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Abstract

Elements heavier than the iron peak are predominantly produced by neutron-capture nucle-
osynthesis, as they cannot be efficiently formed through charged-particle fusion reactions.
These elements are synthesised via neutron captures followed by �� decays in high neutron
density environments, and are classified into the slow (s-) and rapid (r-) neutron-capture pro-
cesses depending on the neutron density. While the s-process is established to occur primar-
ily in asymptotic giant branch (AGB) stars, the dominant astrophysical sites of the r-process
remain heavily debated. Thus, Galactic Chemical Evolution (GCE) models are used to in-
terpret stellar abundance trends and constrain production sites through Galactic archaeol-
ogy. Here I present new model atoms for yttrium and europium and perform non-local ther-
modynamic equilibrium calculations using three-dimensional (3D) radiation-hydrodynamic
model atmospheres to derive accurate stellar abundances of key neutron-capture and iron-
peak elements. These state-of-the-art abundance determinations show the need for multiple
r-process production sites, yet no existing GCE model can consistently reproduce all con-
sidered elements (Sr, Y, Ba and Eu) simultaneously. For Co and Ni discrepancies reach up
to +0:6 dex at [Fe/H] < �3 compared with current GCE model predictions suggesting that
nucleosynthetic yields of iron-peak elements may need to be revised.
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Zusammenfassung

Elemente schwerer als der Eisenpeakwerden überwiegend durchNeutroneneinfang-Nukleosynthese
gebildet, da sie nicht effizient durch geladene-Teilchen-Fusionsreaktionen erzeugt werden
können. Diese Elementewerden durchNeutroneneinfängemit anschließenden ��-Zerfällen
in Umgebungen mit hoher Neutronendichte synthetisiert und werden abhängig von der Neu-
tronendichte in den langsamen (s-) und schnellen (r-) Neutroneneinfangprozess klassifiziert.
Während der s-Prozess etabliert ist und hauptsächlich in Sternen auf dem asymptotischen
Riesenast (AGB-Sterne) stattfindet, sind die dominierenden astrophysikalischen Entstehung-
sorte des r-Prozesses weiterhin Gegenstand intensiver Diskussion. Daher werden Mod-
elle der Galaktischen Chemischen Entwicklung (GCE) verwendet, um stellare Häufigkeit-
strends zu interpretieren und Entstehungsorte im Rahmen der galaktischen Archäologie
einzuschränken. In dieser Arbeit präsentiere ich neue Modellatome für Yttrium und Eu-
ropium und führe Nicht-lokale-thermodynamische-Gleichgewichtsrechnungen unter Ver-
wendung dreidimensionaler (3D) strahlungshydrodynamischer Modellatmosphären durch,
um präzise stellareHäufigkeitenwichtiger Neutroneneinfang- und Eisenpeak-Elemente abzuleiten.
Diese hochmodernenHäufigkeitsbestimmungen zeigen dieNotwendigkeit mehrerer r-Prozess-
Produktionsorte, jedoch kann kein bestehendes GCE-Modell alle betrachteten Elemente
(Sr, Y, Ba und Eu) gleichzeitig konsistent reproduzieren. Für Co und Ni erreichen die
Abweichungen im Vergleich zu aktuellen GCE-Modellvorhersagen bis zu +0:6 dex bei
[Fe/H]< �3, was darauf hindeutet, dass die nukleosynthetischen Ausbeuten der Eisenpeak-
Elemente möglicherweise revidiert werden müssen.
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Chapter 1

Introduction

A central question in humanity has always been that of our origin. From a physics
perspective, this can instead be reframed as “Where do the chemical elements that make
up us and everything around us originate from?”. In 1814, Joseph von Fraunhofer made a
key discovery that contributed to addressing this question by studying the solar spectrum
with a telescope feeding a prism spectroscope. He identified numerous dark absorption
lines within the continuous rainbow of colours, now known as Fraunhofer lines. Later,
Robert Bunsen and Gustav Kirchhoff in around 1860 showed that when chemical elements
are heated in a flame, they produce light with characteristic spectral lines unique to each
element (Kirchhoff, 1860). These spectra were studied with a spectroscope and were found
to display patterns that correspond to the Fraunhofer lines observed in the solar spectrum.
Around 1860, they matched the wavelengths of these spectral lines to the absorption lines in
the solar spectrum, identifying some of the elements present both in the Sun and on Earth,
such as sodium, iron, calcium and magnesium (Kirchhoff, 1862). This marked the first steps
of spectroscopy as a powerful tool for studying the composition of stars.

1.1 The chemical evolution and origin of elements

Within the standard�CDMcosmological model, the observable Universe is described as
evolving from an extremely hot, nearly homogeneous, and dense early state approximately
13:80 � 0:02 Gyr ago (Planck Collaboration et al., 2020). During the first few minutes of
this evolution, most of the light elements, such as hydrogen and helium, were synthesised
through Big Bang nucleosynthesis. Heavier elements (typically referred to as “metals” in
astronomy), with the exception of trace amounts of lithium, are thought to be produced pre-
dominantly through stellar nucleosynthesis processes and other astrophysical sites. Early
theoretical work on the origin of the elements was carried out by e.g. Bethe (1939); Alpher
et al. (1948); Hoyle (1954); Burbidge et al. (1957). Despite the significant progress, the
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2 The chemical evolution and origin of elements

Figure 1.1. The visual representation of solar spectrum from Kurucz et al. (1984), where
the absorption lines are indicated with dark lines in the rainbow of colours. Image inspired
by a similar one by NASA/SDO.

astrophysical production sites and their quantitative contributions for many elements, espe-
cially the heaviest ones beyond the iron-peak elements, remain uncertain. Within the current
paradigm, several candidate production sites of the heaviest elements have been proposed.
However, the dominant site and their production timescales are still heavily debated (see also
recent reviews by Kobayashi et al., 2020; Cowan et al., 2021). Fig. 1.2 provides a simplified
illustration of the proposed origins of the elements based on the current understanding of
the production sites.

Figure 1.2. Periodic table of elements in the Solar System showing their origins. Created
by Jennifer Johnson.

The following sections are primarily based on Clayton (1968); Krane (1988); Rolfs and
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Rodney (1988); Woosley and Weaver (1995); Woosley et al. (2002); Steigman (2007); Sne-
den et al. (2008); Pagel (2009); Boeltzig et al. (2016); Cooke (2026).

1.1.1 Big Bang Nucleosynthesis

During the first fractions of a second after the onset of the hot Big Bang phase, particles
were in thermal equilibrium, undergoing frequent interactions such as particle-antiparticle
pair creation and annihilation. As theUniverse expanded, the radiation temperature dropped,
leading to a reduction in interaction rates. When the temperature dropped below kBT � 2-
3 MeV, neutrinos began to decouple from the plasma, with full decoupling occurring at
kBT � 0:8 MeV, roughly at the Universe age of � 1 s (Steigman, 2007). At this stage,
weak interactions of protons and neutrons halted, fixing the neutron-to-proton ratio. Prior
to the onset of nucleosynthesis, the plasma consisted predominantly of photons, electrons,
protons, neutrons, and decoupled neutrinos. The first possible nuclear reaction was between
protons and neutrons:

p + n $ d + 
; (1.1)

where p denotes a proton (1H), n a neutron, d a deuteron (2H) and 
 a photon. However,
deuterons were efficiently destroyed by photodissociation until the temperature decreased
to kBT � 0:06 MeV. Only at that point, its production and destruction rates became equal.
Time between neutrino decoupling and the Universe temperature dropping took around 5
minutes. Since free neutrons are unstable with a mean lifetime of � 880 s (decaying via
�� decay) (Yeh et al., 2023), their abundance also decreased prior to the nucleosynthesis
onset. Once a sufficient abundance of deuterons was established, a network of nuclear reac-
tions enabled the formation of heavier light elements, such as helium (4He), as well as trace
amounts of other isotopes such as tritium t (3H):

d + p !3 He + 
 (1.2)

d + d !3 He + n (1.3)

d + d ! t + p (1.4)
3He + d !4 He + p (1.5)
3He + n ! t + p (1.6)

t + d !4 He + n (1.7)

Traces of lithium (Li) were also produced via a series of reactions, including through the
unstable isotope 7Be:
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3He +4 He !7 Be + 
 (1.8)
7Be + n !7 Li + p (1.9)
7Li + p ! 24He (1.10)

t +4 He !7 Li + 
: (1.11)

These main reactions were responsible for the synthesis of the lightest elements during
the first fewminutes of cosmic evolution. Within the framework of standard Big Bang nucle-
osynthesis, it is possible to predict the primordial abundance ratios of these elements, which
can be compared to observations of environments that have undergone minimal chemical
evolution. For example, the primordial deuterium abundances are measured in high-redshift
quasar absorption systems or protosolar cloud (e.g. Geiss and Reeves, 1972; Tytler et al.,
1996; Geiss and Gloeckler, 1998), while helium abundances are inferred from metal-poor
extragalactic H II regions (e.g. Salaris et al., 2004; Pitrou et al., 2018). However, compar-
isons for lithium show a significant discrepancy, referred as the cosmological lithium prob-
lem (e.g. Spite and Spite, 1982; Fields, 2011). The lithium abundance observed in the most
metal-poor stars is� 2�3 smaller than that the predicted one from the Big Bang nucleosyn-
thesis. Overall, the Big Bang nucleosynthesis was responsible only for the production of the
lightest elements. Thus the heavier elements had to be synthesised later through stellar nu-
cleosynthesis processes, such as supernovae, compact object mergers, and accretion-driven
outflows.

1.1.2 Light and iron-peak elements

After the Big Bang nucleosynthesis, most elements were synthesised through nuclear
fusion during the lifetime of stars or in energetic astrophysical events. These include core-
collapse (CCSNe) and thermonuclear supernovae (SN Ia), and compact object mergers (e.g.
neutron star mergers). In order to contribute to the chemical evolution, these newly formed
elements must have been ejected and returned to the interstellar medium, through e.g. stellar
winds, supernovae explosions or ejecta from compact object mergers.

One of the lightest elements, helium, is synthesised in the stellar cores via the pp-chain
or the CNO-cycle. There are several possible chains, depending on the conditions and tem-
perature, but the overall effect is the fusion of four hydrogen 1H nuclei into helium 4He.
The main pp I-chain has the following reactions:
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1H +1 H !2 D + e+ + � (1.12)
2D +1 H !3 He + 
 (1.13)

3He +3 He !4 He + 21H: (1.14)

Unlike during Big Bang nucleosynthesis, there are no free neutrons present, meaning
neutrons must be produced via weak interactions, such as electron capture:

p + e� ! n + �: (1.15)

The CNO cycle, on the other hand, involves carbon, nitrogen and oxygen as intermediate
elements in the reaction chain. In its simplest form, 12C acts as a catalyst, enabling fusion of
hydrogen into helium, without being consumed. Consequently, this process cannot operate
in metal-free Population III stars. The net result is the same as for the pp-chain: conversion
of four hydrogen 1H nuclei into one helium 4He nucleus. The main cycle path is shown
below:

12C +1 H !13 N + 
 (1.16)
13N !13 C + e+ + � (1.17)

13C +1 H !14 N + 
 (1.18)
14N +1 H !15 O + 
 (1.19)

15O !15 N + e+ + � (1.20)
15N +1 H !12 C +4 He; (1.21)

thus this reaction retains the original carbon atom. TheCNObecomes dominant at higher
core burning temperatures, around T & 15�20�106 K. Several branches of the CNO cycle
exist, some of which lead to partial conversion of 12C to 13C and 14N. These isotopes play
an important role for the subsequent slow neutron-capture process (see Sect. 1.1.3).

The production of other elements requires even higher temperatures. The next logical
step is the fusion of helium. This proceeds via the triple-� (where � means 4He) reaction:

4He +4 He $8 Be (1.22)
8Be +4 He $12 C� !12 C + 
 (1.23)
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The first reaction occurs because 8Be is a highly unstable isotope, with a lifetime of
around 8 � 10�17 s (Kondev et al., 2021), and rapidly decays back into two � particles.
Nevertheless, the small equilibrium abundance of 8Be in helium-burning regions is sufficient
to allow an additional � capture to occur, despite its low concentration. The subsequent
capture synthesises a 12C nucleus in its resonant 0+ state at 7.65 MeV, known as the Hoyle
state (Hoyle, 1954). Because of the existence of this resonance, the rate of the triple-�
reaction is enhanced, enabling efficient carbon production in stellar cores. Subsequent �-
capture reactions produce heavier nuclei, such as 16O, 20Ne, 24Mg, and 28Si, commonly
referred to as �-elements due to their formation through successive � captures.

Massive stars (& 8M�), due to their sufficient mass to ignite advanced burning stages,
continue nuclear burning in successive shells, synthesising heavier nuclei up to the iron
group. In their later evolutionary stages, their cores approach nuclear statistical equilibrium
(NSE), in which nuclear reactions and photodisintegration roughly balance each other while
producing iron-group elements. These stars have shorter lifetimes (. 30 Myr) and end their
evolution as core-collapse supernovae (CCSNe) or direct collapse events. These events
return part of their stellar material to the ISM, while the rest remains in the compact remnant,
where the exact amount of non-ejected material depends on the stellar mass and the type of
explosion (see e.g. Woosley and Weaver, 1995; Heger et al., 2003).

Lower-mass stars (. 8M�) evolve on longer timescales (& 30 Myr, and � 10 Gyr for
the Sun), and therefore enrich the ISM much later. Assuming single-star evolution, such
low-mass objects do not reach temperatures high enough to ignite burning stages beyond
helium burning. Once fusion stops, they lose their stellar envelopes, leaving behind carbon-
oxygen white dwarf compact remnants supported by electron degeneracy pressure. These
compact remnants remain stable and unlike more massive stars do not explode in single-star
evolution.

However, if such a white dwarf exists in a sufficiently close binary system, it may ac-
crete additional material from a companion star during Roche-lobe overflow. The additional
mass exerts extra gravitational pressure on the object and, if a sufficient amount of material
is accreted such that the mass of the object reaches the critical mass MCh (the Chandrasekhar
mass), electron degeneracy can no longer support the star against collapse. When this oc-
curs, carbon ignites, leading to a thermonuclear runaway and a Type Ia supernova explosion.
Similar to CCSNe, the ejecta approach NSE conditions, producing large amounts of iron-
peak nuclei. Type Ia supernovae therefore synthesise and eject large amounts of iron-group
elements, in particular 56Ni (releasing � 0:4 � 0:8M� Wang et al., 2008), which eventually
decays to 56Fe on timescales of days to months, making these events major contributors to
the enrichment of the ISM in iron-group elements.
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1.1.3 Neutron-capture elements

Elements beyond the iron peak cannot be produced efficiently through hydrostatic fu-
sion, as nuclei near the iron group have the highest binding energy per nucleon and further
fusion becomes increasingly endothermic. However, at high neutron densities (on the or-
der of n > 106 cm�3), nuclei can capture neutrons. If the neutron densities are relatively
low (� 106-1012 cm�3), the process is called the slow neutron-capture process (s-process).
In this regime, unstable isotopes typically have enough time to undergo �� decay between
successive neutron captures, thus increasing their proton number. At much higher neutron
densities (> 1020 cm�3), the rapid neutron-capture process (r-process) occurs, in which neu-
tron captures proceed faster than �� decay, and nucleosynthesis takes place on timescales
of seconds or less (Burbidge et al., 1957). While both processes can, in principle, produce
most elements beyond the iron peak, their different physical conditions lead them to produce
predominantly different elements and isotopes.

The s-process is typically associated with intermediate-mass stars during the asymptotic
giant branch (AGB) phase (e.g. Busso et al., 1999; Cristallo et al., 2011; Karakas and Lu-
garo, 2016). AGB stars evolve under conditions that sustain neutron densities sufficient for
continuous neutron capture onto heavy nuclei. Isotopes such as 13C and 14N from the CNO
cycle provide the necessary neutrons through reactions:

14N +4 He !18 F + 
 (1.24)
18F !18 O + e+ + � (1.25)

18O +4 He !22 Ne + 
 (1.26)
22Ne +4 He !25 Mg + n; (1.27)

and:

13C +4 He !16 O + n; (1.28)

where 13C can be additionally produced from 12C during 3rd dredge-up event, when
hydrogen-rich material comes in contact with carbon:

12C +1 H !13 N + 
 (1.29)
13N !13 C + e+ + �: (1.30)
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�V�X�U�H�P�H�Q�W�V �R�U �P�H�W�H�R�U�L�W�L�F �P�D�W�H�U�L�D�O�� �,�Q �R�E�V�H�U�Y�D�W�L�R�Q�D�O �D�V�W�U�R�Q�R�P�\�� �W�K�H�U�H �D�U�H �V�H�Y�H�U�D�O �F�R�P�P�R�Q

�Z�D�\�V �W�R �H�[�S�U�H�V�V �W�K�H �D�E�X�Q�G�D�Q�F�H �R�I �D �F�K�H�P�L�F�D�O �H�O�H�P�H�Q�W�� �7�K�H �I�L�U�V�W �L�V �W�K�H �D�E�V�R�O�X�W�H �D�E�X�Q�G�D�Q�F�H

�V�F�D�O�H�� �Z�K�L�F�K �J�L�Y�H�V �W�K�H �Q�X�P�E�H�U �R�I �D�W�R�P�V �U�H�O�D�W�L�Y�H �W�R �K�\�G�U�R�J�H�Q��

A(X ) = �O�R�J
�

n(X )
n(�+)

�
+ 12; ������������

�Z�K�H�U�HA �G�H�Q�R�W�H�V �W�K�H �D�E�V�R�O�X�W�H �D�E�X�Q�G�D�Q�F�H �V�F�D�O�H �L�Q �G�H�[��X �L�V �W�K�H �F�K�H�P�L�F�D�O �H�O�H�P�H�Q�W �L�Q

�T�X�H�V�W�L�R�Q�� �+ �L�V �K�\�G�U�R�J�H�Q�� �D�Q�Gn �L�V �W�K�H �Q�X�P�E�H�U �G�H�Q�V�L�W�\�� �7�K�H �O�R�J�D�U�L�W�K�P�L�F �V�F�D�O�H �P�H�D�Q�V �W�K�D�W

�L�I �R�Q�H �V�W�D�U �K�D�VA(X ) �K�L�J�K�H�U �E�\ �� �W�K�D�Q �D�Q�R�W�K�H�U �V�W�D�U�� �W�K�H�Q �L�W �K�D�V ���� �W�L�P�H�V �P�R�U�HX �D�W�R�P�V �S�H�U

�K�\�G�U�R�J�H�Q �D�W�R�P�� �$ �V�H�H�P�L�Q�J�O�\ �V�P�D�O�O �W�\�S�L�F�D�O �R�E�V�H�U�Y�D�W�L�R�Q�D�O �X�Q�F�H�U�W�D�L�Q�W�\ �R�I ������ �G�H�[ �F�R�U�U�H�V�S�R�Q�G�V

�W�R �D �S�H�U�F�H�Q�W�D�J�H �X�Q�F�H�U�W�D�L�Q�W�\ �R�I �D�E�R�X�W �������� �7�K�L�V �K�L�J�K�O�L�J�K�W�V �W�K�H �G�L�I�I�L�F�X�O�W�\ �D�Q�G �W�K�H �K�L�G�G�H�Q

�X�Q�F�H�U�W�D�L�Q�W�\ �E�H�K�L�Q�G �O�R�J�D�U�L�W�K�P�L�F �P�H�D�V�X�U�H�P�H�Q�W�V��

A(X ) �L�V �D �X�V�H�I�X�O �V�F�D�O�H �E�H�F�D�X�V�H �L�W �S�U�R�Y�L�G�H�V �D�Q �D�E�V�R�O�X�W�H �D�E�X�Q�G�D�Q�F�H �U�H�I�H�U�H�Q�F�H �W�K�D�W �F�D�Q �E�H

�F�R�P�S�D�U�H�G �G�L�U�H�F�W�O�\ �E�H�W�Z�H�H�Q �G�L�I�I�H�U�H�Q�W �V�W�X�G�L�H�V �Z�L�W�K�R�X�W �L�Q�W�U�R�G�X�F�L�Q�J �G�L�I�I�H�U�H�Q�F�H�V �U�H�O�D�W�H�G �W�R �W�K�H



���� �5�H�O�H�Y�D�Q�W �V�S�H�F�W�U�R�V�F�R�S�L�F �P�H�W�K�R�G�V

�D�G�R�S�W�H�G �V�R�O�D�U �U�H�I�H�U�H�Q�F�H �V�F�D�O�H�� �,�Q �S�U�D�F�W�L�F�H�� �K�R�Z�H�Y�H�U�� �V�W�H�O�O�D�U �D�E�X�Q�G�D�Q�F�H�V �D�U�H �R�I�W�H�Q �H�[�S�U�H�V�V�H�G

�U�H�O�D�W�L�Y�H �W�R �W�K�H �6�X�Q�� �Z�K�L�F�K �V�H�U�Y�H�V �D�V �D �Q�D�W�X�U�D�O �E�H�Q�F�K�P�D�U�N �L�Q �V�W�H�O�O�D�U �D�V�W�U�R�S�K�\�V�L�F�V�� �7�K�L�V �G�L�I��

�I�H�U�H�Q�W�L�D�O �Q�R�W�D�W�L�R�Q �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �X�V�H�I�X�O �L�Q �*�D�O�D�F�W�L�F �F�K�H�P�L�F�D�O �H�Y�R�O�X�W�L�R�Q�� �Z�K�H�U�H �D�E�X�Q�G�D�Q�F�H

�U�D�W�L�R�V �E�H�W�Z�H�H�Q �H�O�H�P�H�Q�W�V �S�U�R�Y�L�G�H �D �P�R�U�H �V�H�Q�V�L�W�L�Y�H �W�U�D�F�H�U �R�I �Q�X�F�O�H�R�V�\�Q�W�K�H�W�L�F �H�Q�U�L�F�K�P�H�Q�W �W�K�D�Q

�D�E�V�R�O�X�W�H �D�E�X�Q�G�D�Q�F�H�V �D�O�R�Q�H�� �7�K�H �T�X�D�Q�W�L�W�\[X / �+] �L�V �W�K�H �V�L�P�S�O�H�V�W �V�X�F�K �V�F�D�O�H�� �G�H�V�F�U�L�E�L�Q�J �W�K�H

�D�E�X�Q�G�D�Q�F�H �R�I �H�O�H�P�H�Q�WX �U�H�O�D�W�L�Y�H �W�R �K�\�G�U�R�J�H�Q �F�R�P�S�D�U�H�G �W�R �W�K�H �V�R�O�D�U �Y�D�O�X�H��

[X / �+] = A(X ) � A(X )� ; ������������

�Z�K�H�U�HA(X )� �L�V �W�K�H �V�R�O�D�U �D�E�X�Q�G�D�Q�F�H�� �7�K�L�V �P�H�D�Q�V �W�K�D�W[X / �+] = 0 �L�P�S�O�L�H�V �W�K�D�W �W�K�H

�V�W�D�U �K�D�V �W�K�H �V�D�P�H �D�E�X�Q�G�D�Q�F�H �R�IX �D�V �W�K�H �6�X�Q�� �Z�K�L�F�K �L�V �H�D�V�\ �D�Q�G �T�X�L�F�N �W�R �L�Q�W�H�U�S�U�H�W�� �)�R�U

�$�)�*�.�0���W�\�S�H �V�W�D�U�V�� �W�K�H �F�R�P�S�D�U�L�V�R�Q �L�V �D�O�V�R �R�I�W�H�Q �G�R�Q�H �U�H�O�D�W�L�Y�H �W�R �)�H �X�V�L�Q�J[X / �)�H]��

[X / �)�H] = [ X / �+] � [�)�H/ �+]: ������������

�,�Q �S�U�D�F�W�L�F�H�� �>X ���)�H�@ �L�V �R�Q�H �R�I �W�K�H �P�R�V�W �F�R�P�P�R�Q�O�\ �X�V�H�G �G�L�I�I�H�U�H�Q�W�L�D�O �D�E�X�Q�G�D�Q�F�H �V�F�D�O�H�V �L�Q

�V�W�H�O�O�D�U �V�S�H�F�W�U�R�V�F�R�S�\�� �7�K�L�V �L�V �S�U�L�P�D�U�L�O�\ �E�H�F�D�X�V�H �)�H �L�V �R�Q�H �R�I �W�K�H �H�D�V�L�H�V�W �H�O�H�P�H�Q�W�V �W�R �P�H�D�V�X�U�H

�L�Q �$�)�*�.�0���W�\�S�H �V�W�D�U�V�� �R�Z�L�Q�J �W�R �W�K�H �O�D�U�J�H �Q�X�P�E�H�U �R�I �L�W�V �O�L�Q�H�V �S�U�H�V�H�Q�W �L�Q �W�K�H �V�W�H�O�O�D�U �V�S�H�F�W�U�D��

�7�K�X�V�� �)�H �S�U�R�Y�L�G�H�V �D �U�R�E�X�V�W �R�E�V�H�U�Y�D�W�L�R�Q�D�O �U�H�I�H�U�H�Q�F�H �H�O�H�P�H�Q�W �D�Q�G �L�V �F�R�P�P�R�Q�O�\ �X�V�H�G �D�V �D �S�U�R�[�\

�I�R�U �R�Y�H�U�D�O�O �P�H�W�D�O�O�L�F�L�W�\ �L�Q �O�D�W�H���W�\�S�H �V�W�D�U�V�� �,�Q �W�K�L�V �F�D�V�H��[X / �)�H] = 0 �P�H�D�Q�V �W�K�D�W �W�K�H �V�W�D�U �K�D�V �W�K�H

�V�D�P�H �D�E�X�Q�G�D�Q�F�H �R�I �W�K�H �H�O�H�P�H�Q�WX �U�H�O�D�W�L�Y�H �W�R �)�H �D�V �W�K�H �6�X�Q�� �7�K�H �P�D�L�Q �F�D�Y�H�D�W �L�V �W�K�D�W �G�L�I�I�H�U�H�Q�W

�D�X�W�K�R�U�V �P�D�\ �D�G�R�S�W �G�L�I�I�H�U�H�Q�W �V�R�O�D�U �D�E�X�Q�G�D�Q�F�H �V�F�D�O�H�V �E�D�V�H�G �R�Q �W�K�H �S�X�E�O�L�V�K�H�G �O�L�W�H�U�D�W�X�U�H �R�U �W�K�H�L�U

�R�Z�Q �D�Q�D�O�\�V�L�V�� �'�H�U�L�Y�H�G �V�R�O�D�U �D�E�X�Q�G�D�Q�F�H�V �F�D�Q �G�L�I�I�H�U �E�\ �X�S �W�R� 0:1 �G�H�[ �E�H�W�Z�H�H�Q �V�W�X�G�L�H�V ���H���J��

�V�H�H �W�K�H �G�L�I�I�H�U�H�Q�F�H �L�Q �W�K�H �D�E�X�Q�G�D�Q�F�H �R�I �R�[�\�J�H�Q �E�H�W�Z�H�H�Q�$�V�S�O�X�Q�G �H�W �D�O�������������� �D�Q�G�%�H�U�J�H�P�D�Q�Q

�H�W �D�O������������������

�$�O�O �D�W�P�R�V�S�K�H�U�L�F �S�D�U�D�P�H�W�H�U�V �F�R�Q�W�U�L�E�X�W�H �W�R �W�K�H �H�P�H�U�J�H�Q�W �V�W�H�O�O�D�U �V�S�H�F�W�U�X�P�� �7�K�H �R�E�V�H�U�Y�H�G

�V�S�H�F�W�U�X�P �L�V �I�R�U�P�H�G �W�K�U�R�X�J�K�R�X�W �W�K�H �V�W�H�O�O�D�U �D�W�P�R�V�S�K�H�U�H�� �&�K�H�P�L�F�D�O �H�O�H�P�H�Q�W�V �L�Q �W�K�H �D�W�P�R�V�S�K�H�U�H

�S�U�R�G�X�F�H �D�E�V�R�U�S�W�L�R�Q �I�H�D�W�X�U�H�V �W�K�U�R�X�J�K �W�U�D�Q�V�L�W�L�R�Q�V �R�I �G�L�I�I�H�U�H�Q�W �D�W�R�P�V�� �L�R�Q�V�� �D�Q�G �P�R�O�H�F�X�O�H�V��

�7�H�P�S�H�U�D�W�X�U�H �J�R�Y�H�U�Q�V �W�K�H �H�[�F�L�W�D�W�L�R�Q �D�Q�G �L�R�Q�L�V�D�W�L�R�Q �E�D�O�D�Q�F�H �R�I �W�K�H�V�H �V�S�H�F�L�H�V ���W�R �I�L�U�V�W �R�U�G�H�U

�W�K�U�R�X�J�K �W�K�H �%�R�O�W�]�P�D�Q�Q �D�Q�G �6�D�K�D �U�H�O�D�W�L�R�Q�V�� �V�H�H �(�T�V�����������D�Q�G������������ �V�X�U�I�D�F�H �J�U�D�Y�L�W�\ �D�I�I�H�F�W�V

�W�K�H �S�U�H�V�V�X�U�H �D�Q�G �G�H�Q�V�L�W�\ �V�W�U�X�F�W�X�U�H �R�I �W�K�H �D�W�P�R�V�S�K�H�U�H �D�Q�G �W�K�H�U�H�I�R�U�H �O�L�Q�H �E�U�R�D�G�H�Q�L�Q�J�� �Z�K�L�O�H

�F�R�Q�Y�H�F�W�L�R�Q �D�Q�G �V�W�H�O�O�D�U �U�R�W�D�W�L�R�Q �I�X�U�W�K�H�U �P�R�G�L�I�\ �W�K�H �O�L�Q�H �S�U�R�I�L�O�H�V�� �6�W�H�O�O�D�U �V�S�H�F�W�U�R�V�F�R�S�\ �L�V �W�K�H�U�H��

�I�R�U�H �D �S�R�Z�H�U�I�X�O �G�L�D�J�Q�R�V�W�L�F �W�R�R�O �I�R�U �G�H�W�H�U�P�L�Q�L�Q�J �W�K�H �F�K�H�P�L�F�D�O �F�R�P�S�R�V�L�W�L�R�Q �D�Q�G �S�K�\�V�L�F�D�O �V�W�U�X�F��

�W�X�U�H �R�I �V�W�H�O�O�D�U �R�X�W�H�U �O�D�\�H�U�V��

�,�Q �S�U�L�Q�F�L�S�O�H�� �D �V�X�I�I�L�F�L�H�Q�W�O�\ �G�H�Q�V�H �J�U�L�G �R�I �V�\�Q�W�K�H�W�L�F �V�W�H�O�O�D�U �V�S�H�F�W�U�D �F�D�Q �E�H �F�R�P�S�D�U�H�G �W�R

�R�E�V�H�U�Y�D�W�L�R�Q�V �W�R �G�H�U�L�Y�H �V�W�H�O�O�D�U �S�D�U�D�P�H�W�H�U�V �D�Q�G �F�K�H�P�L�F�D�O �D�E�X�Q�G�D�Q�F�H�V�� �,�Q �S�U�D�F�W�L�F�H�� �W�K�L�V �S�U�R��

�F�H�V�V �L�V �O�L�P�L�W�H�G �E�\ �E�R�W�K �P�R�G�H�O�O�L�Q�J �D�Q�G �R�E�V�H�U�Y�D�W�L�R�Q�D�O �X�Q�F�H�U�W�D�L�Q�W�L�H�V�� �2�Q �W�K�H �P�R�G�H�O�O�L�Q�J �V�L�G�H��

�V�\�Q�W�K�H�W�L�F �V�S�H�F�W�U�D �U�H�O�\ �R�Q �L�P�S�H�U�I�H�F�W �D�V�V�X�P�S�W�L�R�Q�V �D�Q�G �F�R�P�S�X�W�D�W�L�R�Q�D�O�O�\ �H�[�S�H�Q�V�L�Y�H �U�D�G�L�D�W�L�Y�H



�5�H�O�H�Y�D�Q�W �V�S�H�F�W�U�R�V�F�R�S�L�F �P�H�W�K�R�G�V ����

�W�U�D�Q�V�I�H�U �F�D�O�F�X�O�D�W�L�R�Q�V�� �Z�K�L�F�K �F�D�Q �P�D�N�H �G�H�W�D�L�O�H�G �D�Q�D�O�\�V�H�V �R�I �Y�H�U�\ �O�D�U�J�H �V�W�H�O�O�D�U �V�D�P�S�O�H�V �F�K�D�O��

�O�H�Q�J�L�Q�J�� �2�Q �W�K�H �R�E�V�H�U�Y�D�W�L�R�Q�D�O �V�L�G�H�� �W�K�H �U�H�F�R�U�G�H�G �V�S�H�F�W�U�X�P �L�V �V�K�D�S�H�G �Q�R�W �R�Q�O�\ �E�\ �W�K�H �L�Q�W�U�L�Q�V�L�F

�V�W�H�O�O�D�U �V�L�J�Q�D�O�� �E�X�W �D�O�V�R �E�\ �W�K�H �I�X�O�O �G�D�W�D �D�F�T�X�L�V�L�W�L�R�Q �D�Q�G �U�H�G�X�F�W�L�R�Q �S�U�R�F�H�V�V�� �)�L�Q�L�W�H �L�Q�V�W�U�X�P�H�Q�W�D�O

�U�H�V�R�O�X�W�L�R�Q �E�U�R�D�G�H�Q�V �V�S�H�F�W�U�D�O �O�L�Q�H�V �D�Q�G �E�O�H�Q�G�V �Q�H�D�U�E�\ �I�H�D�W�X�U�H�V�� �Z�K�L�O�H �S�K�R�W�R�Q �Q�R�L�V�H�� �G�H�W�H�F�W�R�U

�Q�R�L�V�H�� �L�P�S�H�U�I�H�F�W �I�O�D�W���I�L�H�O�G�L�Q�J�� �E�D�F�N�J�U�R�X�Q�G �V�X�E�W�U�D�F�W�L�R�Q�� �Z�D�Y�H�O�H�Q�J�W�K �F�D�O�L�E�U�D�W�L�R�Q�� �F�R�Q�W�L�Q�X�X�P

�Q�R�U�P�D�O�L�V�D�W�L�R�Q�� �D�Q�G �V�N�\ �V�X�E�W�U�D�F�W�L�R�Q �D�O�O �L�Q�W�U�R�G�X�F�H �D�G�G�L�W�L�R�Q�D�O �U�D�Q�G�R�P �D�Q�G �V�\�V�W�H�P�D�W�L�F �X�Q�F�H�U��
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�P�R�O�H�F�X�O�H�V �F�D�Q �E�H �G�H�V�F�U�L�E�H�G �X�V�L�Q�J �V�H�Y�H�U�D�O �H�T�X�L�O�L�E�U�L�X�P �U�H�O�D�W�L�R�Q�V��

�� �%�R�O�W�]�P�D�Q�Q �H�[�F�L�W�D�W�L�R�Q �H�T�X�D�W�L�R�Q��
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i

n?
j

=
gi

gj
�H�[�S

�
�
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kT

�
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�Z�K�H�U�Hn �G�H�Q�R�W�H�V �W�K�H �Q�X�P�E�H�U �G�H�Q�V�L�W�\ �R�I �S�D�U�W�L�F�O�H�V �L�Q �H�[�F�L�W�D�W�L�R�Q �V�W�D�W�H�Vi �D�Q�Gj ��g �L�V �W�K�H �V�W�D��

�W�L�V�W�L�F�D�O �Z�H�L�J�K�W �R�I �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �O�H�Y�H�O��� �L�V �W�K�H �H�[�F�L�W�D�W�L�R�Q �H�Q�H�U�J�\ �U�H�O�D�W�L�Y�H �W�R �W�K�H �J�U�R�X�Q�G

�V�W�D�W�H��T �L�V �W�K�H �O�R�F�D�O �N�L�Q�H�W�L�F �W�H�P�S�H�U�D�W�X�U�H �R�I �W�K�H �J�D�V�� �D�Q�Gk �L�V �%�R�O�W�]�P�D�Q�Q�¶�V �F�R�Q�V�W�D�Q�W�� �7�K�H �V�X�S�H�U��

�V�F�U�L�S�W? �G�H�Q�R�W�H�V �W�K�H �7�( �D�V�V�X�P�S�W�L�R�Q�� �7�K�L�V �H�T�X�D�W�L�R�Q �D�S�S�O�L�H�V �W�R �G�L�I�I�H�U�H�Q�W �E�R�X�Q�G �H�Q�H�U�J�\ �O�H�Y�H�O�V

�Z�L�W�K�L�Q �D �J�L�Y�H�Q �L�R�Q�L�V�D�W�L�R�Q �V�W�D�J�H �R�I �D �F�K�H�P�L�F�D�O �H�O�H�P�H�Q�W �D�Q�G �G�H�V�F�U�L�E�H�V �W�K�H �U�H�O�D�W�L�Y�H �S�R�S�X�O�D�W�L�R�Q�V

�R�I �S�D�U�W�L�F�O�H�V �L�Q �G�L�I�I�H�U�H�Q�W �H�[�F�L�W�D�W�L�R�Q �V�W�D�W�H�V��

�� �0�D�[�Z�H�O�O�L�D�Q �Y�H�O�R�F�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q�� �7�K�H �Q�R�U�P�D�O�L�V�H�G �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Q �I�R�U �S�D�U�W�L�F�O�H

�V�S�H�H�G�V �L�V��

f (v)dv =
� m

2�kT

� 3/2
�H�[�S

�
�

mv2

2kT

�
4�v 2 dv; ������������

�Z�K�H�U�Hv �L�V �W�K�H �S�D�U�W�L�F�O�H �Y�H�O�R�F�L�W�\ �D�Q�Gm �L�V �W�K�H �S�D�U�W�L�F�O�H �P�D�V�V�� �7�K�L�V �U�H�O�D�W�L�R�Q �W�K�H�U�H�I�R�U�H �G�H��

�V�F�U�L�E�H�V �W�K�H �W�K�H�U�P�D�O �Y�H�O�R�F�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �S�D�U�W�L�F�O�H�V �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �O�R�F�D�O �N�L�Q�H�W�L�F �W�H�P�S�H�U��

�D�W�X�U�H �D�Q�G �S�D�U�W�L�F�O�H �P�D�V�V�� �$�O�R�Q�J �W�K�H �O�L�Q�H �R�I �V�L�J�K�W�� �R�Q�O�\ �R�Q�H �F�R�P�S�R�Q�H�Q�W �R�I �W�K�H �S�D�U�W�L�F�O�H �Y�H�O�R�F�L�W�\

�F�R�Q�W�U�L�E�X�W�H�V �W�R �W�K�H �'�R�S�S�O�H�U �V�K�L�I�W�� �7�K�X�V�� �L�I �D �V�S�H�F�W�U�D�O �O�L�Q�H �Z�H�U�H �D� �I�X�Q�F�W�L�R�Q �L�Q �W�K�H �U�H�V�W �I�U�D�P�H

�R�I �W�K�H �D�W�R�P�� �L�W �Z�R�X�O�G �E�H �R�E�V�H�U�Y�H�G �L�Q �W�K�H �O�D�E�R�U�D�W�R�U�\ �I�U�D�P�H �D�V �D �*�D�X�V�V�L�D�Q���E�U�R�D�G�H�Q�H�G �S�U�R�I�L�O�H

�Z�L�W�K �Z�L�G�W�K� D / � = (2 kT/ m)1/2 / c��

�� �6�D�K�D �L�R�Q�L�V�D�W�L�R�Q �H�T�X�L�O�L�E�U�L�X�P��

nj +1

nj
=

uj +1

uj
2

�
2�m ekT

h2

� 3/2 1
ne

e� I j / kT ; ������������

�Z�K�H�U�Hj �G�H�Q�R�W�H�V �W�K�H �L�R�Q�L�V�D�W�L�R�Q �V�W�D�J�H��u �L�V �W�K�H �S�D�U�W�L�W�L�R�Q �I�X�Q�F�W�L�R�Q��me �L�V �W�K�H �H�O�H�F�W�U�R�Q �P�D�V�V��

h �L�V �3�O�D�Q�F�N�¶�V �F�R�Q�V�W�D�Q�W��ne �L�V �W�K�H �H�O�H�F�W�U�R�Q �Q�X�P�E�H�U �G�H�Q�V�L�W�\�� �D�Q�GI j �L�V �W�K�H �L�R�Q�L�V�D�W�L�R�Q �H�Q�H�U�J�\ �R�I

�W�K�Hj �W�K �L�R�Q�L�V�D�W�L�R�Q �V�W�D�J�H�� �7�K�L�V �U�H�O�D�W�L�R�Q �V�K�R�Z�V �W�K�D�W �K�L�J�K�H�U �O�R�F�D�O �N�L�Q�H�W�L�F �W�H�P�S�H�U�D�W�X�U�H�V �D�Q�G �O�R�Z�H�U

�H�O�H�F�W�U�R�Q �G�H�Q�V�L�W�L�H�V �I�D�Y�R�X�U �L�R�Q�L�V�D�W�L�R�Q��

�7�( �F�D�Q �E�H �U�H�O�D�[�H�G �W�R �O�R�F�D�O �W�K�H�U�P�R�G�\�Q�D�P�L�F �H�T�X�L�O�L�E�U�L�X�P ���/�7�(���� �L�Q �Z�K�L�F�K �W�K�H �J�D�V �L�V �D�V��

�V�X�P�H�G �W�R �V�D�W�L�V�I�\ �W�K�H�U�P�R�G�\�Q�D�P�L�F �H�T�X�L�O�L�E�U�L�X�P �R�Q�O�\ �O�R�F�D�O�O�\ �D�W �H�D�F�K �G�H�S�W�K �S�R�L�Q�W �L�Q �W�K�H �D�W�P�R��

�V�S�K�H�U�H�� �8�Q�G�H�U �W�K�L�V �D�V�V�X�P�S�W�L�R�Q�� �O�R�F�D�O �S�D�U�W�L�F�O�H �S�R�S�X�O�D�W�L�R�Q�V �D�U�H �G�H�W�H�U�P�L�Q�H�G �E�\ �W�K�H �O�R�F�D�O �N�L�Q�H�W�L�F

�W�H�P�S�H�U�D�W�X�U�H �D�Q�G �H�O�H�F�W�U�R�Q �G�H�Q�V�L�W�\ �W�K�U�R�X�J�K �W�K�H �6�D�K�D �D�Q�G �%�R�O�W�]�P�D�Q�Q �U�H�O�D�W�L�R�Q�V�� �Z�L�W�K�R�X�W �U�H�T�X�L�U��



���� �5�H�O�H�Y�D�Q�W �V�S�H�F�W�U�R�V�F�R�S�L�F �P�H�W�K�R�G�V

�L�Q�J �W�K�H �I�X�O�O �V�W�D�W�L�V�W�L�F�D�O �H�T�X�L�O�L�E�U�L�X�P �S�U�R�E�O�H�P �W�R �E�H �V�R�O�Y�H�G�� �7�K�L�V �L�V �W�K�H �P�D�L�Q �S�U�D�F�W�L�F�D�O �D�G�Y�D�Q�W�D�J�H

�R�I �/�7�(�� �D�V �L�W �J�U�H�D�W�O�\ �V�L�P�S�O�L�I�L�H�V �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �R�I �D�W�R�P�L�F �D�Q�G �P�R�O�H�F�X�O�D�U �O�H�Y�H�O �S�R�S�X�O�D�W�L�R�Q�V �D�Q�G

�U�H�G�X�F�H�V �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �F�R�V�W �R�I �V�S�H�F�W�U�D�O �P�R�G�H�O�O�L�Q�J �E�\ �P�D�Q�\ �R�U�G�H�U�V �R�I �P�D�J�Q�L�W�X�G�H �F�R�P�S�D�U�H�G

�W�R �1�/�7�( �F�D�O�F�X�O�D�W�L�R�Q�V��

�/�7�( �L�V �W�\�S�L�F�D�O�O�\ �M�X�V�W�L�I�L�H�G �Z�K�H�Q �F�R�O�O�L�V�L�R�Q�D�O �S�U�R�F�H�V�V�H�V �G�R�P�L�Q�D�W�H �R�Y�H�U �U�D�G�L�D�W�L�Y�H �R�Q�H�V �D�Q�G

�D�U�H �V�X�I�I�L�F�L�H�Q�W�O�\ �I�U�H�T�X�H�Q�W �W�R �P�D�L�Q�W�D�L�Q �O�R�F�D�O �H�T�X�L�O�L�E�U�L�X�P�� �7�K�L�V �F�R�Q�G�L�W�L�R�Q �L�V �J�H�Q�H�U�D�O�O�\ �E�H�W�W�H�U

�V�D�W�L�V�I�L�H�G �L�Q �G�H�H�S�H�U�� �G�H�Q�V�H�U �D�W�P�R�V�S�K�H�U�L�F �O�D�\�H�U�V�� �Z�K�L�O�H �G�H�S�D�U�W�X�U�H�V �I�U�R�P �/�7�( �E�H�F�R�P�H �P�R�U�H �L�P��

�S�R�U�W�D�Q�W �L�Q �W�K�H �O�R�Z���G�H�Q�V�L�W�\ �R�X�W�H�U �D�W�P�R�V�S�K�H�U�H�� �8�Q�G�H�U �W�K�H �/�7�( �D�V�V�X�P�S�W�L�R�Q�� �W�K�H �V�R�X�U�F�H �I�X�Q�F�W�L�R�Q

�L�Q �(�T�����������L�V �H�T�X�D�O �W�R �W�K�H �3�O�D�Q�F�N �I�X�Q�F�W�L�R�QB � ��
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�7�K�X�V �I�X�U�W�K�H�U �V�L�P�S�O�L�I�L�H�V �W�K�H �U�D�G�L�D�W�L�Y�H �W�U�D�Q�V�I�H�U �F�D�O�F�X�O�D�W�L�R�Q �L�Q �(�T������������

�1�/�7�(

�5�D�G�L�D�W�L�Y�H �W�U�D�Q�V�I�H�U �L�Q �1�/�7�( �E�U�H�D�N�V �W�K�H �/�7�( �D�V�V�X�P�S�W�L�R�Q�V�� �P�D�N�L�Q�J �W�K�H �U�D�G�L�D�W�L�Y�H �W�U�D�Q�V�I�H�U

�Z�L�W�K �1�/�7�( �F�D�O�F�X�O�D�W�L�R�Q�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �P�R�U�H �F�R�P�S�O�L�F�D�W�H�G �D�Q�G �Q�X�P�H�U�L�F�D�O�O�\ �H�[�S�H�Q�V�L�Y�H�� �+�H�U�H

�U�D�G�L�D�W�L�Y�H �D�Q�G �F�R�O�O�L�V�L�R�Q�D�O �S�U�R�F�H�V�V�H�V �L�Q�W�H�U�D�F�W �Z�L�W�K �H�D�F�K �R�W�K�H�U�� �1�/�7�( �J�H�Q�H�U�D�O�O�\ �F�D�Q�Q�R�W �E�H

�V�R�O�Y�H�G �D�Q�D�O�\�W�L�F�D�O�O�\ �D�Q�G �W�K�H�U�H�I�R�U�H �U�H�T�X�L�U�H�V �Q�X�P�H�U�L�F�D�O�� �W�\�S�L�F�D�O�O�\ �L�W�H�U�D�W�L�Y�H�� �P�H�W�K�R�G�V ���/�L�Q�G �D�Q�G

�$�P�D�U�V�L������������ �%�H�U�J�H�P�D�Q�Q �D�Q�G �+�R�S�S�H�������������� �)�R�U �)�*�.���W�\�S�H �V�W�D�U�V�� �1�/�7�( �V�W�D�W�L�V�W�L�F�D�O �H�T�X�L��

�O�L�E�U�L�X�P �F�D�O�F�X�O�D�W�L�R�Q�V �D�U�H �X�V�X�D�O�O�\ �S�H�U�I�R�U�P�H�G �I�R�U �R�Q�H �H�O�H�P�H�Q�W �D�W �D �W�L�P�H�� �D�G�R�S�W�L�Q�J �W�K�H �V�R���F�D�O�O�H�G

�W�U�D�F�H���H�O�H�P�H�Q�W �D�S�S�U�R�[�L�P�D�W�L�R�Q�� �7�R �S�H�U�I�R�U�P �W�K�H�V�H �F�D�O�F�X�O�D�W�L�R�Q�V�� �R�Q�H �Q�H�H�G�V �W�R �D�F�F�R�X�Q�W �I�R�U �U�D�G�L�D��

�W�L�Y�H �D�Q�G �F�R�O�O�L�V�L�R�Q�D�O �W�U�D�Q�V�L�W�L�R�Q �U�D�W�H�V �E�H�W�Z�H�H�Q �G�L�I�I�H�U�H�Q�W �D�W�R�P�L�F �H�[�F�L�W�D�W�L�R�Q �D�Q�G �L�R�Q�L�V�D�W�L�R�Q �V�W�D�W�H�V

�W�K�U�R�X�J�K �W�K�H �V�W�D�W�L�V�W�L�F�D�O �H�T�X�L�O�L�E�U�L�X�P �H�T�X�D�W�L�R�Q��

ni

X

j 6= i

(Cij + Rij ) =
X

j 6= i

nj (Cji + Rji ); ������������

�Z�K�H�U�HC �D�Q�GR �D�U�H �W�K�H �F�R�O�O�L�V�L�R�Q�D�O �D�Q�G �U�D�G�L�D�W�L�Y�H �W�U�D�Q�V�L�W�L�R�Q �U�D�W�H�V �S�H�U �S�D�U�W�L�F�O�H �E�H�W�Z�H�H�Q �H�Q��

�H�U�J�\ �V�W�D�W�H�Vi �D�Q�Gj �� �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�U�R�X�J�K �D�Q �L�W�H�U�D�W�L�Y�H �S�U�R�F�H�V�V�� �W�K�L�V �V�\�V�W�H�P �L�V �V�R�O�Y�H�G �I�R�U �D�O�O

�O�H�Y�H�O �S�R�S�X�O�D�W�L�R�Q�Vn �L�Q �W�K�H �P�R�G�H�O �D�W�R�P�� �Z�K�L�F�K �D�U�H �W�\�S�L�F�D�O�O�\ �G�L�I�I�H�U�H�Q�W �I�U�R�P �W�K�H �/�7�( �S�R�S�X�O�D��

�W�L�R�Q�V�� �)�R�U �F�R�P�S�D�U�L�V�R�Q�� �R�Q�H �W�\�S�L�F�D�O�O�\ �G�H�I�L�Q�H�V �´�G�H�S�D�U�W�X�U�H �F�R�H�I�I�L�F�L�H�Q�W�V�´b �D�V �W�K�H �U�D�W�L�R �E�H�W�Z�H�H�Q

�/�7�( �D�Q�G �1�/�7�( �Q�X�P�E�H�U �G�H�Q�V�L�W�L�H�V ���:�L�M�E�H�Q�J�D �D�Q�G �=�Z�D�D�Q��������������

bi �
ni

n?
i

=
ni; �1�/�7�(

ni; �/�7�(
; ������������

�Z�K�L�F�K �P�H�D�Q�V �W�K�D�W �L�Ibi = 1�� �W�K�H�Q �W�K�H �1�/�7�( �S�R�S�X�O�D�W�L�R�Q �R�I �W�K�D�W �O�H�Y�H�O �L�V �W�K�H �V�D�P�H �D�V �L�Q

�/�7�( ���´�W�K�H�U�P�D�O�L�V�H�G�´����bi < 1 �L�Q�G�L�F�D�W�H�V �W�K�D�W �W�K�H �O�H�Y�H�O �L�V �X�Q�G�H�U�S�R�S�X�O�D�W�H�G�� �D�Q�Gbi > 1 �W�K�D�W �W�K�H

�O�H�Y�H�O �L�V �R�Y�H�U�S�R�S�X�O�D�W�H�G �F�R�P�S�D�U�H�G �W�R �/�7�(�� �$�Q �H�[�D�P�S�O�H �R�I �G�H�S�D�U�W�X�U�H �F�R�H�I�I�L�F�L�H�Q�W�V �L�V �S�O�R�W�W�H�G �L�Q



�5�H�O�H�Y�D�Q�W �V�S�H�F�W�U�R�V�F�R�S�L�F �P�H�W�K�R�G�V ����

�)�L�J���������� �,�Q �W�K�L�V �I�U�D�P�H�Z�R�U�N�� �I�R�U �W�K�H �8�9 �D�Q�G �Y�L�V�X�D�O �V�S�H�F�W�U�D�O �U�D�Q�J�H ��h� � kT���� �(�T�����������F�D�Q

�L�Q�V�W�H�D�G �E�H �U�H�Z�U�L�W�W�H�Q �D�V ���%�H�U�J�H�P�D�Q�Q �D�Q�G �1�R�U�G�O�D�Q�G�H�U��������������

Sl �
bj

bi
B l ; ������������

�Z�K�H�U�H �W�K�H �V�X�S�H�U�V�F�U�L�S�Wl �G�H�Q�R�W�H�V �W�K�H �D�E�V�R�U�S�W�L�R�Q �O�L�Q�H �F�R�Q�V�L�G�H�U�H�G�� �7�K�L�V �F�R�Q�Q�H�F�W�V �W�K�H �G�L�U�H�F�W�O�\

�F�D�O�F�X�O�D�W�H�G �G�H�S�D�U�W�X�U�H �F�R�H�I�I�L�F�L�H�Q�W�V �W�R �W�K�H �3�O�D�Q�F�N �V�R�X�U�F�H �I�X�Q�F�W�L�R�Q �D�V�V�X�P�H�G �L�Q �/�7�(�� �,�Q �W�K�H �V�D�P�H

�U�H�J�L�P�H�� �W�K�H �R�S�D�F�L�W�\ �R�I �W�K�H �O�L�Q�H� l
� �L�V �W�K�H�Q �S�U�R�S�R�U�W�L�R�Q�D�O �W�R��

� l
� / bi ; ������������

�P�H�D�Q�L�Q�J �W�K�D�W �Z�K�H�Q �I�R�U �H�[�D�P�S�O�Hbi < 1�� �W�K�H�Q �W�K�H �O�L�Q�H �R�S�D�F�L�W�\ �G�H�F�U�H�D�V�H�V �D�Q�G �W�K�H �O�L�Q�H

�I�R�U�P�D�W�L�R�Q �G�H�S�W�K �L�Q�F�U�H�D�V�H�V�� �Z�H�D�N�H�Q�L�Q�J �W�K�H �D�E�V�R�U�S�W�L�R�Q �O�L�Q�H ���D�Q�G �Y�L�F�H �Y�H�U�V�D���� �7�K�L�V �P�H�D�Q�V �W�K�D�W��

�J�L�Y�H�Q �D�Q �/�7�( �U�D�G�L�D�W�L�Y�H �W�U�D�Q�V�I�H�U �F�R�G�H �D�Q�G �S�U�H���F�D�O�F�X�O�D�W�H�G �G�H�S�D�U�W�X�U�H �F�R�H�I�I�L�F�L�H�Q�W�V�� �L�W �L�V �S�R�V�V�L�E�O�H

�W�R �D�S�S�U�R�[�L�P�D�W�H�O�\ �L�Q�F�O�X�G�H �1�/�7�( �H�I�I�H�F�W�V �Z�L�W�K�R�X�W �U�H�F�D�O�F�X�O�D�W�L�Q�J �W�K�H �I�X�O�O �1�/�7�( �V�R�O�X�W�L�R�Q �H�D�F�K

�W�L�P�H�� �$�O�W�K�R�X�J�K �W�K�L�V �D�S�S�U�R�D�F�K �U�H�S�U�H�V�H�Q�W�V �D�Q �D�S�S�U�R�[�L�P�D�W�L�R�Q �W�R �W�K�H �I�X�O�O �1�/�7�( �U�D�G�L�D�W�L�Y�H �W�U�D�Q�V�I�H�U

�S�U�R�E�O�H�P�� �L�W �L�V �U�L�J�R�U�R�X�V�O�\ �Y�D�O�L�G�D�W�H�G �W�K�U�R�X�J�K �G�L�U�H�F�W �F�R�P�S�D�U�L�V�R�Q�V �Z�L�W�K �I�X�O�O �1�/�7�( �F�D�O�F�X�O�D�W�L�R�Q�V

�D�Q�G �J�H�Q�H�U�D�O�O�\ �U�H�S�U�R�G�X�F�H�V �W�K�H �I�X�O�O �V�R�O�X�W�L�R�Q�V �Z�L�W�K �K�L�J�K �D�F�F�X�U�D�F�\ ���H���J���%�H�U�J�H�P�D�Q�Q �H�W �D�O����������������

�)�L�J�X�U�H ���������'�H�S�D�U�W�X�U�H �F�R�H�I�I�L�F�L�H�Q�W�V �I�R�U �H�Q�H�U�J�\ �O�H�Y�H�O�V �R�I �(�X �Z�L�W�K �W�K�H �J�U�R�X�Q�G �V�W�D�W�H �R�I �(�X �,�, �D�Q�G
�(�X �,�,�, �K�L�J�K�O�L�J�K�W�H�G �L�Q �U�H�G �D�Q�G �E�O�X�H�� �D�V �D �I�X�Q�F�W�L�R�Q �R�I �R�S�W�L�F�D�O �G�H�S�W�K �I�R�U �D �P�H�W�D�O���S�R�R�U �V�R�O�D�U���O�L�N�H
�P�R�G�H�O �D�W�P�R�V�S�K�H�U�H��

�1�/�7�( �D�E�X�Q�G�D�Q�F�H�V �F�D�Q �E�H �G�H�U�L�Y�H�G �H�L�W�K�H�U �W�K�U�R�X�J�K �G�L�U�H�F�W �1�/�7�( �V�S�H�F�W�U�D�O �V�\�Q�W�K�H�V�L�V �R�U �E�\

�D�S�S�O�\�L�Q�J �S�U�H�F�R�P�S�X�W�H�G �1�/�7�( �D�E�X�Q�G�D�Q�F�H �F�R�U�U�H�F�W�L�R�Q�V �W�R �G�H�U�L�Y�H�G �/�7�( �D�E�X�Q�G�D�Q�F�H�V�� �7�K�H �O�D�W�W�H�U

�D�S�S�U�R�D�F�K �S�U�R�Y�L�G�H�V �D �F�R�P�S�X�W�D�W�L�R�Q�D�O�O�\ �H�I�I�L�F�L�H�Q�W �D�Q�G �Z�L�G�H�O�\ �X�V�H�G �D�S�S�U�R�[�L�P�D�W�L�R�Q �W�R �I�X�O�O �1�/�7�(

�O�L�Q�H �I�R�U�P�D�W�L�R�Q �F�D�O�F�X�O�D�W�L�R�Q�V�� �,�Q �W�K�L�V �F�D�V�H�� �1�/�7�( �D�E�X�Q�G�D�Q�F�H�V �F�D�Q �E�H �D�S�S�U�R�[�L�P�D�W�H�G �W�K�U�R�X�J�K

�W�K�H �U�H�O�D�W�L�R�Q��



���� �5�H�O�H�Y�D�Q�W �V�S�H�F�W�U�R�V�F�R�S�L�F �P�H�W�K�R�G�V

A(X )�1�/�7�( = A(X )�/�7�( + � �1�/�7�(; ������������

�Z�K�H�U�HA(X ) �L�V �W�K�H �D�E�X�Q�G�D�Q�F�H �R�I �H�O�H�P�H�Q�WX �D�Q�G� �1�/�7�( �L�V �W�K�H �1�/�7�( �F�R�U�U�H�F�W�L�R�Q�� �7�K�H�V�H

�1�/�7�( �F�R�U�U�H�F�W�L�R�Q�V �D�U�H �F�D�O�F�X�O�D�W�H�G �E�\ �G�H�W�H�U�P�L�Q�L�Q�J �W�K�H �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �/�7�( �D�Q�G �1�/�7�(

�D�E�X�Q�G�D�Q�F�H�V �W�K�D�W �Z�R�X�O�G �S�U�R�G�X�F�H �W�K�H �V�D�P�H �H�T�X�L�Y�D�O�H�Q�W �Z�L�G�W�K �I�R�U �D �J�L�Y�H�Q �V�H�W �R�I �V�W�H�O�O�D�U �S�D�U�D�P��

�H�W�H�U�V ���L���H�� �I�R�U �J�L�Y�H�QT�H�I�I�� �O�R�Jg�� �>�)�H���+�@�� �$���;���� ���%�H�U�J�H�P�D�Q�Q �D�Q�G �1�R�U�G�O�D�Q�G�H�U�� ������������ �7�K�L�V

�P�H�W�K�R�G�R�O�R�J�\ �D�O�O�R�Z�V �R�Q�H �W�R �D�S�S�O�\ �D �S�R�V�W�H�U�L�R�U�L �1�/�7�( �F�R�U�U�H�F�W�L�R�Q�V �R�Q �W�R�S �R�I �D�E�X�Q�G�D�Q�F�H�V �G�H��

�U�L�Y�H�G �X�V�L�Q�J �D�Q �/�7�( �U�D�G�L�D�W�L�Y�H �W�U�D�Q�V�I�H�U �F�R�G�H �R�U �U�H�S�R�U�W�H�G �L�Q �W�K�H �O�L�W�H�U�D�W�X�U�H��

�0�R�G�H�O �D�W�P�R�V�S�K�H�U�H�V

�)�L�J�X�U�H ���������&�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q ���' �/�7�( �D�Q�G ���' �1�/�7�( �V�\�Q�W�K�H�W�L�F �V�S�H�F�W�U�X�P �R�I �D �1�L �, �O�L�Q�H��
���' �V�S�H�F�W�U�D �Z�H�U�H �F�R�P�S�X�W�H�G �I�R�U �V�H�Y�H�U�D�O �V�Q�D�S�V�K�R�W�V�� �Z�K�L�F�K �V�K�R�Z �Y�D�U�L�D�W�L�R�Q �L�Q �W�K�H �F�R�P�S�X�W�H�G
�V�S�H�F�W�U�D�� �$�G�R�S�W�H�G �I�U�R�P�6�W�R�U�P �H�W �D�O����������������

�7�K�H �V�W�H�O�O�D�U �P�R�G�H�O �D�W�P�R�V�S�K�H�U�H�V �D�U�H �W�K�H �F�H�Q�W�U�D�O �L�Q�J�U�H�G�L�H�Q�W �L�Q �U�D�G�L�D�W�L�Y�H �W�U�D�Q�V�I�H�U �F�D�O�F�X�O�D��

�W�L�R�Q�V�� �7�K�H �V�W�H�O�O�D�U �D�W�P�R�V�S�K�H�U�H �U�H�I�H�U�V �W�R �W�K�H �R�X�W�H�U �O�D�\�H�U�V �R�I �D �V�W�D�U �I�U�R�P �Z�K�L�F�K �W�K�H �R�E�V�H�U�Y�H�G

�U�D�G�L�D�W�L�R�Q �H�P�H�U�J�H�V �D�Q�G �Z�K�H�U�H �W�K�H �F�R�Q�W�L�Q�X�X�P �D�Q�G �V�S�H�F�W�U�D�O �O�L�Q�H�V �D�U�H �I�R�U�P�H�G�� �E�\ �S�U�R�Y�L�G�L�Q�J �W�K�H

�W�H�P�S�H�U�D�W�X�U�H �V�W�U�X�F�W�X�U�H�� �J�D�V �S�U�H�V�V�X�U�H�� �H�O�H�F�W�U�R�Q �S�U�H�V�V�X�U�H�� �D�Q�G �G�H�Q�V�L�W�\ �D�V �D �I�X�Q�F�W�L�R�Q �R�I �G�H�S�W�K��

�7�K�H�\ �G�H�W�H�U�P�L�Q�H �W�K�H �O�R�F�D�O �H�[�F�L�W�D�W�L�R�Q�� �L�R�Q�L�V�D�W�L�R�Q�� �D�Q�G �R�S�D�F�L�W�\ �V�W�U�X�F�W�X�U�H �W�K�D�W �H�Q�W�H�U �W�K�H �U�D�G�L�D�W�L�Y�H

�W�U�D�Q�V�I�H�U �F�D�O�F�X�O�D�W�L�R�Q�� �0�R�G�H�O �D�W�P�R�V�S�K�H�U�H�V �D�U�H �F�R�P�S�X�W�H�G �I�R�U �D �J�L�Y�H�Q �V�H�W �R�I �V�W�H�O�O�D�U �S�D�U�D�P�H��

�W�H�U�V�� �V�X�F�K �D�V �H�I�I�H�F�W�L�Y�H �W�H�P�S�H�U�D�W�X�U�H�� �V�X�U�I�D�F�H �J�U�D�Y�L�W�\�� �D�Q�G �F�K�H�P�L�F�D�O �F�R�P�S�R�V�L�W�L�R�Q�� �7�K�H�\ �D�U�H

�F�R�P�S�X�W�H�G �X�Q�G�H�U �D �V�H�W �R�I �S�K�\�V�L�F�D�O �D�V�V�X�P�S�W�L�R�Q�V�� �V�X�F�K �D�V �K�\�G�U�R�V�W�D�W�L�F �H�T�X�L�O�L�E�U�L�X�P�� �/�7�( �D�Q�G

�S�O�D�Q�H���S�D�U�D�O�O�H�O �D�V�V�X�P�S�W�L�R�Q��

�7�K�H�U�H �D�U�H �V�H�Y�H�U�D�O �W�\�S�H�V �R�I �P�R�G�H�O �D�W�P�R�V�S�K�H�U�H�V �X�V�H�G �L�Q �V�W�H�O�O�D�U �V�S�H�F�W�U�R�V�F�R�S�\�� �2�Q�H���G�L�P�H�Q�V�L�R�Q�D�O

�����'�� �K�\�G�U�R�V�W�D�W�L�F �P�R�G�H�O�V �D�U�H �W�K�H �P�R�V�W �F�R�P�P�R�Q �F�K�R�L�F�H �G�X�H �W�R �W�K�H�L�U �V�L�P�S�O�L�F�L�W�\�� �7�K�H�\ �W�\�S�L�F�D�O�O�\



�5�H�O�H�Y�D�Q�W �V�S�H�F�W�U�R�V�F�R�S�L�F �P�H�W�K�R�G�V ����

�L�Q�F�O�X�G�H �D �I�H�Z �G�R�]�H�Q �W�R �D�U�R�X�Q�G �R�Q�H �K�X�Q�G�U�H�G �G�H�S�W�K �S�R�L�Q�W�V�� �G�H�V�F�U�L�E�L�Q�J �W�K�H �I�X�O�O �D�W�P�R�V�S�K�H�U�L�F

�V�W�U�X�F�W�X�U�H �Z�L�W�K �R�Q�O�\ �D �I�H�Z �K�X�Q�G�U�H�G �Q�X�P�H�U�L�F�D�O �Y�D�O�X�H�V�� �7�K�H�\ �D�U�H �I�D�V�W �W�R �F�R�P�S�X�W�H�� �W�\�S�L�F�D�O�O�\ �U�H��

�T�X�L�U�L�Q�J �R�Q�O�\ �V�H�F�R�Q�G�V �W�R �P�L�Q�X�W�H�V �R�I �&�3�8 �W�L�P�H�� �E�H�F�D�X�V�H �W�K�H�\ �D�V�V�X�P�H �R�Q�H���G�L�P�H�Q�V�L�R�Q�D�O �J�H�R�P��

�H�W�U�\�� �K�\�G�U�R�V�W�D�W�L�F �H�T�X�L�O�L�E�U�L�X�P�� �D�Q�G �V�L�P�S�O�L�I�L�H�G �W�U�H�D�W�P�H�Q�W�V �R�I �F�R�Q�Y�H�F�W�L�R�Q �D�Q�G �U�D�G�L�D�W�L�Y�H �W�U�D�Q�V�I�H�U

���V�H�H �H�T�X�D�W�L�R�Q�V �E�H�O�R�Z���� �(�[�D�P�S�O�H�V �L�Q�F�O�X�G�H �$�7�/�$�6 �P�R�G�H�O�V ���.�X�U�X�F�]������������������������ �0�$�)�$�*�6��

�2�6 ���*�U�X�S�S�������������� �D�Q�G �0�$�5�&�6 ���*�X�V�W�D�I�V�V�R�Q �H�W �D�O����������������

�7�K�H�V�H �P�R�G�H�O�V �U�H�O�\ �R�Q �V�H�Y�H�U�D�O �I�X�Q�G�D�P�H�Q�W�D�O �H�T�X�D�W�L�R�Q�V�� �7�K�H �I�L�U�V�W �L�V �U�D�G�L�D�W�L�Y�H �W�U�D�Q�V�I�H�U �L�Q��

�W�U�R�G�X�F�H�G �L�Q �(�T������������ �7�K�H �V�H�F�R�Q�G �R�Q�H �L�V �K�\�G�U�R�V�W�D�W�L�F �H�T�X�L�O�L�E�U�L�X�P��

dPg

dz
= � �g; ������������

�Z�K�H�U�HPg �L�V �W�K�H �J�D�V �S�U�H�V�V�X�U�H��z �L�V �W�K�H �J�H�R�P�H�W�U�L�F�D�O �G�H�S�W�K��� �L�V �W�K�H �G�H�Q�V�L�W�\�� �D�Q�Gg �L�V �W�K�H

�J�U�D�Y�L�W�D�W�L�R�Q�D�O �D�F�F�H�O�H�U�D�W�L�R�Q�� �,�Q �R�W�K�H�U �Z�R�U�G�V�� �J�U�D�Y�L�W�\ �E�D�O�D�Q�F�H�V �W�K�H �S�U�H�V�V�X�U�H �J�U�D�G�L�H�Q�W �D�Q�G �W�K�H

�V�W�H�O�O�D�U �D�W�P�R�V�S�K�H�U�H �L�V �D�V�V�X�P�H�G �W�R �E�H �V�W�D�W�L�F�� �7�K�H �W�K�L�U�G �L�V �U�D�G�L�D�W�L�Y�H �H�T�X�L�O�L�E�U�L�X�P��

F�U�D�G+ F�F�R�Q�Y= �T 4
�H�I�I; ������������

�Z�K�H�U�HF�U�D�G�D�Q�GF�F�R�Q�Y�D�U�H �W�K�H �U�D�G�L�D�W�L�Y�H �D�Q�G �F�R�Q�Y�H�F�W�L�Y�H �H�Q�H�U�J�\ �I�O�X�[�H�V�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�L�V

�D�V�V�X�P�H�V �W�K�D�W �W�K�H �W�R�W�D�O �R�X�W�Z�D�U�G �H�Q�H�U�J�\ �I�O�X�[ �W�K�U�R�X�J�K �W�K�H �V�W�H�O�O�D�U �D�W�P�R�V�S�K�H�U�H �L�V �F�R�Q�V�W�D�Q�W �D�Q�G

�H�T�X�D�O �W�R �W�K�H �V�W�H�O�O�D�U �V�X�U�I�D�F�H �I�O�X�[�� �Z�K�L�F�K �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �I�O�X�[ �R�I �D �E�O�D�F�N�E�R�G�\ �Z�L�W�K �H�I�I�H�F�W�L�Y�H

�W�H�P�S�H�U�D�W�X�U�HT�H�I�I���V�H�H �D�O�V�R �(�T��������������

�,�Q �W�K�H �V�L�P�S�O�H�V�W �F�D�V�H�� �D�Q �D�V�V�X�P�S�W�L�R�Q �R�I �´�J�U�D�\ �D�W�P�R�V�S�K�H�U�H�´ ���0�L�O�Q�H������������ �L�V �D�G�R�S�W�H�G�� �L���H��

�W�K�H �R�S�D�F�L�W�\ �L�V �D�V�V�X�P�H�G �W�R �E�H �L�Q�G�H�S�H�Q�G�H�Q�W �R�I �W�K�H �I�U�H�T�X�H�Q�F�\��� � � � �� �Z�K�H�U�H� � = �� � �� �Z�L�W�K

� � �Z�D�V �G�H�I�L�Q�H�G �L�Q �(�T������������ �7�K�L�V �F�R�Q�V�L�G�H�U�D�E�O�\ �V�L�P�S�O�L�I�L�H�V �W�K�H �U�D�G�L�D�W�L�Y�H �W�U�D�Q�V�I�H�U �S�U�R�E�O�H�P�� �%�\

�D�G�R�S�W�L�Q�J �W�K�H �(�G�G�L�Q�J�W�R�Q �D�S�S�U�R�[�L�P�D�W�L�R�Q�� �W�K�H �W�H�P�S�H�U�D�W�X�U�H �V�W�U�X�F�W�X�U�H �R�I �W�K�H �D�W�P�R�V�S�K�H�U�H �F�D�Q �E�H

�G�H�U�L�Y�H�G �D�V��

T4(� ) =
3
4

T4
�H�I�I

�
� +

2
3

�
: ������������

�7�K�L�V �U�H�O�D�W�L�R�Q �V�K�R�Z�V �K�R�Z �L�Q �W�K�H �F�O�D�V�V�L�F�D�O ���' �J�U�D�\ �/�7�( �D�W�P�R�V�S�K�H�U�H�� �W�K�H �W�H�P�S�H�U�D�W�X�U�H �V�W�U�X�F��

�W�X�U�H �L�V �V�H�W �E�D�V�H�G �R�Q �W�K�H �U�D�G�L�D�W�L�Y�H �H�T�X�L�O�L�E�U�L�X�P�� �,�Q �S�U�D�F�W�L�F�D�O �V�W�H�O�O�D�U �D�W�P�R�V�S�K�H�U�H �P�R�G�H�O�V�� �W�K�H �J�U�D�\

�D�S�S�U�R�[�L�P�D�W�L�R�Q �L�V �U�H�O�D�[�H�G �D�Q�G �Z�D�Y�H�O�H�Q�J�W�K���G�H�S�H�Q�G�H�Q�W �R�S�D�F�L�W�L�H�V�� �O�L�Q�H �E�O�D�Q�N�H�W�L�Q�J�� �F�R�Q�Y�H�F�W�L�R�Q��

�D�Q�G �P�R�U�H �G�H�W�D�L�O�H�G �H�T�X�D�W�L�R�Q�V �R�I �V�W�D�W�H �D�U�H �L�Q�F�O�X�G�H�G�� �7�K�H �D�W�P�R�V�S�K�H�U�H �L�V �W�K�H�Q �V�R�O�Y�H�G �L�W�H�U�D�W�L�Y�H�O�\

�X�Q�W�L�O �U�D�G�L�D�W�L�Y�H �W�U�D�Q�V�I�H�U�� �K�\�G�U�R�V�W�D�W�L�F �H�T�X�L�O�L�E�U�L�X�P�� �D�Q�G �I�O�X�[ �F�R�Q�V�H�U�Y�D�W�L�R�Q �D�U�H �V�D�W�L�V�I�L�H�G �V�L�P�X�O�W�D��

�Q�H�R�X�V�O�\ �D�W �D�O�O �G�H�S�W�K�V��

�7�K�H ���' �K�\�G�U�R�V�W�D�W�L�F �H�T�X�L�O�L�E�U�L�X�P �P�R�G�H�O �D�W�P�R�V�S�K�H�U�H�V �U�H�S�U�H�V�H�Q�W �D �D �K�L�J�K�O�\ �D�S�S�U�R�[�L�P�D�W�H

�V�\�V�W�H�P �D�Q�G �W�K�H�\ �F�D�Q�Q�R�W �G�H�V�F�U�L�E�H �U�H�D�O �V�W�D�U�V �I�U�R�P �I�L�U�V�W �S�U�L�Q�F�L�S�O�H�V�� �H�V�S�H�F�L�D�O�O�\ �W�K�H �)�*�.�0���W�\�S�H

�V�W�D�U�V �Z�L�W�K �W�K�H�L�U �V�W�U�R�Q�J �V�X�E���V�X�U�I�D�F�H �F�R�Q�Y�H�F�W�L�R�Q �D�Q�G �1�/�7�( ���H���J���$�V�S�O�X�Q�G�� ���������� �1�R�U�G�O�X�Q�G

�H�W �D�O���������������/�L�Q�G �D�Q�G �$�P�D�U�V�L�������������&�K�L�D�Y�D�V�V�D �H�W �D�O���������������%�H�U�J�H�P�D�Q�Q �D�Q�G �+�R�S�S�H��������������



���� �*�D�O�D�F�W�L�F �F�K�H�P�L�F�D�O �H�Y�R�O�X�W�L�R�Q �P�R�G�H�O�V

�7�K�H�\ �D�V�V�X�P�H �K�\�G�U�R�V�W�D�W�L�F �H�T�X�L�O�L�E�U�L�X�P �D�Q�G �G�R �Q�R�W �H�[�S�O�L�F�L�W�O�\ �P�R�G�H�O �F�R�Q�Y�H�F�W�L�Y�H �P�R�W�L�R�Q�V�� �,�Q��

�V�W�H�D�G�� �W�K�H �H�I�I�H�F�W�V �R�I �X�Q�U�H�V�R�O�Y�H�G �Y�H�O�R�F�L�W�\ �I�L�H�O�G�V �D�U�H �W�\�S�L�F�D�O�O�\ �D�S�S�U�R�[�L�P�D�W�H�G �X�V�L�Q�J �D�G �K�R�F �S�D��

�U�D�P�H�W�H�U�V �V�X�F�K �D�V �P�L�F�U�R�W�X�U�E�X�O�H�Q�F�H �D�Q�G �P�D�F�U�R�W�X�U�E�X�O�H�Q�F�H�� �Z�K�L�F�K �S�D�U�D�P�H�W�U�L�V�H �Q�R�Q���W�K�H�U�P�D�O �O�L�Q�H

�E�U�R�D�G�H�Q�L�Q�J�� �R�I�W�H�Q �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �F�R�Q�Y�H�F�W�L�Y�H �P�R�W�L�R�Q�V�� �+�R�Z�H�Y�H�U�� �W�K�H�V�H �D�U�H �Q�R�W �S�K�\�V�L�F�D�O �S�D��

�U�D�P�H�W�H�U�V �G�H�V�F�U�L�E�L�Q�J �W�K�H �D�F�W�X�D�O �Y�H�O�R�F�L�W�\ �I�L�H�O�G�� �0�R�U�H �U�H�D�O�L�V�W�L�F �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �U�D�G�L�D�W�L�R�Q��

�K�\�G�U�R�G�\�Q�D�P�L�F �����' �5�+�'�� �P�R�G�H�O �D�W�P�R�V�S�K�H�U�H�V �L�Q�V�W�H�D�G �V�R�O�Y�H �W�K�H �(�X�O�H�U �H�T�X�D�W�L�R�Q�V�� �D�O�O�R�Z�L�Q�J

�W�X�U�E�X�O�H�Q�F�H �D�Q�G �F�R�Q�Y�H�F�W�L�R�Q �W�R �G�H�Y�H�O�R�S �V�H�O�I���F�R�Q�V�L�V�W�H�Q�W�O�\ �I�U�R�P �I�L�U�V�W �S�U�L�Q�F�L�S�O�H�V �W�K�U�R�X�J�K �W�K�H �F�R�Q��

�V�H�U�Y�D�W�L�R�Q �R�I �P�D�V�V�� �P�R�P�H�Q�W�X�P�� �D�Q�G �H�Q�H�U�J�\��

@�
@t

+ r � (� �Y) = 0 ������������

@(� �Y)
@t

+ r � (� �Y�Y) = �r P + � �J ������������

@E
@t

+ r � ((E + P)�Y) = � �Y� �J+ Q�U�D�G; ������������

�Z�K�H�U�H� �L�V �W�K�H �G�H�Q�V�L�W�\���Y�L�V �W�K�H �J�D�V �Y�H�O�R�F�L�W�\��E �L�V �W�K�H �H�Q�H�U�J�\ �G�H�Q�V�L�W�\�� �D�Q�GQ�U�D�G�L�V �W�K�H

�U�D�G�L�D�W�L�Y�H �K�H�D�W�L�Q�J �W�H�U�P�� �(�[�D�P�S�O�H�V �R�I �V�X�F�K ���' �5�+�' �P�R�G�H�O �D�W�P�R�V�S�K�H�U�H�V �L�Q�F�O�X�G�H �0�8�5�D�0

���9�|�J�O�H�U �H�W �D�O���������������� �%�,�)�5�2�6�7 ���*�X�G�L�N�V�H�Q �H�W �D�O���������������� �&�25�%�2�/�' ���/�X�G�Z�L�J �D�Q�G �.�X�þ�L�Q�V�N�D�V��

������������ �6�7�$�*�*�(�5 ���0�D�J�L�F �H�W �D�O���� ������������ �D�Q�G �0���'�,�6 ���(�L�W�Q�H�U �H�W �D�O���� ������������ �7�K�H�V�H �P�R�G�H�O�V

�S�U�R�G�X�F�H �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �F�X�E�H�V �F�R�Q�W�D�L�Q�L�Q�J �W�\�S�L�F�D�O�O�\ �W�H�Q�V �R�I �W�K�R�X�V�D�Q�G�V �W�R �P�L�O�O�L�R�Q�V �R�I �J�U�L�G

�F�H�O�O�V�� �H�D�F�K �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �L�W�V �R�Z�Q �W�H�P�S�H�U�D�W�X�U�H�� �G�H�Q�V�L�W�\�� �D�Q�G �Y�H�O�R�F�L�W�\ �V�W�U�X�F�W�X�U�H�� �7�K�H�\ �D�O�V�R

�D�O�O�R�Z �W�L�P�H���G�H�S�H�Q�G�H�Q�W �V�L�P�X�O�D�W�L�R�Q�V�� �D�V �F�R�Q�Y�H�F�W�L�R�Q �F�R�Q�W�L�Q�X�R�X�V�O�\ �F�K�D�Q�J�H�V �W�K�H �V�W�U�X�F�W�X�U�H �R�I �W�K�H

�D�W�P�R�V�S�K�H�U�H �D�Q�G �W�K�H�U�H�I�R�U�H �W�K�H �V�K�D�S�H�V �R�I �V�S�H�F�W�U�D�O �O�L�Q�H�V �R�Y�H�U �W�L�P�H�� �,�W �K�D�V �E�H�H�Q �V�K�R�Z�Q �W�K�D�W

�V�\�Q�W�K�H�W�L�F �V�S�H�F�W�U�D �F�R�P�S�X�W�H�G �X�V�L�Q�J �I�X�O�O ���' �5�+�' �1�/�7�( �P�R�G�H�O�O�L�Q�J �D�U�H �D�E�O�H �W�R �U�H�S�U�R�G�X�F�H �K�L�J�K��

�U�H�V�R�O�X�W�L�R�Q �V�R�O�D�U �R�E�V�H�U�Y�D�W�L�R�Q�V�� �L�Q�F�O�X�G�L�Q�J �F�R�Q�V�L�V�W�H�Q�W �D�E�X�Q�G�D�Q�F�H�V �D�Q�G �F�H�Q�W�U�H���W�R���O�L�P�E �Y�D�U�L�D�W�L�R�Q�V

�L�Q �V�S�H�F�W�U�D�O �O�L�Q�H �S�U�R�I�L�O�H�V ���H���J���$�P�D�U�V�L �H�W �D�O���������������%�H�U�J�H�P�D�Q�Q �H�W �D�O���������������&�D�Q�R�F�F�K�L �H�W �D�O����

������������

������ �*�D�O�D�F�W�L�F �F�K�H�P�L�F�D�O �H�Y�R�O�X�W�L�R�Q �P�R�G�H�O�V

�7�K�H �I�R�O�O�R�Z�L�Q�J �V�H�F�W�L�R�Q �L�V �S�U�L�P�D�U�L�O�\ �E�D�V�H�G �R�Q�0�D�W�W�H�X�F�F�L�������������������������&�{�W�p �H�W �D�O�������������E����

�*�D�O�D�F�W�L�F �&�K�H�P�L�F�D�O �(�Y�R�O�X�W�L�R�Q ���*�&�(�� �P�R�G�H�O�V �D�U�H �W�\�S�L�F�D�O�O�\ �F�R�P�S�X�W�H�G �E�\ �W�U�D�F�N�L�Q�J �W�K�H �H�[��

�F�K�D�Q�J�H �R�I �P�D�W�W�H�U �E�H�W�Z�H�H�Q �V�W�D�U�V �D�Q�G �W�K�H �,�6�0�� �,�Q �L�W�V �V�L�P�S�O�H�V�W �I�R�U�P�� �D �*�&�( �P�R�G�H�O �D�V�V�X�P�H�V �D

�K�R�P�R�J�H�Q�H�R�X�V�� �Z�H�O�O���P�L�[�H�G �J�D�V �U�H�V�H�U�Y�R�L�U �Z�L�W�K �W�R�W�D�O �J�D�V �P�D�V�VM �J�D�V�� �,�Q �D �F�O�R�V�H�G���E�R�[ �P�R�G�H�O��

�W�K�H �V�\�V�W�H�P �H�Y�R�O�Y�H�V �I�U�R�P �D �V�S�H�F�L�I�L�H�G �L�Q�L�W�L�D�O �J�D�V �U�H�V�H�U�Y�R�L�U �Z�L�W�K�R�X�W �H�[�F�K�D�Q�J�H �Z�L�W�K �L�W�V �V�X�U�U�R�X�Q�G��

�L�Q�J�V�� �Z�K�H�U�H�D�V �L�Q �D�Q �R�S�H�Q���E�R�[ �P�R�G�H�OM �J�D�V�F�D�Q �L�Q�F�U�H�D�V�H �W�K�U�R�X�J�K �L�Q�I�O�R�Z �D�Q�G �G�H�F�U�H�D�V�H �W�K�U�R�X�J�K



�*�D�O�D�F�W�L�F �F�K�H�P�L�F�D�O �H�Y�R�O�X�W�L�R�Q �P�R�G�H�O�V ����

�)�L�J�X�U�H ���������$ �*�&�( �P�R�G�H�O �R�I �W�K�H �*�D�O�D�F�W�L�F �W�K�L�Q �G�L�V�F �X�V�L�Q�J �2�0�(�*�$�� �F�R�G�H ���&�{�W�p �H�W �D�O��������������
���������E���� �7�K�H �I�R�X�U �S�O�R�W�V �F�R�U�U�H�V�S�R�Q�G �W�R �V�W�D�U �I�R�U�P�D�W�L�R�Q �U�D�W�H_M ?�� �J�D�V �P�D�V�VM gas�� �L�Q�I�O�R�Z �U�D�W�H
�I�U�R�P �&�*�0_M g;in �D�Q�G �R�X�W�I�O�R�Z �U�D�W�H �W�R �&�*�0_M g;out �� �V�H�H �D�O�V�R �(�T������������ �+�H�U�H �W�K�H �L�Q�I�O�R�Z �U�D�W�H
�L�V �D�V�V�X�P�H�G �W�R �I�R�O�O�R�Z �D�Q �H�[�S�R�Q�H�Q�W�L�D�O �I�X�Q�F�W�L�R�Q��

�R�X�W�I�O�R�Z�V�� �7�K�H �P�D�V�V �I�U�D�F�W�L�R�Q �R�I �D �J�L�Y�H�Q �F�K�H�P�L�F�D�O �V�S�H�F�L�H�Vi �L�V �G�H�I�L�Q�H�G �D�V��

X i =
M i

M �J�D�V
; ������������

�Z�K�H�U�HM i �L�V �W�K�H �P�D�V�V �R�I �V�S�H�F�L�H�Vi �� �+�\�G�U�R�J�H�Q �D�Q�G �K�H�O�L�X�P �G�R�P�L�Q�D�W�H �W�K�H �P�D�V�V �E�X�G�J�H�W �R�I �W�K�H

�J�D�V ���H���J�� �L�Q �W�K�H �6�R�O�D�U �F�R�P�S�R�V�L�W�L�R�Q��� 74�� �D�Q�G� 25�� �E�\ �P�D�V�V�� �U�H�V�S�H�F�W�L�Y�H�O�\���� �Z�K�L�O�H �D�O�O �K�H�D�Y��

�L�H�U �H�O�H�P�H�Q�W�V �W�R�J�H�W�K�H�U �F�R�Q�W�U�L�E�X�W�H �R�Q�O�\ �D �V�P�D�O�O �I�U�D�F�W�L�R�Q ��. 2�� �E�\ �P�D�V�V�/�R�G�G�H�U�V �H�W �D�O����������������

�'�H�V�S�L�W�H �W�K�H�L�U �O�R�Z �W�R�W�D�O �P�D�V�V �I�U�D�F�W�L�R�Q�� �W�K�H �D�E�X�Q�G�D�Q�F�H�V �R�I �W�K�H�V�H �K�H�D�Y�L�H�U �H�O�H�P�H�Q�W�V ���´�P�H�W�D�O�V�´��

�S�U�R�Y�L�G�H �W�K�H �V�W�U�R�Q�J�H�V�W �F�R�Q�V�W�U�D�L�Q�W�V �R�Q �F�K�H�P�L�F�D�O �H�Y�R�O�X�W�L�R�Q�� �7�K�H �W�L�P�H �H�Y�R�O�X�W�L�R�Q �R�I �W�K�H �W�R�W�D�O �J�D�V

�P�D�V�V �F�D�Q �E�H �Z�U�L�W�W�H�Q �D�V��

_M �J�D�V= _M g;�L�Q+ _M �H�M� _M ? � _M g;�R�X�W; ������������

�Z�K�H�U�H_M g;�L�Q�D�Q�G_M g;�R�X�W�U�H�S�U�H�V�H�Q�W �W�K�H �U�D�W�H�V �R�I �J�D�V �J�D�L�Q �D�Q�G �J�D�V �O�R�V�V �G�X�H �W�R �L�Q�I�O�R�Z�V �D�Q�G

�R�X�W�I�O�R�Z�V ���]�H�U�R �L�Q �W�K�H �F�O�R�V�H�G���E�R�[ �O�L�P�L�W����_M ? �L�V �W�K�H �V�W�D�U �I�R�U�P�D�W�L�R�Q �U�D�W�H�� �D�Q�G_M �H�M�L�V �W�K�H �U�D�W�H �D�W

�Z�K�L�F�K �G�\�L�Q�J �V�W�D�U�V �U�H�W�X�U�Q �P�D�W�H�U�L�D�O �W�R �W�K�H �,�6�0�� �$�Q �D�Q�D�O�R�J�R�X�V �H�T�X�D�W�L�R�Q �F�D�Q �E�H �Z�U�L�W�W�H�Q �I�R�U �H�D�F�K

�L�Q�G�L�Y�L�G�X�D�O �F�K�H�P�L�F�D�O �V�S�H�F�L�H�V�� �D�O�O�R�Z�L�Q�J �W�K�H �F�R�P�S�R�V�L�W�L�R�Q �R�I �W�K�H �J�D�V �W�R �H�Y�R�O�Y�H �L�Q �W�L�P�H�� �$ �X�V�H�I�X�O

�V�L�P�S�O�L�I�L�F�D�W�L�R�Q �L�V �W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �U�H�F�\�F�O�L�Q�J �D�S�S�U�R�[�L�P�D�W�L�R�Q ���,�5�$���� �L�Q �Z�K�L�F�K �V�W�D�U�V �D�E�R�Y�H �D

�V�S�H�F�L�I�L�F �P�D�V�V �O�L�P�L�W �D�U�H �D�V�V�X�P�H�G �W�R �G�L�H �D�Q�G �U�H�W�X�U�Q �W�K�H�L�U �Q�X�F�O�H�R�V�\�Q�W�K�H�W�L�F �S�U�R�G�X�F�W�V �L�Q�V�W�D�Q�W�D��



���� �*�D�O�D�F�W�L�F �F�K�H�P�L�F�D�O �H�Y�R�O�X�W�L�R�Q �P�R�G�H�O�V

�Q�H�R�X�V�O�\�� �Z�K�L�O�H �O�R�Z�H�U���P�D�V�V �V�W�D�U�V �D�U�H �D�V�V�X�P�H�G �W�R �O�L�Y�H �L�Q�G�H�I�L�Q�L�W�H�O�\ ���6�F�K�P�L�G�W������������ �7�L�Q�V�O�H�\��

������������ �8�Q�G�H�U �W�K�L�V �D�S�S�U�R�[�L�P�D�W�L�R�Q�� �W�K�H�V�H �H�T�X�D�W�L�R�Q�V �F�D�Q �E�H �V�R�O�Y�H�G �D�Q�D�O�\�W�L�F�D�O�O�\�� �+�R�Z�H�Y�H�U��

�W�K�L�V �D�S�S�U�R�[�L�P�D�W�L�R�Q �E�U�H�D�N�V �G�R�Z�Q �Z�K�H�Q �H�Q�U�L�F�K�P�H�Q�W �I�U�R�P �G�H�O�D�\�H�G �V�R�X�U�F�H�V �E�H�F�R�P�H�V �L�P�S�R�U��

�W�D�Q�W�� �E�H�F�D�X�V�H �W�K�H �D�V�V�X�P�S�W�L�R�Q �R�I �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �U�H�F�\�F�O�L�Q�J �Q�R �O�R�Q�J�H�U �U�H�S�U�R�G�X�F�H�V �W�K�H �R�E�V�H�U�Y�H�G

�W�L�P�H �H�Y�R�O�X�W�L�R�Q �R�I �D�E�X�Q�G�D�Q�F�H �U�D�W�L�R�V�� �7�K�L�V �L�V �S�D�U�W�L�F�X�O�D�U�O�\ �H�Y�L�G�H�Q�W �I�R�U �H�O�H�P�H�Q�W�V �Z�K�R�V�H �G�R�P�L��

�Q�D�Q�W �S�U�R�G�X�F�W�L�R�Q �F�K�D�Q�Q�H�O�V �R�F�F�X�U �R�Q �G�H�O�D�\�H�G �W�L�P�H�V�F�D�O�H�V�� �V�X�F�K �D�V �L�U�R�Q �I�U�R�P �7�\�S�H �,�D �V�X�S�H�U�Q�R�Y�D�H

�R�U �V���S�U�R�F�H�V�V �H�O�H�P�H�Q�W�V �I�U�R�P �$�*�% �V�W�D�U�V ���7�L�Q�V�O�H�\�����������������������0�D�W�W�H�X�F�F�L�������������� �,�Q �Q�X�P�H�U�L��

�F�D�O �*�&�( �P�R�G�H�O�V�� �W�K�L�V �D�S�S�U�R�[�L�P�D�W�L�R�Q �F�D�Q �E�H �U�H�O�D�[�H�G �E�\ �W�D�N�L�Q�J �L�Q�W�R �D�F�F�R�X�Q�W �W�K�H �I�L�Q�L�W�H �V�W�H�O�O�D�U

�O�L�I�H�W�L�P�H�V�� �G�H�O�D�\�H�G �H�Q�U�L�F�K�P�H�Q�W�� �D�Q�G �W�L�P�H���G�H�S�H�Q�G�H�Q�W �J�D�V �I�O�R�Z�V�� �%�H�O�R�Z �, �E�U�H�D�N �G�R�Z�Q �H�D�F�K

�F�R�P�S�R�Q�H�Q�W �L�Q �(�T�����������L�Q �G�H�W�D�L�O��

�7�K�H �J�D�V �L�Q�I�O�R�Z �U�D�W�H �F�D�Q �E�H �S�D�U�D�P�H�W�U�L�V�H�G �L�Q �V�H�Y�H�U�D�O �Z�D�\�V�� �2�Q�H �R�I �W�K�H �V�L�P�S�O�H�V�W �D�Q�G �P�R�V�W

�F�R�P�P�R�Q�O�\ �D�G�R�S�W�H�G �S�U�H�V�F�U�L�S�W�L�R�Q�V �L�V �D�Q �H�[�S�R�Q�H�Q�W�L�D�O �L�Q�I�D�O�O �O�D�Z ���H���J���&�K�L�D�S�S�L�Q�L �H�W �D�O���� ����������

�0�D�W�W�H�X�F�F�L��������������

_M g;�L�Q/ e� t / � ; ������������

�Z�K�H�U�H� �L�V �W�K�H �L�Q�I�D�O�O �W�L�P�H�V�F�D�O�H�� �Z�K�L�F�K �L�V �D�V �D �I�U�H�H �S�D�U�D�P�H�W�H�U �D�Q�G �W�\�S�L�F�D�O�O�\ �F�R�Q�V�W�U�D�L�Q�H�G

�E�\ �F�R�P�S�D�U�L�V�R�Q �W�R �R�E�V�H�U�Y�D�W�L�R�Q�V�� �0�X�O�W�L�S�O�H �L�Q�I�D�O�O �H�S�L�V�R�G�H�V �F�D�Q �E�H �F�R�P�E�L�Q�H�G �W�R �G�H�V�F�U�L�E�H �G�L�I��

�I�H�U�H�Q�W �*�D�O�D�F�W�L�F �F�R�P�S�R�Q�H�Q�W�V�� �)�R�U �H�[�D�P�S�O�H�� �L�Q �W�K�H �W�Z�R���L�Q�I�D�O�O �P�R�G�H�O�� �W�K�H �I�L�U�V�W �L�Q�I�D�O�O �H�S�L�V�R�G�H

�L�V �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �W�K�H �I�R�U�P�D�W�L�R�Q �R�I �W�K�H �W�K�L�F�N �G�L�V�N�� �Z�K�L�O�H �W�K�H �V�H�F�R�Q�G �G�H�O�D�\�H�G �L�Q�I�D�O�O �I�R�U�P�V �W�K�H

�W�K�L�Q �G�L�V�N ���H���J���&�K�L�D�S�S�L�Q�L �H�W �D�O�������������� �&�K�D�Q�J �H�W �D�O�������������� �$�O�L�E�p�V �H�W �D�O���������������� �(�D�F�K �L�Q�I�D�O�O

�H�S�L�V�R�G�H �I�X�H�O�V �V�W�D�U �I�R�U�P�D�W�L�R�Q�� �Z�K�L�F�K �U�D�S�L�G�O�\ �S�U�R�G�X�F�H�V �&�&�6�1�H�� �Z�K�L�O�H �6�1�H �,�D �F�R�Q�W�U�L�E�X�W�H �R�Q

�G�H�O�D�\�H�G �W�L�P�H�V�F�D�O�H�V �U�D�Q�J�L�Q�J �I�U�R�P� 107 �\�U �W�R� 1010 �*�\�U �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �H�[�D�F�W �F�K�D�Q�Q�H�O

���(�L�W�Q�H�U �H�W �D�O���������������� �7�K�H �U�H�O�D�W�L�Y�H �W�L�P�L�Q�J �R�I �W�K�H�V�H �H�Q�U�L�F�K�P�H�Q�W �F�K�D�Q�Q�H�O�V �O�H�D�Y�H�V �F�K�D�U�D�F�W�H�U�L�V�W�L�F

�V�L�J�Q�D�W�X�U�H�V �L�Q �D�E�X�Q�G�D�Q�F�H �W�U�H�Q�G�V�� �V�X�F�K �D�V �>� ���)�H�@�� �D�Q�G �F�D�Q �W�K�H�U�H�I�R�U�H �E�H �X�V�H�G �W�R �F�R�Q�V�W�U�D�L�Q �W�K�H

�V�W�D�U �I�R�U�P�D�W�L�R�Q �D�Q�G �J�D�V �D�F�F�U�H�W�L�R�Q �K�L�V�W�R�U�\��

�7�K�H �V�W�D�U �I�R�U�P�D�W�L�R�Q �U�D�W�H �F�D�Q �D�O�V�R �E�H �S�D�U�D�P�H�W�U�L�V�H�G �L�Q �V�H�Y�H�U�D�O �Z�D�\�V�� �I�R�U �H�[�D�P�S�O�H �W�K�U�R�X�J�K

�D�Q �H�[�S�R�Q�H�Q�W�L�D�O �S�U�H�V�F�U�L�S�W�L�R�Q �R�U �W�K�U�R�X�J�K �D �J�D�V���G�H�S�H�Q�G�H�Q�W �U�H�O�D�W�L�R�Q �V�X�F�K �D�V �W�K�H �6�F�K�P�L�G�W �O�D�Z

���6�F�K�P�L�G�W�������������� �$ �F�R�P�P�R�Q�O�\ �D�G�R�S�W�H�G �I�R�U�P �L�V ���H���J���.�H�Q�Q�L�F�X�W�W�������������&�{�W�p �H�W �D�O�������������E����

_M ? = f ?M �J�D�V; ������������

�Z�K�H�U�Hf ? �L�V �W�K�H �V�W�D�U �I�R�U�P�D�W�L�R�Q �H�I�I�L�F�L�H�Q�F�\ �S�D�U�D�P�H�W�H�U ���L�Q �X�Q�L�W�V �R�I �\�U� 1���� �Z�K�L�F�K �V�H�W�V �W�K�H

�W�L�P�H�V�F�D�O�H �D�W �Z�K�L�F�K �J�D�V �L�V �F�R�Q�Y�H�U�W�H�G �L�Q�W�R �V�W�D�U�V�� �7�K�L�V �S�D�U�D�P�H�W�H�U �P�D�\ �Y�D�U�\ �R�Y�H�U �W�L�P�H �G�H�S�H�Q�G�L�Q�J

�R�Q �O�R�F�D�O �J�D�V �F�R�Q�G�L�W�L�R�Q�V �D�Q�G �I�H�H�G�E�D�F�N�� �7�K�H �R�X�W�I�O�R�Z �U�D�W�H��_M g;�R�X�W�� �L�Q�W�R �W�K�H �F�L�U�F�X�P�J�D�O�D�F�W�L�F

�P�H�G�L�X�P ���&�*�0�� �L�V �G�U�L�Y�H�Q �E�\ �V�W�H�O�O�D�U �I�H�H�G�E�D�F�N �D�Q�G �L�V �R�I�W�H�Q �S�D�U�D�P�H�W�U�L�V�H�G �D�V ���H���J���0�D�W�W�H�X�F�F�L

�D�Q�G �*�U�H�J�J�L�R�������������0�X�U�U�D�\ �H�W �D�O���������������&�{�W�p �H�W �D�O�������������E����



�*�D�O�D�F�W�L�F �F�K�H�P�L�F�D�O �H�Y�R�O�X�W�L�R�Q �P�R�G�H�O�V ����

_M g;�R�X�W= � _M ?; ������������

�Z�K�H�U�H� �L�V �W�K�H �P�D�V�V���O�R�D�G�L�Q�J �S�D�U�D�P�H�W�H�U�� �7�K�L�V �S�D�U�D�P�H�W�H�U �F�D�Q �E�H �D�V�V�X�P�H�G �F�R�Q�V�W�D�Q�W �R�U

�D�O�O�R�Z�H�G �W�R �Y�D�U�\ �G�X�U�L�Q�J �*�D�O�D�F�W�L�F �H�Y�R�O�X�W�L�R�Q��

�)�L�Q�D�O�O�\�� �W�K�H �P�D�V�V �H�M�H�F�W�H�G �E�\ �V�W�D�U�V��_M �H�M�� �G�H�S�H�Q�G�V �R�Q �W�K�H �O�L�I�H�W�L�P�H�V �R�I �V�W�D�U�V �R�I �G�L�I�I�H�U�H�Q�W

�P�D�V�V�H�V ���0�D�W�W�H�X�F�F�L��������������

_M �H�M(t) =
Z m �P�D�[

m(t)
(m � MR) _M ?(t � � m (m)) � (m) dm; ������������

�Z�K�H�U�H �W�K�H �H�M�H�F�W�H�G �P�D�V�V �U�D�W�H_M �H�M�D�W �W�L�P�Ht �L�V �F�D�O�F�X�O�D�W�H�G �E�\ �L�Q�W�H�J�U�D�W�L�Q�J �R�Y�H�U �D�O�O �V�W�H�O�O�D�U

�P�D�V�V�H�V �W�K�D�W �H�Q�G �W�K�H�L�U �O�L�Y�H�V �D�W �W�K�D�W �W�L�P�H�� �+�H�U�H��m � MR �L�V �W�K�H �W�R�W�D�O �P�D�V�V �H�M�H�F�W�H�G �E�\ �D �V�W�D�U �R�I

�L�Q�L�W�L�D�O �P�D�V�Vm�� �Z�K�H�U�HMR �L�V �W�K�H �U�H�P�Q�D�Q�W �P�D�V�V��_M ?(t � � m (m)) �L�V �W�K�H �V�W�D�U �I�R�U�P�D�W�L�R�Q �U�D�W�H �D�W

�W�K�H �W�L�P�H �W�K�H �V�W�D�U �I�R�U�P�H�G��� m (m) �L�V �W�K�H �O�L�I�H�W�L�P�H �R�I �D �V�W�D�U �R�I �P�D�V�Vm�� �D�Q�G� (m) �L�V �W�K�H �,�Q�L�W�L�D�O

�0�D�V�V �)�X�Q�F�W�L�R�Q ���,�0�)���� �7�K�L�V �H�[�S�U�H�V�V�L�R�Q �W�K�H�U�H�I�R�U�H �W�U�D�F�N�V �K�R�Z �P�X�F�K �P�D�W�H�U�L�D�O �L�V �U�H�W�X�U�Q�H�G �W�R �W�K�H

�,�6�0 �E�\ �V�W�D�U�V �R�I �G�L�I�I�H�U�H�Q�W �P�D�V�V�H�V�� �Z�H�L�J�K�W�H�G �E�\ �W�K�H�L�U �E�L�U�W�K �U�D�W�H �D�Q�G �O�L�I�H�W�L�P�H��

�7�K�H �,�0�) �G�H�V�F�U�L�E�H�V �W�K�H �U�H�O�D�W�L�Y�H �Q�X�P�E�H�U �R�I �V�W�D�U�V �I�R�U�P�H�G �D�W �G�L�I�I�H�U�H�Q�W �L�Q�L�W�L�D�O �P�D�V�V�H�V�� �2�E�V�H�U��

�Y�D�W�L�R�Q�D�O�O�\�� �O�R�Z���P�D�V�V �V�W�D�U�V �D�U�H �I�D�U �P�R�U�H �Q�X�P�H�U�R�X�V �W�K�D�Q �K�L�J�K���P�D�V�V �V�W�D�U�V ���H���J���.�U�R�X�S�D������������

�%�D�V�W�L�D�Q �H�W �D�O���������������� �$ �F�R�P�P�R�Q�O�\ �X�V�H�G �S�D�U�D�P�H�W�U�L�V�D�W�L�R�Q �L�V �W�K�H �6�D�O�S�H�W�H�U �,�0�) ���6�D�O�S�H�W�H�U��������������

� (m) / m� 2:35; ������������

�L�Q �Z�K�L�F�K �W�K�H �Q�X�P�E�H�U �R�I �V�W�D�U�V �G�H�F�U�H�D�V�H�V �V�W�H�H�S�O�\ �W�R�Z�D�U�G �K�L�J�K�H�U �V�W�H�O�O�D�U �P�D�V�V�H�V�� �2�W�K�H�U

�Z�L�G�H�O�\ �X�V�H�G �,�0�) �S�D�U�D�P�H�W�U�L�V�D�W�L�R�Q�V �H�[�L�V�W�� �V�X�F�K �D�V�.�U�R�X�S�D�������������� �Z�K�L�F�K �G�L�I�I�H�U �L�Q �W�K�H�L�U �G�H��

�W�D�L�O�H�G �V�O�R�S�H�V �D�Q�G �W�K�H �O�R�Z�H�V�W���P�D�V�V �E�H�K�D�Y�L�R�X�U ���W�\�S�L�F�D�O�O�\ �E�H�O�R�Z� 0:5M � �� �Z�L�W�K �D�Q �D�G�G�L�W�L�R�Q�D�O

�I�O�D�W�W�H�Q�L�Q�J �E�H�O�R�Z� 0:08M � ���� �E�X�W �U�H�W�D�L�Q �W�K�H �V�D�P�H �R�Y�H�U�D�O�O �V�O�R�S�H �D�Q�G �W�K�H �I�D�F�W �W�K�D�W �O�R�Z���P�D�V�V

�V�W�D�U�V �G�R�P�L�Q�D�W�H �V�W�H�O�O�D�U �S�R�S�X�O�D�W�L�R�Q�V �E�\ �Q�X�P�E�H�U��

�,�Q �D �I�X�O�O �*�&�( �P�R�G�H�O�� �(�T���������� �L�V �V�R�O�Y�H�G �I�R�U �H�D�F�K �F�K�H�P�L�F�D�O �V�S�H�F�L�H�VX i �� �,�Q �W�K�D�W �F�D�V�H��

�W�K�H �H�M�H�F�W�H�G �P�D�V�V �W�H�U�P �L�Q �(�T�����������L�V �U�H�S�O�D�F�H�G �E�\ �W�K�H �V�S�H�F�L�H�V���G�H�S�H�Q�G�H�Q�W �V�W�H�O�O�D�U �\�L�H�O�G�� �Z�K�L�O�H

�D�O�V�R �D�F�F�R�X�Q�W�L�Q�J �I�R�U �W�K�H �I�U�D�F�W�L�R�Q �R�I �W�K�H �L�Q�L�W�L�D�O �F�R�P�S�R�V�L�W�L�R�Q �W�K�D�W �L�V �U�H�W�X�U�Q�H�G �Z�L�W�K�R�X�W �I�X�U�W�K�H�U

�S�U�R�F�H�V�V�L�Q�J�� �7�K�H �W�U�H�D�W�P�H�Q�W �R�I �L�Q�G�L�Y�L�G�X�D�O �V�S�H�F�L�H�V �E�H�F�R�P�H�V �P�R�U�H �F�R�P�S�O�H�[ �I�R�U �U�D�G�L�R�D�F�W�L�Y�H

�L�V�R�W�R�S�H�V �R�U �I�U�D�J�L�O�H �H�O�H�P�H�Q�W�V ���H���J�� �/�L���� �Z�K�R�V�H �D�E�X�Q�G�D�Q�F�H�V �P�D�\ �E�H �P�R�G�L�I�L�H�G �E�\ �U�D�G�L�R�D�F�W�L�Y�H

�G�H�F�D�\�� �V�W�H�O�O�D�U �G�H�V�W�U�X�F�W�L�R�Q�� �R�U �D�G�G�L�W�L�R�Q�D�O �S�U�R�G�X�F�W�L�R�Q �F�K�D�Q�Q�H�O�V �W�K�D�W �U�H�T�X�L�U�H �L�W�V �R�Z�Q �D�G�G�L�W�L�R�Q�D�O

�H�T�X�D�W�L�R�Q�V �R�U �W�U�H�D�W�P�H�Q�W��

�%�\ �F�R�P�E�L�Q�L�Q�J �(�T�V�������������������������������� �D�Q�G���������L�Q�W�R �(�T������������ �R�Q�H �R�E�W�D�L�Q�V �D �V�H�W �R�I �F�R�X�S�O�H�G

�G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V �W�K�D�W �J�H�Q�H�U�D�O�O�\ �U�H�T�X�L�U�H �Q�X�P�H�U�L�F�D�O �L�Q�W�H�J�U�D�W�L�R�Q �X�Q�O�H�V�V �W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V

�U�H�F�\�F�O�L�Q�J �D�S�S�U�R�[�L�P�D�W�L�R�Q �L�V �D�G�R�S�W�H�G�� �,�Q �W�K�L�V �I�R�U�P�� �W�K�H �I�U�D�P�H�Z�R�U�N �D�O�V�R �G�R�H�V �Q�R�W �Q�D�W�X�U�D�O�O�\

�D�F�F�R�X�Q�W �I�R�U �E�L�Q�D�U�\ �H�Y�R�O�X�W�L�R�Q�� �Z�K�L�F�K �L�V �L�P�S�R�U�W�D�Q�W �I�R�U �H�Q�U�L�F�K�P�H�Q�W �F�K�D�Q�Q�H�O�V �V�X�F�K �D�V �6�1�H �,�D



���� �6�W�U�X�F�W�X�U�H �R�I �W�K�H �W�K�H�V�L�V

�R�U �F�R�P�S�D�F�W �E�L�Q�D�U�\ �P�H�U�J�H�U�V�� �7�K�H�V�H �F�R�Q�W�U�L�E�X�W�L�R�Q�V �D�U�H �W�K�H�U�H�I�R�U�H �R�I�W�H�Q �L�Q�F�R�U�S�R�U�D�W�H�G �W�K�U�R�X�J�K

�D�G�G�L�W�L�R�Q�D�O �G�H�O�D�\�H�G �H�Q�U�L�F�K�P�H�Q�W �W�H�U�P�V �R�U �H�[�S�O�L�F�L�W �G�H�O�D�\���W�L�P�H �G�L�V�W�U�L�E�X�W�L�R�Q�V��

������ �6�W�U�X�F�W�X�U�H �R�I �W�K�H �W�K�H�V�L�V

�,�Q �W�K�L�V �W�K�H�V�L�V�� �, �L�Q�Y�H�V�W�L�J�D�W�H �W�K�H �R�U�L�J�L�Q �R�I �K�H�D�Y�\ �H�O�H�P�H�Q�W�V �X�V�L�Q�J �V�W�D�W�H���R�I���W�K�H���D�U�W �V�W�H�O�O�D�U �V�S�H�F��

�W�U�R�V�F�R�S�\ �D�Q�G �D�E�X�Q�G�D�Q�F�H �P�R�G�H�O�O�L�Q�J�� �$�F�U�R�V�V �V�H�Y�H�U�D�O �S�U�R�M�H�F�W�V�� �, �K�D�Y�H �W�H�V�W�H�G �E�R�W�K ���' �1�/�7�(

�D�Q�G ���' �1�/�7�( �D�S�S�U�R�D�F�K�H�V �I�R�U �G�H�U�L�Y�L�Q�J �N�H�\ �Q�H�X�W�U�R�Q���F�D�S�W�X�U�H �H�O�H�P�H�Q�W�V�� �L�Q �S�D�U�W�L�F�X�O�D�U �\�W�W�U�L�X�P

�D�Q�G �H�X�U�R�S�L�X�P�� �D�Q�G �D�S�S�O�L�H�G �W�K�H�P �W�R �V�W�X�G�L�H�V �R�I �*�D�O�D�F�W�L�F �F�K�H�P�L�F�D�O �H�Y�R�O�X�W�L�R�Q�� �7�K�H �U�H�P�D�L�Q�G�H�U

�R�I �W�K�H �W�K�H�V�L�V �L�V �R�U�J�D�Q�L�V�H�G �D�V �I�R�O�O�R�Z�V��

�7�K�H �I�L�U�V�W �V�W�X�G�\ �S�U�H�V�H�Q�W�V ���' �1�/�7�( �D�E�X�Q�G�D�Q�F�H �F�D�O�F�X�O�D�W�L�R�Q�V �I�R�U �\�W�W�U�L�X�P�� �G�H�P�R�Q�V�W�U�D�W�L�Q�J

�W�K�H �L�P�S�R�U�W�D�Q�F�H �R�I �1�/�7�( �H�I�I�H�F�W�V �D�Q�G �W�K�H�L�U �L�P�S�D�F�W �R�Q �D�E�X�Q�G�D�Q�F�H �G�H�W�H�U�P�L�Q�D�W�L�R�Q�V ���6�W�R�U�P �D�Q�G

�%�H�U�J�H�P�D�Q�Q�� ���������� ���6�H�F������������ �7�K�L�V �Z�R�U�N �Z�D�V �V�X�E�V�H�T�X�H�Q�W�O�\ �H�[�W�H�Q�G�H�G �W�R �\�W�W�U�L�X�P �D�Q�G �H�X��

�U�R�S�L�X�P �L�Q�6�W�R�U�P �H�W �D�O���������������� �Z�K�H�U�H ���' �1�/�7�( �P�R�G�H�O�O�L�Q�J �Z�D�V �D�S�S�O�L�H�G �D�Q�G �Y�D�O�L�G�D�W�H�G �X�V�L�Q�J

�W�K�H �V�R�O�D�U �V�S�H�F�W�U�X�P ���6�H�F������������ �,�Q�6�W�R�U�P �H�W �D�O�������������� ���6�H�F������������ �W�K�H ���' �1�/�7�( �D�Q�D�O�\�V�L�V �Z�D�V

�H�[�W�H�Q�G�H�G �W�R �D �V�D�P�S�O�H �R�I ������ �0�L�O�N�\ �:�D�\ �V�W�D�U�V�� �Z�K�H�U�H �, �G�H�U�L�Y�H�G ���' �1�/�7�( �D�E�X�Q�G�D�Q�F�H�V �I�R�U

�V�H�Y�H�Q �N�H�\ �L�U�R�Q���S�H�D�N �D�Q�G �Q�H�X�W�U�R�Q���F�D�S�W�X�U�H �H�O�H�P�H�Q�W�V �D�F�U�R�V�V �D �Z�L�G�H �P�H�W�D�O�O�L�F�L�W�\ �U�D�Q�J�H�� �7�K�H

�U�H�V�X�O�W�L�Q�J �D�E�X�Q�G�D�Q�F�H �W�U�H�Q�G�V �Z�H�U�H �W�K�H�Q �F�R�P�S�D�U�H�G �W�R �*�D�O�D�F�W�L�F �F�K�H�P�L�F�D�O �H�Y�R�O�X�W�L�R�Q �P�R�G�H�O �S�U�H��

�G�L�F�W�L�R�Q�V �L�Q �R�U�G�H�U �W�R �F�R�Q�V�W�U�D�L�Q �W�K�H �D�V�W�U�R�S�K�\�V�L�F�D�O �F�R�Q�G�L�W�L�R�Q�V �D�Q�G �V�L�W�H�V �L�Q �Z�K�L�F�K �W�K�H�V�H �F�K�H�P�L�F�D�O

�H�O�H�P�H�Q�W�V �D�U�H �S�U�R�G�X�F�H�G �X�V�L�Q�J �V�W�D�W�H���R�I���W�K�H���D�U�W �D�E�X�Q�G�D�Q�F�H �P�H�D�V�X�U�H�P�H�Q�W�V�� �, �K�D�Y�H �V�K�R�Z�Q �I�R�U

�W�K�H �I�L�U�V�W �W�L�P�H �W�K�D�W �W�K�H �>�1�L���)�H�@���>�)�H���+�@ �W�U�H�Q�G �G�H�U�L�Y�H�G �L�Q ���' �1�/�7�( �L�Q�F�U�H�D�V�H�V �W�R�Z�D�U�G�V �O�R�Z�H�U

�P�H�W�D�O�O�L�F�L�W�L�H�V�� �F�R�Q�W�U�D�U�\ �W�R �S�U�H�Y�L�R�X�V �I�L�Q�G�L�Q�J�V �L�Q ���' �/�7�(�� �7�K�L�V �V�X�J�J�H�V�W�V �W�K�D�W �H�L�W�K�H�U �&�&�6�1�H

�S�U�R�G�X�F�H �P�R�U�H �L�U�R�Q���S�H�D�N �H�O�H�P�H�Q�W�V �F�R�P�S�D�U�H�G �W�R �L�U�R�Q �L�W�V�H�O�I �R�U �D�Q �D�G�G�L�W�L�R�Q�D�O �S�U�R�G�X�F�W�L�R�Q �V�L�W�H �L�V

�U�H�T�X�L�U�H�G�� �)�L�Q�D�O�O�\���6�W�R�U�P �H�W �D�O�������������� ���6�H�F���������� �S�U�H�V�H�Q�W�V �D�Q �D�U�W�L�I�L�F�L�D�O �Q�H�X�U�D�O �Q�H�W�Z�R�U�N �W�U�D�L�Q�H�G

�R�Q �D �O�D�U�J�H �J�U�L�G �R�I �1�/�7�( �V�\�Q�W�K�H�W�L�F �V�S�H�F�W�U�D �I�R�U �X�V�H �L�Q �W�K�H ���0�2�6�7���+�5 �*�D�O�D�F�W�L�F �S�L�S�H�O�L�Q�H �W�R �G�H��

�U�L�Y�H �1�/�7�(���E�D�V�H�G �V�W�H�O�O�D�U �S�D�U�D�P�H�W�H�U�V �D�Q�G �D�E�X�Q�G�D�Q�F�H�V�� �7�K�H �Q�H�W�Z�R�U�N �L�V �Y�D�O�L�G�D�W�H�G �R�Q �R�E�V�H�U�Y�H�G

�V�W�H�O�O�D�U �V�S�H�F�W�U�D�� �D�Q�G �W�K�H �U�H�V�X�O�W�L�Q�J �D�E�X�Q�G�D�Q�F�H �W�U�H�Q�G�V �D�U�H �F�R�P�S�D�U�H�G �W�R �*�D�O�D�F�W�L�F �F�K�H�P�L�F�D�O �H�Y�R��

�O�X�W�L�R�Q �P�R�G�H�O �W�U�D�F�N�V �Z�L�W�K �G�L�I�I�H�U�H�Q�W �V�W�D�U �I�R�U�P�D�W�L�R�Q �H�I�I�L�F�L�H�Q�F�\ �Y�D�O�X�H�V�� �, �K�D�Y�H �V�K�R�Z�Q �W�K�D�W �W�K�H

�R�E�V�H�U�Y�H�G �D�E�X�Q�G�D�Q�F�H�V �R�I �H�O�H�P�H�Q�W�V �V�X�F�K �D�V �0�J�� �1�D�� �0�Q�� �D�Q�G �%�D �F�D�Q �F�R�Q�V�W�U�D�L�Q �W�K�H �*�D�O�D�F�W�L�F

�V�W�D�U �I�R�U�P�D�W�L�R�Q �H�I�I�L�F�L�H�Q�F�\�� �7�K�H �W�K�H�V�L�V �L�V �V�X�P�P�D�U�L�V�H�G �D�Q�G �G�L�V�F�X�V�V�H�G �L�Q �6�H�F������ �D�I�W�H�U �Z�K�L�F�K �D

�O�L�V�W �R�I �S�H�U�V�R�Q�D�O �S�X�E�O�L�F�D�W�L�R�Q�V �L�V �D�O�V�R �S�U�R�Y�L�G�H�G��



�&�K�D�S�W�H�U ��

�3�X�E�O�L�F�D�W�L�R�Q�V

�,�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �V�H�F�W�L�R�Q�V�� �, �S�U�H�V�H�Q�W �W�K�H �S�X�E�O�L�F�D�W�L�R�Q�V �L�Q�F�O�X�G�H�G �L�Q �W�K�L�V �F�X�P�X�O�D�W�L�Y�H �W�K�H�V�L�V��

�7�K�H�\ �D�S�S�H�D�U �X�Q�H�G�L�W�H�G �D�Q�G �L�Q �W�K�H �R�U�G�H�U �R�I �S�X�E�O�L�F�D�W�L�R�Q�� �7�K�H �P�D�Q�X�V�F�U�L�S�W�V �L�Q�������D�Q�G�������Z�H�U�H

�S�X�E�O�L�V�K�H�G �L�Q�0�R�Q�W�K�O�\ �1�R�W�L�F�H�V �R�I �W�K�H �5�R�\�D�O �$�V�W�U�R�Q�R�P�L�F�D�O �6�R�F�L�H�W�\���0�1�5�$�6���� �Z�K�H�U�H�D�V������

�Z�D�V �S�X�E�O�L�V�K�H�G �L�Q�$�V�W�U�R�Q�R�P�\ �	 �$�V�W�U�R�S�K�\�V�L�F�V���$�	�$���� �7�K�H �S�D�J�H �Q�X�P�E�H�U�L�Q�J �L�Q �W�K�H �P�D�Q�X�V�F�U�L�S�W�V

�I�R�O�O�R�Z�V �W�K�D�W �R�I �W�K�H �Y�H�U�V�L�R�Q�V �S�X�E�O�L�V�K�H�G �L�Q �W�K�H �M�R�X�U�Q�D�O�V��

������ �1�/�7�( �D�Q�D�O�\�V�L�V �R�I �< �,�, �O�L�Q�H�V �L�Q �V�S�H�F�W�U�D �R�I �F�R�R�O �V�W�D�U�V �D�Q�G

�L�P�S�O�L�F�D�W�L�R�Q�V �I�R�U �< �D�V �D �*�D�O�D�F�W�L�F �F�K�H�P�L�F�D�O �F�O�R�F�N

�6�W�R�U�P �D�Q�G �%�H�U�J�H�P�D�Q�Q������������ �S�U�H�V�H�Q�W�V �D �Q�H�Z �1�/�7�( �P�R�G�H�O �D�W�R�P �R�I �\�W�W�U�L�X�P ���<���� �H�Q�D�E�O�L�Q�J

�Q�R�Y�H�O ���' �1�/�7�( �F�D�O�F�X�O�D�W�L�R�Q�V �I�R�U �W�K�L�V �H�O�H�P�H�Q�W�� �,�Q �W�K�H �S�D�S�H�U�� �W�K�H �P�R�G�H�O �D�W�R�P �L�V �G�H�V�F�U�L�E�H�G

�D�Q�G �W�K�H �H�[�S�H�F�W�H�G �G�L�I�I�H�U�H�Q�F�H�V �L�Q �G�H�U�L�Y�H�G �D�E�X�Q�G�D�Q�F�H�V �I�R�U �G�L�I�I�H�U�H�Q�W �R�S�W�L�F�D�O �O�L�Q�H �V�H�W�V�� �D�V �Z�H�O�O

�D�V �S�K�\�V�L�F�V �E�H�K�L�Q�G �W�K�H�P�� �D�U�H �G�L�V�F�X�V�V�H�G�� �7�K�H �Q�H�Z ���' �1�/�7�( �D�E�X�Q�G�D�Q�F�H�V �D�U�H �F�D�O�F�X�O�D�W�H�G �I�R�U

�W�K�H �6�X�Q �D�Q�G �+�'������������ �W�R �G�H�P�R�Q�V�W�U�D�W�H �W�K�D�W �1�/�7�( �L�P�S�U�R�Y�H�V �W�K�H �F�R�Q�V�L�V�W�H�Q�F�\ �R�I �D�E�X�Q�G�D�Q�F�H�V

�G�H�U�L�Y�H�G �I�U�R�P �G�L�I�I�H�U�H�Q�W �O�L�Q�H�V�� �D�Q�G �I�R�U �D �V�D�P�S�O�H �R�I �*�D�L�D���(�6�2 �V�S�H�F�W�U�D �R�I �V�R�O�D�U �D�Q�D�O�R�J�X�H�V �W�R �W�H�V�W

�W�K�H �L�P�S�D�F�W �R�I �1�/�7�( �R�Q �W�K�H �F�R�P�P�R�Q�O�\ �X�V�H�G �>�<���0�J�@ �F�K�H�P�L�F�D�O �F�O�R�F�N��

�&�R�Q�W�U�L�E�X�W�L�R�Q�V���7�K�H �R�U�L�J�L�Q�D�O �P�R�G�H�O �D�W�R�P �Z�D�V �F�R�Q�V�W�U�X�F�W�H�G �E�\ �0�D�U�L�D �%�H�U�J�H�P�D�Q�Q�� �$�O�O

�U�H�P�D�L�Q�L�Q�J �F�D�O�F�X�O�D�W�L�R�Q�V �D�Q�G �D�E�X�Q�G�D�Q�F�H �G�H�W�H�U�P�L�Q�D�W�L�R�Q�V �Z�H�U�H �S�H�U�I�R�U�P�H�G �E�\ �P�H�� �0�R�V�W �I�L�J��

�X�U�H�V ���H�[�F�H�S�W �)�L�J�� ���� �D�Q�G �W�K�H �P�D�M�R�U�L�W�\ �R�I �W�K�H �W�H�[�W �Z�H�U�H �R�U�L�J�L�Q�D�O�O�\ �Z�U�L�W�W�H�Q �E�\ �P�H�� �Z�L�W�K �I�X�U�W�K�H�U

�V�X�J�J�H�V�W�L�R�Q�V�� �I�H�H�G�E�D�F�N�� �D�Q�G �S�U�R�R�I�U�H�D�G�L�Q�J �S�U�R�Y�L�G�H�G �E�\ �0�D�U�L�D �%�H�U�J�H�P�D�Q�Q��

����



����



����



����



����



����



����



����



����



����



����



����



����



���� ���' �1�/�7�( �P�R�G�H�O�O�L�Q�J �R�I �< �D�Q�G �(�X�� �&�H�Q�W�U�H���W�R���O�L�P�E �Y�D�U�L�D�W�L�R�Q �D�Q�G �V�R�O�D�U �D�E�X�Q�G�D�Q�F�H�V

������ ���' �1�/�7�( �P�R�G�H�O�O�L�Q�J �R�I �< �D�Q�G �(�X�� �&�H�Q�W�U�H���W�R���O�L�P�E �Y�D�U�L��

�D�W�L�R�Q �D�Q�G �V�R�O�D�U �D�E�X�Q�G�D�Q�F�H�V

�,�Q�6�W�R�U�P �H�W �D�O���������������� �D �Q�H�Z �1�/�7�( �P�R�G�H�O �D�W�R�P �R�I �H�X�U�R�S�L�X�P ���(�X�� �L�V �S�U�H�V�H�Q�W�H�G�� �,�Q

�D�G�G�L�W�L�R�Q�� �R�X�U �< �P�R�G�H�O �D�W�R�P ���S�U�H�Y�L�R�X�V�O�\ �S�U�H�V�Q�W�H�G �L�Q�6�W�R�U�P �D�Q�G �%�H�U�J�H�P�D�Q�Q������������ �L�V �X�S�G�D�W�H�G

�E�\ �L�Q�F�O�X�G�L�Q�J �Q�H�Z �F�R�O�O�L�V�L�R�Q�D�O �U�D�W�H�V�� �%�R�W�K �P�R�G�H�O �D�W�R�P�V �D�U�H �X�V�H�G �W�R �I�L�W �W�K�H �V�R�O�D�U �V�S�H�F�W�U�X�P �X�V�L�Q�J

���' �5�+�' �1�/�7�( �P�R�G�H�O�O�L�Q�J �L�Q �R�U�G�H�U �W�R �G�H�U�L�Y�H �Q�H�Z ���' �1�/�7�( �D�E�X�Q�G�D�Q�F�H�V�� �)�R�U �<�� �F�H�Q�W�U�H��

�W�R���O�L�P�E �V�S�H�F�W�U�D �D�U�H �I�L�W�W�H�G �W�R �G�H�P�R�Q�V�W�U�D�W�H �W�K�D�W �R�Q�O�\ ���' �1�/�7�( �P�R�G�H�O�O�L�Q�J �S�U�R�Y�L�G�H�V �W�K�H �P�R�V�W

�F�R�Q�V�L�V�W�H�Q�W �D�E�X�Q�G�D�Q�F�H��

�&�R�Q�W�U�L�E�X�W�L�R�Q�V���7�K�H �P�R�G�H�O �D�W�R�P�V �Z�H�U�H �F�R�Q�V�W�U�X�F�W�H�G �D�Q�G �X�S�G�D�W�H�G �E�\ �0�D�U�L�D �%�H�U�J�H�P�D�Q�Q��

�$�Q�G�U�H�\ �%�H�O�\�D�H�Y �D�Q�G �6�Y�H�W�D�O�D�Q�D �<�D�N�R�Y�O�H�Y�D �S�U�R�Y�L�G�H�G �W�K�H �< �F�R�O�O�L�V�L�R�Q�D�O �U�D�W�H�V�� �Z�K�L�O�H �3�D�X�O �%�D�U�N�O�H�P

�S�U�R�Y�L�G�H�G �W�K�H �(�X �F�R�O�O�L�V�L�R�Q�D�O �U�D�W�H�V�� �3�D�W�U�L�F�N �3�D�O�P�H�U�L �D�Q�G �3�D�V�F�D�O �4�X�L�Q�H�W �V�X�J�J�H�V�W�H�G �W�K�H �D�S�S�U�R��

�S�U�L�D�W�H �O�R�J(gf ) �Y�D�O�X�H�V �I�R�U �< �D�Q�G �Z�U�R�W�H �D �S�D�U�D�J�U�D�S�K �L�Q �6�H�F�W�� �������� �, �S�H�U�I�R�U�P�H�G �D�O�O �F�D�O�F�X�O�D�W�L�R�Q�V

�D�Q�G �V�S�H�F�W�U�D�O �I�L�W�W�L�Q�J�� �F�U�H�D�W�H�G �D�O�O �I�L�J�X�U�H�V �D�Q�G �W�D�E�O�H�V�� �D�Q�G �Z�U�R�W�H �W�K�H �P�D�M�R�U�L�W�\ �R�I �W�K�H �R�U�L�J�L�Q�D�O

�P�D�Q�X�V�F�U�L�S�W�� �$�O�O �F�R���D�X�W�K�R�U�V �S�U�R�R�I�U�H�D�G �W�K�H �P�D�Q�X�V�F�U�L�S�W �D�Q�G �S�U�R�Y�L�G�H�G �V�X�J�J�H�V�W�L�R�Q�V �D�Q�G �I�H�H�G��

�E�D�F�N��



����



����



����




	Abstract
	Zusammenfassung
	Contents
	List of Figures
	Acronyms
	Acknowledgements
	Introduction
	The chemical evolution and origin of elements
	Big Bang Nucleosynthesis
	Light and iron-peak elements
	Neutron-capture elements

	Chemical abundances of stars as tracers of Galactic evolution
	Relevant spectroscopic methods
	Stellar parameters and abundance determination
	Radiative transfer and NLTE effects

	Galactic chemical evolution models
	Structure of the thesis

	Publications
	NLTE analysis of Y II lines in spectra of cool stars and implications for Y as a Galactic chemical clock
	3D NLTE modelling of Y and Eu: Centre-to-limb variation and solar abundances
	3D NLTE abundances of metals in the context of Galactic Chemical Evolution Models and 4MOST
	Combining NLTE and machine learning for chemical diagnostics of 4 million stars in the 4MIDABLE-HR survey

	Discussion and conclusions
	List of personal publications
	Bibliography
	TSFitPy technical details
	2 minimisation
	Nelder-Mead minimisation
	Implementation downsides

	Line list precutting
	NLTE usage
	Departure coefficient grids
	Line list with NLTE



