
VWDU KDV WKH VDRHDI/EWRIEBROEHZAAKLFK LV HDVN\ DQG TXLFN W
$)*.0 W\SH VWDUV WKHFRPSDULVRQLVDQPVMRIRIWHQ GRQH UH

X/ )YH=[X/ 4 [)HH:

,Q SUDKW)H@& LY RQH RI WKH PRVW FRPPRQO\ XVHG GLIITHUH(
VWHOODU VSHFWURVFRS\ 7KLV LV SULPDULO\EHFDXVH)H LV
LQ $)*.0 W\SH VWDUV RZLQJWR WKH ODUJH QXPEHU RI LWV OL
7KXV )HSURYLGHVDUREXVWREVHUYDWLRQDO UHIHUHQFH H(
IRURYHUDOO PHWDOOLFLW\ LR/ QP=VI HP WD O M WK D WMV K W KLDWFK
VDPHDEXQGDQFHXRUW® B WDHPWRWH DV WKH 6XQ 7KHPDLQ ED
DXWKRUV PD\DGRSW GLIIHUHQW VRODUDEXQGDQFHVFDOHV E
RZQDQDO\VLV 'HULYHG VRODU DE X:QG B REHW ZBDEGV.W K G [EN X
VHHWKHGLIIHUHQFHLQ WKH DEXSQ G R Q6 i RDREEE H QHER-DADZAH H Q
HW DO

$00 DWPRVSKHULF SDUDPHWHUY FRQWULEXWH WR WKH HP
VSHFWUXPLVIRUPHG WKURXJKRXW WKHVWHOODUDWPRVSKH
SURGXFH DEVRUSWLRQ IHDWXUHV WKURXJK WUDQVLWLRQV F
7HPSHUDWXUH JRYHUQV WKH H[FLWDWLRQ DQG LRQLVDWLRQ
WKURXJK WKH %ROW]PDQQ DQG 6DX® U WG D WLFRHQM VHIBAMT I | H
WKH SUHVVXUH DQG GHQVLW\ VWUXFWXUH RI WKH DWPRVSKH
FRQYHFWLRQDQG VWHOODUURWDWLRQIXUWKHUPRGLI\WKH
IRUHD SRZHUIXO GLDJQRVWLFWRROIRUGHWHUPLQLQJWKHF
WXUH RIVWHOODU RXWHU OD\HUYV

,Q SULQFLSOH D VXIILFLHQWO\ GHQVH JULG RI VIQWKHWLF
REVHUYDWLRQV WR GHULYH VWHOODU SDUDPHWHUV DQG EKF
FHVV LV OLPLWHG E\ERWK PRGHOOLQJDQG REVHUYDWLRQDO
VIQWKHWLF VSHFWUD UHO\ RQ LPSHUIHFW DVVXPSWLRQV DQ



SHOHYDQW VSHFWURVFRSLF PHWKRGV

WUDQVIHU FDOFXODWLRQV ZKLFK FDQ PDNH GHWDLOHG DQ
OHQJLQJ 2Q WKHREVHUYDWLRQDOVLGH WKHUHFRUGHG V.
VWHOODUVLIJQDO EXWDOVRE\WKHIXO0O GDWD DFTXLVLWL
UHVROXWLRQ EURDGHQV VSHFWUDO OLQHV DQG EOHQGV Qt
QRLVH LPSHUIHFW IODW ILHOGLQJ EDFNJURXQG VXEWUDF
QRUPDOLVDWLRQ DQG VN\VXEWUDFWLRQ DOO LQWURGXF}
WDLQWLHV 7KHREVHUYHG VSHFWUXP LV IXUWKHU PRGLILH
WKH ,6068LW]HU DQG IRUJURXQG EDVHG REVHUYDWLRQV
WKH (DUWKfV DWPRVSKHUH 7KXV RQO\D UHODWLYHO\VPD
VSHFWUD RIVXIILFLHQWO\KLJK TXDOLW\WR GRWKH PRVW C

7ZR FRPPRQ DSSURDFKHV DUH XVHG WR GHULYH VWHOODL
HTXLYDOHQWZLGWK (: PHDVXUHPHQWVDQGVSHFWUDO V\C(
SK\VLFDOHTXDWLRQVDQGPRGHOV VWHOODUPRGHO DWPR
PROHFXODU WUDQVLWLRQ GDWD DQG ERWK DUH WKHUHIRLU
WLRQV VXFKDV/7(DVVXPSWLRQ FRQWLQXXP SODFHPHQW
DWPRVSKHUH W\SH

,Q WKH (: DSSURDFK WKH VWUHQJWK RIDQ DEVRUSWLRQ
TXDQWLW\RIHTXLYDOHQW ZLGWK ZKLFKPHDVXUHYVY WKH L
ORFDO FRQWLQXXP 7KLV TXDQWLW\LV WKHQ FRPSDUHG W
GDQFHUHTXLUHGWRUHSURGXFHWKHREVHUYHG OLQH VWU
HIILFLHQW DQG UHPDLQV SDUWLFXODUO\ XVHIXO IRU UHOD'
EHFRPHV OHVV UHOLDEOHLQ FURZGHG VSHFWUDO UHJLRQV
EDQGV DUHLPSRUWDQW

, QVSHFWUDO VI\QWKHVLYVY DV\QWKHWLFVSHFWUXPLVFRF
DQG FRPSDUHG GLUHFWO\ WR WKH REVHUYHG VSHFWUXP 7
OLQH EURDGHQLQJ WHUPV DUH WKHQ DGMXVWHG XQWLO W
VKDSH IRUH[DP3PHQURURBWLRQ %HFDXVH WKLV DSSURDF
ILOH LWLV EHWWHU VXLWHG WR WUHDWLQJ EOHQGYV FRQW
SOH[ OLQH VKDSHV LQ D VHOI FRQVLVWHQW ZD\ )RU WKLV
PRUH FRPPRQO\DGRSWHG DSSURDFK LQ ODUJHPRGHUQ VS|
PHWKRGV UHPDLQ ZLGHO\ XVHG

SDGLDWLYH WUDQVIHUDQG 1/7(HIITHFWYV

7KH IROORZLQJ VHFWLRQV BDX\WVBHQPREIMD\ EBDXEIBEQR Q
DQG OLKDOD¥HUJHPDQQ DQG 1RUGODQGHU



SHOHYDQW VSHFWURVFRSLF

*HQHUDO RYHUYLHZ

SDGLDWLRQ HPHUJLQJIURP VWHOODU DWPRVSKHUHV LV GH

dE _
FRAAd dtd

ZKLFK GHQRWHYV WKH ¢EQ HQ D WY DIQVSIRUHNNFAR R QY ISAHHU X Q L W
LQWHUNMMHI XHQFI LQWHD GROHFWLRQ D WIKQN HRDQUIOKFH QR U |
DQG VR Od! GDDMIOHHT X HIQHFT XD QW LW\ GLUHFWO\REVHUYHG LQ V
WKH FOXSEWDLQHG E\LQWHJUDWLQJWKHVSHFLILFLQWHQVLV

|
F = 1| FRW;

LH WKHQHWIOX[SDVVLQJ WKURXJK WKH VXUIDFH HOHPH(
WKHUHIRUH PHDVXUHYVY WKH HPHUJHQW IOX[ VSHFWUXP ZKLO
GLDWLRQ ILHOG LV WUHDWHG WKURXJK UDGLDWLYH WUDQVIF
SURSDIJDWLRQRIUDGLDWLRQ WKURXJKWKHVWHOODU DWPRYV
HTXDWLRQ

a_
ds ’

ZKHYHY WKH JHRPHWULFLUY WEWK B HWQIMWRKQ FRIMWMIWKHHQW LC
DEVRUSWLRQ FRHIILFLHQW %d GHIld LIYGMWX K HR'S RILE PHD I 19 F W

S:J—;

WKHWUDQVIHUHTXDWLRQ FDQEHUHZULWWHQ DV

ZKHUHFRWQG&V WKHDQJOHEHWZHHQ WKHUD\DQG WKH VXUI
WKHUDGLDWLYHWUDQVIHUHTXDWLRQ SURYLGHV WKHEDVLV
PRGHO DWPRVSKHUHV ,Q WKLV WKHVLY WKHVHFDOFXODWLR
JHRPHWU\ FRQVLVWHQW ZLWK WKH DWPRVSKHULF PRGHOV T
WKRVHPHQWLRQHG LQ 6HF

17 (

%HIRUH GLVFXVVLQJ 1/7( RQH PXVW VWDUW ZLWK WKHUPRC
DFKLHYHG LQ DJDVHRXV VI\IVWHP WKURXJK UDQGRP FROOLVL
DUHEDODQFHG E\ WKHLULQYHUVH SURFHVVHV )J)URP WKHUPF



SHOHYDQW VSHFWURVFRSLF PHWKRGV

VAVWHP LQ 7( KDV WKH KLIKHVW SRVVLEOH HQWURS\ D PHD

VIVWHP LV LQ LWV PRVW SUREDEOH VWDWH ,I| WKH VA\VWHP

ZLWKLQ WKH VI\VWHP ZLOO WHQG WR GULYH LW EDFN WRZD!

7(DVVXPSWLRQ WKH WKHUPRG\QDPLF VWDWH RI WKH JDV I

PROHFXOHV FDQ EH GHVFULEHG XVLQJVHYHUDO HTXLOLEUL
%ROW]PDQQ H[FLWDWLRQ HTXDWLRQ

>
=~
—

ZKHUBHQRWHY WKH QXPEHU GHQVLW\ RD §BUW LVFIOH VWO H
WLVWLFDO ZHLJKW RI WKHWVRBEHBHMSERWBWQRQHYHU I\ UHOD
VWDWWHWKH ORFDO NLQHW L F WKHLPVSH R © W KRUDHQR! W KEHR DDAW D QY
VFULBMQRWHY WKH 7( DVVXPSWLRQ 7KLV HTXDWLRQDSSOL
ZLWKLQDJLYHQ LRQLVDWLRQ VWDJHRIDFKHPLFDO HOHPH(
RI SDUWLFOHV LQ GLIIHUHQW H[FLWDWLRQ VWDWHYV

OD[ZHOOLDQ YHORFLWKIE QRWBDBDXWHBGLVWULEXWLRQ |
VSHHGV LV

m 32 mv?2
i 105 a7

ZKHWHY WKH SDUWLF® HWW®&R BIDUWLF®H PDVV 7KLV UHO
VFULEHVWKHWKHUPDO YHORFLW\GLVWULEXWLRQRISDUW
DWXUHDQG SDUWLFOHPDVV $ORQJWKHOLQHRIVLJKW RQ
FRQWULEXWHY WR WKH'RSSOHU VKLIWQFKMX\RQ LR WKHFWHM
RIWKHDWRP LW ZRXOG EHREVHUYHG LQ WKHODERUDWRU)
ZLWK ZEIGWR®KT/m)*?/c

6DKD LRQLVDWLRQ HTXLOLEULXP

f(v)dv = 4v2dv;

n;{l _ U:'J:lz th:kT . niee /KT

ZKHUBHQRWHYV WKH LIRIOW WEW ISPQ WY LR & KHOHFGH RQU R Q |
h LV 30DQF N i ER QAADHDM FW UR Q QXIP\E WK 16 HR @ L WD VDLGR® H
WKWKLRQLVDWLRQ VWDJH 7KLVUHODWLRQVKRZV WKDW KL
HOHFWURQ GHQVLWLHV IDYRXULRQLVDWLRAQ

7/( FDQ EHUHOD[HG WR ORFDO WKHUPRG\QDPLF HTXLOLEL
VXPHG WR VDWLVI\ WKHUPRG\QDPLF HTXLOLEULXP RQO\OR
VSKHUH 8QGHU WKLV DVVXPSWLRQ ORFDO SDUWLFOH SRSX
WHPSHUDWXUHDQG HOHFWURQ GHQVLW\WKURXJK WKH 6DK



SHOHYDQW VSHFWURVFRSLF

LQJWKHIXOO VWDWLVWLFDOHTXLOLEULXP SUREOHP WR EH VF
RI/7( DVLWJUHDWO\VLPSOLILHVWKHFDOFXODWLRQRIDWRP
UHGXFHVWKHFRPSXWDWLRQDOFRVWRIVSHFWUDOPRGHOOL
WR 1/7( FDOFXODWLRQV

/7(LV W\SLFDOO\ MXVWLILHG ZKHQ FROOLVLRQDO SURFHVV
DUH VXIILFLHQWO\ IUHTXHQW WR PDLQWDLQ ORFDO HTXLOLE
VDWLVILHGLQ GHHSHU GHQVHUDWPRVSKHULF OD\HUV ZKLO!
SRUWDQWLQWKHORZ GHQVLW\RXWHUDWPRVSKHUH 8QGHU
LQ(T LVHTXDO WR WKHB3ODQFN IXQFWLRQ

— 2h3 .
@ H[g- 1°

7TKXVIXUWKHU VLPSOLILHV WKHUDGLDWLYHWUDQVIHUFDO

117 (

5DGLDWLYHWUDQVIHU LQ 1/7(EUHDNV WKH /7( DVVXPSWLRC(
ZLWK 1/7( FDOFXODWLRQV VLIJQLILFDQWO\PRUH FRPSOLFDWEF
UDGLDWLYH DQG FROOLVLRQDO SURFHVVHYVY LQWHUDFW ZLW|
VROYHG DQDO\WLFDOO\DQG WKHUHIRUH UHT XILWQHEVDIXP HU L F
$PDUVL %HUJHPDQQ DQG +REGH*. W\SH VWDUV 1/7(VWDWLVYV
OLEULXP FDOFXODWLRQVDUHXVXDOO\SHUIRUPHGIRURQHH
WUDFH HOHPHQWDSSUR[LPDWLRQ 7R SHUIRUP WKHVHFDOFX
WLYHDQG FROOLVLRQDO WUDQVLWLRQ UDWHV EHWZHHQ GLII
WKURXJK WKH VWDWLVWLFDOHTXLOLEULXP HTXDWLRQ

X X

ni (G +Rj)= n(Gi +Ry);

6 j6i

ZKHUBQRGDUH WKH FROOLVLRQDODQGUDGLDWLYHWUDQVLYV
HUJ\ VWIDQMGHUMHV SHFWLYHO\ 7KURXJKDQ LWHUDWLYH SURFHYV
OHYHO SRS XKQ DWKHRRRGHO DWRP ZKLFKDUH W\SLFDOO\GLIIH
WLRQV )RUFRPSDULVRQ RQH W\SLFD ®O\WVGMKHQHDMW GR E B W\ b
/7(DQG 1/7( QXPEHU:GMENQWR BQG =ZDDQ

Ni _ Nj1/7(
; n_i'-’_ Ni7(’

ZKLFK PHD QV=WIKMMWMW HQ WKH 1/7( SRSXODWLRQ RI WKDW OHY
I7( "WKHUPDOGLVHGSGLFDWHY WKDW WKH OHYHOWYXWGOGHWHSRS .
OHYHOLVRYHUSRSXODWHG FRPSDUHG WR /7( $Q H[DPSOHRI




SHOHYDQW VSHFWURVFRSLF PHWKRGV

)L  ,Q WKLV IUDPHZRUN IRU WKH 89mDQGTYLYIXDFUOHFWUL
LQVWHDG EH UHZAUWMHPWEQ DPG 1RUGODQGHU

B
S bB,

ZKHUH WKH VESQRWHN. B \WHDEVRUSWLRQOLQHFRQVLGHL
FDOFXODWHG GHSDUWXUH FRHIILFLHQWYVY WR WKH3ODQFN V
UHJLPH WKHRSDELW\WRKMKBWRYPUWLRQDO WR

"I Db;

PHDQLQJ WKDW ZKBH®@ IRWKHPWEBEH OLQH RSDFLW\ GHFUH
IRUPDWLRQ GHSWKLQFUHDVHYV ZHDNHQLQJWKHDEVRUSWL
JLYHQDQ/7(UDGLDWLYHWUDQVIHUFRGHDQG SUH FDOFXO|
WR DSSUR[LPDWHO\LQFOXGH 1/7( HITHFWV ZLWKRXW UHFDC
WLPH $OWKRXJKWKLVDSSURDFKUHSUHVHQWVDQDSSURJL
SUREOHP LWLV ULJRURXVO\YDOLGDWHG WKURXJK GLUHFYV
DRGIJHQHUDOO\UHSURGXFHV WKH I XOOHVRGOGRE QRGVVZD &/ K K

JLIXUH'HSDUWXUH FRHIILFLHQWV IRUHQHUJ\OHYHOV RI (X Z
(X,,, KLJKOLIKWHG LQUHGDQGEOXH DVDIXQFWLRQ RI RS\
PRGHO DWPRVSKHUH

1/7( DEXQGDQFHVY FDQ EH GHULYHG HLWKHU WKURXJK GLL
DSSO\LQJ SUHFRPSXWHG 1/7(DEXQGDQFHFRUUHFWLRQV WHF
DSSURDFK SURYLGHV D FRPSXWDWLRQDOO\HIILFLHQWDQG
OLQH IRUPDWLRQ FDOFXODWLRQV ,Q WKLV FDVH 1/7( DEXC
WKHUHODWLRQ



SHOHYDQW VSHFWURVFRSLF

AX)17¢= AX)j7¢t 1176

ZKHA[X) LV WKH DEXQGD QFAHORI, HOWRMHKQW /7 ( FRUUHFWLRQ 7
1/7( FRUUHFWLRQV DUH FDOFXODWHG E\ GHWHUPLQLQJ WKH
DEXQGDQFHV WKDW ZRXOG SURGXFH WKH VDPHHTXLYDOHQW
HWHUV L HTJROBLYVHQ} @ $HUJHPDQQ DQG 1RUG®DWGHU
PHWKRGRORJ\DOORZV RQH WR DSSO\D SRVWHULRUL 1/7( FRU
ULYHG XVLQJDQ /7(UDGLDWLYHWUDQVIHUFRGH RU UHSRUWH

ORGHO DWPRVSKHUHYV

JLIXUH&RPSDULVRQ EHWZHHQ '/7(DQG "1/7(VIQWKHWLF VSF
"VSHFWUD ZHUH FRPSXWHG IRU VHYHUDO VQDSVKRWYV ZKLF
VSHFWUD $G®RE RWHSGH WRIPO

7KH VWHOODU PRGHO bDWPRVSKHUHV DUH WKH FHQWUDO LC
WLRQV 7KH VWHOODUDWPRVSKHUH UHIHUV WR WKH RXWHU (
UDGLDWLRQHPHUIJHVDQG ZKHUH WKH FRQWLQXXP DQG VSHEFV
WHPSHUDWXUH VWUXFWXUH JDV SUHVVXUH HOHFWURQ SUH
7TKH\GHWHUPLQH WKHORFDO H[FLWDWLRQ LRQLVDWLRQ DQ(
WUDQVIHU FDOFXODWLRQ ORGHO DWPRVSKHUHYVY DUH FRPSX
WHUV VXFK DV HITHFWLYH WHPSHUDWXUH VXUIDFH JUDYLW\
FRPSXWHG XQGHU D VHW RI SK\VLFDO DVVXPSWLRQV VXFK D
SODQH SDUDOOHO DVVXPSWLRQ
7TKHUHDUHVHYHUDOW\SHVRIPRGHODWPRVSKHUHV XVHG L
" K\GURVWDWLFPRGHOVDUHWKHPRVWFRPPRQFKRLFH GXH



SHOHYDQW VSHFWURVFRSLF PHWKRGV

LQFOXGH D IHZ GR]JHQ WR DURXQG RQH KXQGUHG GHSWK SR
VWUXFWXUH ZLWK RQO\D IHZ KXQGUHG QXPHULFDO YDOXHYV
TXLULQJRQO\VHFRQGV WRPLQXWHV RI &38 WLPH EHFDXVH
HWU\ K\GURVWDWLFHTXLOLEULXP DQG VLPSOLILHG WUHD
VHHHTXDWLRQVEHORZ ([DPSOKKWIXGFOXGH 83)$66PRGHOV
26 *UXSS DQG0$5&/WDIVVRQ HW DO

7KHVH PRGHOV UHO\RQ VHYHUDO IXQGDPHQWDO HTXDWL
WURGXFHG LDKHA VHFRQG RQH LV K\GURVWDWLF HTXLOLEUL:

dP,
w- ¥
ZKHRJHV WKH JDVZSLWHW KM UH R P HW UV. FADKH GSHIPAK WK B Q G
JUDYLWDWLRQDO DFFHOHUDWLRQ ,Q RWKHU ZRUGV JUDY
VWHOODU DWPRVSKHUH LV DVVXPHG WR EH VWDWLF 7KH WK

FuocFeray T 4Hi|

Z K HRLUPD FGroP UH WKH UDGLDWLYH DQG FRQYHFWLYH HQHL
DVVXPHV WKDW WKH WRWDO RXWZDUG HQHUJ\ IOX[ WKURXJ
HTXDO WR WKHVWHOODU VXUIDFHIOX[ ZKLFK FRUUHVSRQG
WHPSHTLPWMNHIOVR (T

,Q WKH VLPSOHVW FDVH DQ DVVXBB®WQR QLR DIERB\DMW® RLV |
WKH RSDFLW\LV DVVXPHG WR EH LQGH SAKMHW®HQW RLWKH IUH

ZDV GHILQHG LDKITV FRQVLGHUDEO\VLPSOLILHVY WKH UDGL
DGRSWLQJWKH (GGLQIJWRQ DSSUR[LPDWLRQ WKH WHPSHU
GHULYHG DV

2
3
7KLVUHODWLRQVKRZVKRZLQWKHFODVVLFDO 'JUD\/7(D
WXUHLVVHWEDVHGRQWKHUDGLDWLYHHTXLOLEULXP ,QS
DSSUR[LPDWLRQ LV UHOD[HGDQG ZDYHOHQJWK GHSHQGHQ
DQG PRUH GHWDLOHG HTXDWLRQV RIVWDWHDUHLQFOXGHG
XQWLO UDGLDWLYHWUDQVIHU K\GURVWDWLF HTXLOLEULX]|
QHRXVO\DW DOO GHSWKYV
7KH ' K\GURVWDWLF HTXLOLEULXP PRGHO DWPRVSKHUH\
VIVWHP DQG WKH\ FDQQRW GHVFULEH UHDO VWDUV IURP ILU
VWDUV ZLWK WKHLU VWURQJ VXE VXSYVBPXGRBOQRUWEWXRQ DC
HWDO /LQGDQG $PDEKLDYDVVD HWHLUJIHPDQQ DQG +RSSH

3
T )= ZTﬁm +



*DODFWLF FKHPLFDO HYROXW.

7TKH\DVVXPH K\GURVWDWLF HTXLOLEULXP DQG GR QRW H[SOL
VWHDG WKHHIIHFWV RI XQUHVROYHG YHORFLW\ILHOGV DUH"
UDPHWHUV VXFKDVPLFURWXUEXOHQFHDQGPDFURWXUEXOH!¢
EURDGHQLQJ RIWHQDVVRFLDWHG ZLWK FRQYHFWLYHPRWLR
UDPHWHUYV GHVFULELQJ WKH DFWXDO YHORFLW\ILHOG ORULI
K\GURG\QDPLF '5+' PRGHO DWPRVSKHUHV LQVWHDG VROYH
WXUEXOHQFHDQGFRQYHFWLRQWRGHYHORSVHOI FRQVLVWEFE
VHUYDWLRQRIPDVV PRPHQWXP DQG HQHUJ\

ot (y=0
@@?+r (Y¥=1r1r P+ J
Torr (E+P)Y= Y 3+ Quis

ZKHUHVY WKH GH@WLKH JD VEYIHNOWRHWAQ H U J\@GHOW WK H DQ G
UDGLDWLYH KHDWLQJ WHUP ([DPSOHV RIVXFK '5+' PRGHO D
9|JOHUHWD®,)526XKGLNVHQ HW&P®2/' /IXGZLIJDQG .XpLQVNDV

67$**(50DJLF HW DODQG 0 '(EWQHU HW DIKHVH PRGHOV
SURGXFH WKUHH GLPHQVLRQDO FXEHV FRQWDLQLQJ W\SLFDC
FHOOV HDFK DVVRFLDWHG ZLWK LWV RZQ WHPSHUDWXUH GH
DOORZWLPH GHSHQGHQW VLPXODWLRQV DV FRQYHFWLRQ FF
DWPRVSKHUH DQG WKHUHIRUH WKH VKDSHV RI VSHFWUDO OL
VIQWKHWLF VSHFWUD FRPSXWHG XVLQJIX0O0O '5+"1/7(PRGHOC
UHVROXWLRQVRODUREVHUYDWLRQV LQFOXGLQJFRQVLVWH
LQ VSHFWUDO OLSPH BYR H\U BV BIJHPDQQ HWDIQRFFKL HW DO

*DODFWLF FKHPLFDO HYROXWLRQ PRGF

7TKHIROORZLQJVHFWLR Q@DWMWHRPRLL O& EW v H & RE)

*DODFWLF &KHPLFDO (YROXWLRQ *&( PRGHOV DUH W\SLFD(
FKDQJHRIPDWWHU EHWZHHQ VWDUV DQG WKH ,60 ,Q LWV VLP
KRPRJHQHRXV ZHOO PL[HG JDV U HN KU QL BE@RWKGWRRY P® G B X
WKHV\VWHP HYROYHV IURPD VSHFLILHGLQLWLDO JDV UHVHUY
LQJV ZKHUHDVLQ D MRFHD@ ERFPROGMB WKURXJKLQIORZDQG C



*DODFWLF FKHPLFDO HYROXWLRQ PRGHOV

J)LIXUHS$ *&(PRGHO RI WKH *DODFWLF WKLQ& MWPFHW DQJ 20 (*$

E 7KHIRXU SORWY FRUUHVSRRQGMW R ADWL IR ORE VWIDRAHL
IURP &MQ;, DQG RXWIORZ MRMWHWR RQVR (THUH WKH LQIORZ U
LV DVVXPHG WRIROORZDQ H[SRQHQWLDO IXQFWLRQ

RXWIORZV 7KHPDVVIUDFWLRQIRUN\D@HVYIHXHEKMHWLFDO VSHFL
M
Xi=
' Moy

ZKHWUHY WKHPDVY RAWGSHRIIHHYDQG KHOLXP GRPLQDWH WKF
JDV HJ LQWKHG6RODWUFPREBHBRE\LRPADIMRMQ UHVSHFWLYHO\ ZKL(
LHUHOHPHQWYV WRIJHWKHU FRQWUWH\POVREBQRIOU Y MWDIO3 |1UD
'"HVSLWH WKHLU ORZ WRWDO PDVV IUDFWLRQ WKHDEXQGD((
SURYLGHWKHVWURQJHVWFRQVWUDLQWYV RQ FKHPLFDO HY
PDVVFDQEHZULWWHQ DV

Mjpv Mg d Mpym Mo Mg rxw

ZKHMH D QMgrxWHSUHVHQW WKH UDWHYV RIJDV IJDLQ DQG JEL
RXWIORZV JHUR LQ W KM, L RWHKIHG VBARD O LAP UNARWYL\R R HU D WM H X
ZKLFKG\LQJVWDUV UHWXUQPDWHULDO WR WKH ,60 $QDQD!
LQGLYLGXDO FKHPLFDOVSHFLHY DOORZLQJWKHFRPSRVLV
VLPSOLILFDWLRQ LV WKHLQVWDQWDQHRXV UHF\FOLQJ DSS
VSHFLILF PDVV OLPLW DUH DVVXPHG WR GLHDQG UHWXUQ V



*DODFWLF FKHPLFDO HYROXW.

QHRXVO\ ZKLOH ORZHU PDVV VWDUYV BEKPLGWIRIDY @HR\ OLYH |
8QGHU WKLY DSSUR[LPDWLRQ WKHVH HTXDWLRQV FDQ
WKLV DSSUR[LPDWLRQ EUHDNV GRZQ ZKHQ HQULFKPHQW IURI
WDQW EHEDXVH WKHDVVXPSWLRQ RILQVWDQWDQHRXV UHF\
WLPHHYROXWLRQ RIDEXQGDQFH UDWLRYV 7KLV LV SDUWLFXC
QDQW SURGXFWLRQFKDQQHOVRFFXURQGHOD\HGWLPHVFDO
RUV SURFHVV HOHPHQMQ VIORIR $* %0 DWIMHKFFLLQ QXPHUL
FDO *&( PRGHOV WKLV DSSUR[LPDWLRQ FDQEH UHOD[HG E\ WI
OLIHWLPHV GHOD\HG HQULFKPHQW DQG WLPH GHSHQGHQW
FRPSRQHQW L@Q(GHWDLO

7KH JDV LQIORZUDWH FDQ EH SDUDPHWULVHG LQ VHYHUDO |
FRPPRQO\DGRSWHG SUHVFULSWLRQV&KLDG $Il[OR GIMQINA. DO L
ODWWHXFFL

Mg b € v

ZKHUHY WKH LQIDOO WLPHVFDOH ZKLFK LV DV DIUHH SDUD
E\FRPSDULVRQ WR REVHUYDWLRQV OXOWLSOHLQIDOO HSLV
IHUHQW *DODFWLF FRPSRQHQWY )RU H[DPSOH LQ WKH WZR |
LV DVVRFLDWHG ZLWK WKH IRUPDWLRQ RI WKH WKLFN GLVN Zk¥
WKLQ GL&KLBISELQL HWKDA®J HW DSOLEpV HW DEDFK LQIDOO
HSLVRGH IXHOV VWDU IRUPDWLRQ ZKLFK UDSLGO\SURGXFHV
GHOD\HG WLPHVFDOHV\UDMREFIU GRS HQGLQJ RQ WKH H[DFW
(LWQHU HW D&H UHODWLYH WLPLQJRIWKHVH HQULFKPHQW F|
VLIQDWXUHV LQ DEXQG D RH®@ WQHQRDWQ WXAKUBIVRUH EH XVHG W
VWDU IRUPDWLRQDQG JDVDFFUHWLRQ KLVWRU\

/KHVWDU IRUPDWLRQ UDWH FDQ DOVR EH SDUDPHWULVHG I
DQ HISRQHQWLDO SUHVFULSWLRQ RUWKURXJK DJDV GHSHQ
6FKPLGW $ FRPPRQO\DGRSW HQIRUPXIWANMW @ HW [EO

M, = M ;gv

ZKHJHV WKH VWDU IRUPDWLRQ HIILFLHQRKSIF K D/AHMWHW K HQ
WLPHVFDOHDW ZKLFKJDVLVFRQYHUWHGLQWRVWDUV 7KLV !
RQ ORFDO JDV FRQGLWLRQV D Q G MHAkGEDW R WKKHFRXW KPR D @I
PHGLXP &*0 LV GULYHQ E\ VWHOODU IHHGED P W@/ K% R W H (
DQG *UHJJLRXUUD\ HW BQWp HW [EO



*DODFWLF FKHPLFDO HYROXWLRQ PRGHOV

My rxav Mo,

ZKHUHV WKH PDVV ORDGLQJ SDUDPHWHU 7KLV SDUDPHW
DOORZHG WR YDU\GXULQJ*DODFWLFHYROXWLRQ

)LQDOO\ WKH PDVV MMGHEH®@ G V\RODWKH OLIHWLPHV RI V
PDVVHDWWHXFFL

z

mpepJ

M) = o (M Mg)Me(t  m(m)) (m)dm;
m
ZKHUH WKH HMHMWA® MONRANHARDBODWH ODWHG E\ LQWHJUDWLC
PDVVHVY WKDW HQG WKH L UnO IMgH.W DWKW KMVRWW OFRHD VWAHH M H F W
LQLWLDOZKDMM.-V WKH UHP R43tQ W, PMUW WKH VWDU IRUPDWLF
WKHWLPH WKH YWDV WVRKHPEGIHWLPHMRI DOGY RV RMKFFD MM WL D
ODVV)XQFWLRQ ,0) 7KLVH[SUHVVLRQWKHUHIRUHWUDFNYV
,60 E\VWDUV RIGLIITHUHQW PDVVHV ZHLJKWHG E\WKHLU EL!

7KH ,0) GHVFULEHV WKHUHODWLYHQXPEHURIVWDUV IRUF
YDWLRQDOO\ ORZ PDVV VWDUV DUH IDU PRUHRXSPHURXV Wi
%DVWLDQHWPABPPRQO\XVHG SDUDPHWULWYWDOYSRYHWWKH 61

(m)/ m 2:35;

LQ ZKLFK WKH QXPEHU RI VWDUV GHFUHDVHYV VWHHSO\ W
ZLGHO\ XVHG ,0) SDUDPHWULVRWIRQVZHK[IAKWG MKHFK DY WKH
WDLOHG VORSHVDQG WKHORZHVW RBWYV EHWRYDLRNGCGWWSILR
IODWWHQLQUBMHORXW UHWDLQ WKH VDPH RYHUDOO VORSH I
VWDUV GRPLQDWH VWHOODU SRSXODWLRQV E\QXPEHU

,QDIXO00 *&( PRGH YROYHG IRU HD FKXF KH® MWFKOMVW SBIVH |
WKHHMHFWHG PDVVYWHHPSAQFHG E\ WKH VSHFLHVY GHSHQGHFH
DOVR DFFRXQWLQJ IRUWKH IUDFWLRQ RI WKHLQLWLDO FRI
SURFHVVLQJ 7KH WUHDWPHQW RI LQGLYLGXDO VSHFLHV E
LVRWRSHVY RUIUDJLOH HOHPHQWY H J /L ZKRVHDEXQGD
GHFD\ VWHOODU GHVWUXFWLRQ RUDGGLWLRQDO SURGXF
HTXDWLRQV RUWUHDWPHQW

%\ FRPELQLQJ (TV DQG LQWR (TRQHREWDLQV D VHW RI
GLIIHUHQWLDO HTXDWLRQV WKDW JHQHUDOO\UHTXLUH QX
UHF\FOLQJ DSSUR[LPDWLRQ LV DGRSWHG ,Q WKLV IRUP W
DFFRXQW IRUELQDU\HYROXWLRQ ZKLFK LV LPSRUWDQW IF



6WUXFWXUH RI WKH WK

RUFRPSDFW ELQDU\ PHUJHUVY 7KHVH FRQWULEXWLRQV DUH
DGGLWLRQDO GHOD\HG HQULFKPHQW WHUPV RUH[SOLFLW GH

6WUXFWXUH RIWKH WKHVLV

L QWKLVWKHVLYVY ,LQYHVWLIJDWHWKHRULJLQRIKHDY\HOHF
WURVFRS\DQG DEXQGDQFH PRGHOOLQJ $FURVV VHYHUDO S
DQG '1/7(DSSURDFKHV IRUGHULYLQJNH\QHXWURQ FDSWXU
DQG HXURSLXP DQG DSSOLHG WKHP WR VWXGLHV RI *DODFWL
RIWKHWKHVLV LV RUJDQLVHG DVIROORZYV

7KH ILUVW VWXG\ SUHVHQWYV ' 1/7( DEXQGDQFH FDOFXODW
WKHLPSRUWDQFHRI 1/7( HIIHFWV DQG WKHLUAWBDF\W ®® DE X
%HUJHPDQQ6HF 7KLV ZRUN ZDV VXEVHTXHQWO\ HIWHQGHG
URSLXPMRUP HW DDKHUH '1/7( PRGHOOLQJ ZDV DSSOLHG DQG
WKH VRODU VSHFW®WRUPHFW DOHF WKH '1/7(DQDO\VLV ZDV
HIWHQGHG WR D VDPSOH RI OLON\ :D\ VWDUV ZKHUH , GHUL
VHYHQ NH\ LURQ SHDN DQG QHXWURQ FDSWXUH HOHPHQWV LC
UHVXOWLQJDEXQGDQFHWUHQGY ZHUH WKHQ FRPSDUHG WR *
GLFWLRQVLQ RUGHUWR FRQVWUDLQ WKHDVWURSK\VLFDO FR
HOHPHQWY DUH SURGXFHG XVLQJ VWDWH Rl WKH DUW DEXQCGC
WKH ILUVW WLPH WKDW WKH >1L )H@ >)H +@ WUHQG GHULYH(
PHWDOOLFLWLHY FRQWUDU\ WR SUHYLRXV ILQGLQJV LQ ' /7
SURGXFHPRUHLURQ SHDNHOHPHQWY FRPSDUHG WR LURQ LW
UHTXLUHG6WRUPCON DOHF SUHVHQWV DQ DUWLILFLDO QHXUD
RQDODUJHJULGRI1/7(VIQWKHWLFVSHFWUD IRUXVHLQ WKH
ULYH 1/7( EDVHG VWHOODU SDUDPHWHUV DQG DEXQGDQFHV 7
VWHOODU VSHFWUD DQG WKH UHVXOWLQJDEXQGDQFH WUHQ
OXWLRQ PRGHO WUDFNV ZLWK GLITHUHQW VWDU IRUPDWLRQ }
REVHUYHG DEXQGDQFHV RI HOHPHQWYV VXFK DV 0J 1D 0Q DQ
VWDU IRUPDWLRQ HIILFLHQF\ 7KH WKHVLV LIV WYRPDKILAKHIS D
OLVW RI SHUVRQDO SXEOLFDWLRQV LV DOVR SURYLGHG



&KDSWHU

SXEOLFDWLRQV

,Q WKHIROORZLQJVHFWLRQV ,SUHVHQW WKH SXEOLFDW
7KH\DSSHDU XQHGLWHG DQG LQ WKH RUGHUIRQ S XEOHFDW L
SXEOLVERIGWIQO\ 1IRWLFHV RI WKH 5R\D0Q %6V URKGHRPHLFWD O 6 R
ZDV SXEOBVHHGRQ@P\ $VWUWR SKINISPVMH QXPEHULQJLQ WKH F
IROORZV WKDW RI WKH YHUVLRQV SXEOLVKHG LQ WKH MRXU

1/7(DQDO\WLVRI<,, OLQHVLQ VSHFWL
LPSOLFDWLRQV IRU<DV D*DODFWLFF

BWRUPDQG %HUJEBEHQOQWYV DQHZ1/7(PRGHO DWRP RI\WV
QRYHO '1/7( FDOFXODWLRQV IRU WKLV HOHPHQW ,Q WKH !
DQG WKH H[SHFWHG GLIITHUHQFHV LQ GHULYHG DEXQGDQFH
DV SK\WVLFV EHKLQG WKHP DUH GLVFXVVHG 7KH QHZ ' 1/7¢(
WKH 6XQDQG +' WR GHPRQVWUDWH WKDW 1/7(LPSURYH\
GHULYHG IURP GLIIHUHQW OLQHYV DQGIRUD VDPSOHRI*DLD
WKHLPSDFW RI 1/7(RQ WKH FRPPRQO\XVHG >< 0J@ FKHPLFEC

&RQWULEXMH RQUJLQDO PRGHO DWRP ZDV FRQVWUXFWHC
UHPDLQLQJ FDOFXODWLRQV DQG DEXQGDQFH GHWHUPLQD\
XUHV H[FHSW)LJ DQGWKHPDMRULW\RIWKHWH[W ZHUH
VXJIJHVWLRQV IHHGEDFN DQG SURRIUHDGLQJ SURYLGHG E







































"1/7(PRGHOOLQJRI<DQG (X &HQWUH WR OLPEYDULDW

'1/7(PRGHOOLQJRI<DQG (X &HQWUH !
DWLRQ DQG VRODUDEXQGDQFHV

,Q6WRUP HW D® QHZ 1/7( PRGHO DWRP RI HXURSLXP (X LV
DGGLWLRQ RXU<PRGHO DWRSRV B U Pl DIQREX% B US H\WP R @MHEH.®
E\LQFOXGLQJQHZFROOLVLRQDOUDWHY %RWKPRGHO DWRP\
'5+'1/7( PRGHOOLQJLQ RUGHU WR GHULYH QHZ '1/7( DEXQG
WR OLPE VSHFWUD DUH ILWWHG WR GHPRQVWUDWH WKDW RQ
FRQVLVWHQW DEXQGDQFH

&RQWULEXKH.RRGHO DWRPV ZHUH FRQVWUXFWHG DQG XSGD
$QGUH\%HO\DHYDQG6YHWDODQD <DNRYOHYD SURYLGHG WKH
SURYLGHG WKH (X FROOLVLRQDO UDWHV 3DWULFN 3DOPHUL
SULDW@H VIRAXHV IRU<DQG ZURWH D SDUDJUDSK LQ 6HFW ,
DQG VSHFWUDO ILWWLQJ FUHDWHG DOO ILJXUHV DQG WDEOF
PDQXVFULSW $00 FR DXWKRUV SURRIUHDG WKH PDQXVFULS
EDFN
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